13.3

Arc Length




Review:

f(t)i+g(t)j+h(t)k
Tangent vector: r'(ty) = f'(t)i+g'(t)j+h'(t)k

curve in space: r(t)

Tangentlineatt=t,: s—r(t,)+sr'(t,)
Velocity: v(t) =r'(t) speed = |v(t) |

Acceleration a(t) =v'(t) =r"(t)

Projectile motion: r(t) =5 gt’j+v,t+r, initial velocity v, , initial position r,

g=32 %ecz gravitational constant

Initial speed |v,|, initial height h, launching angle &

| 1,
r(t) =( (|vo|cos)t, h+(|v,|sin 6’)t—§gt )




Recall the length of a curve in the plane:

b
curveasagraph y = f (x):length fromt=atot=b = j\/1+[f ()] dx

b
curve in parametric form: x = f (t) andy=g(t): length = I\/[f 'O +[g'®)] dt

A curve in 3-space : r(t)=(f(t),g(t),h(t))

Length or Arc Length = j\/[f 'OF +[g'®] +[h'(D)] dt

b
Length = j Ir'(t) | dt




Example 1:

A line from ato b: r(t)=a+t(b-a) , 0<t<1

1

1
length = jr'(t)\dtz ﬂb—a\dt: lb—-al = distance from a to b
0

0

Example 2:

Compute the length (circumference) of circle:  (x—x,)*+(y-Y,)* =1’
parametric description:
X=X,+rcos(t), y=y,+rsin(t) 0<t<2r

2
length = j

0

2 27
r'(t)|dt="[r?sin?(t)+r?cos*(t)dt = j rdt =271
0 0




Problem : A drunken bee travels along the path r(t) ={cos(2t),sin(2t),t)
for 10 seconds. It then travels at constant speed in a straight line for 10
more seconds. How far did the bee travel?

velocity: v(t) = r'(t) = (=2sin(2t),2cos(2t),1)  Speed = | v(t)|=v/9 =3

10
distance traveled along the helix: j |r'(t)| dt =30
0

At time t, =10, it travels along the tangent line

tangent line: u(s) =r(t,) +sv(t,)

20
|ength:j|u'(s)|ds= j|v(t0)|ds= 3-(20-10) =30
10

10

Total distance traveled: 60 ft




Arc length function describes distance from a beginning pointt=a:

t

s@) = [|r'(u)|du Notice: %= 180l

r(t) gives position on the curve as a function of time

its more natural to look at the odometer or the
mile markers to tell where you are after you
have traveled a certain distance s

we would like to have t as a function of s
so that we could reparametrize in terms of s.

Using the arc length function s = s(t) we can find t as a function of s

t=t(s) givingusr(t(s)) orjust r(s)




Example:

Parametrize the following curve by arc length: r(t) = 3sin(t*)i + 3cos(t*)k

r'(t)=6tcos(t*)i +6tsin(t*)k

Ir'(t) = /36t% cos? (t?) + 36t?sin(t?) =/ 36t° =6t
t

s=s(t)=[6udu =3u%'% =3  Sohefort: tg
0

Plug into r(t): r(t(s)) =r(/s/3) =3sin(§)i+3005(§)k

Arc length parametrization: r(s) = 33in(§)i +3cos(§)k
b

b
Notice: [r'(s)|=1 lengthfroms=atos=D: jr’(s)\ds:jlds=b—a

t Is an arc length parameter if |r'(t)|=1 !




13.4

Curvature




The curvature of a curve r(t) measures the amount the tangent vector bends.

Q

o curvature at P > curvature at Q
P

Tangent vector r'(t)  Unit tangent vector T = r& (=r'(s)!)

Curvature - the magnitude of the rate of change of the unit
tangent vector T with respect to the arc length parameter s.

o FH LS I b

dT
ds

r'(s)

ds

K =

r'(s) If s Is the arc length parameter




Examples:

a) The curvature of a straight line:

rt)=r,+tv  r'(t)=v
what is the arc length parametrization of the line:
Y
r(s)=r,+s— sincethen |r'(s)|= ‘i‘:l
V| | V]

ar
ds

K =

r"(s)‘ =0 (if not arc lenght: r(t) =r, +t? v, then r"(t) =2t v)

b) The curvature of a circle of radius r:
r(t) =(rcos(t),rsin(t)y r'(t)=(-rsin(t),rcos(t))
‘r'(t)‘: r hences= j

r'(u)‘du:rt ort=r/s

arc length parametrization: r(s) =(r cos(?), r sin(?)} T=r(s)= (—Sin(é), COS(§)>
T':d—T:<—lcos(§),—lsin(§)> K= ar _i 1
ds r rr r ds r2 r

small radius means large curvature!




It is usually too difficult to parametrize a curve by arc length.

Express curvature in terms of a general parameter t :
t

Recall s(t) = jr’(u)‘du hence: %z |r'(t) |
dT
lar) _|dedT| || _[TO] | [T
ds ds dt ds | |r'(t) r'(t)
dt
Example:  Compute the curvature of an ellipse: %+§ =1

r(t) =(acos(t),bsin(t)) r'(t) =(-asin(t), bcos(t)) |r'(t) |= \/az sin®(t) +b* cos® (t)

T(t) = <2—6Tsi2n(t),bczos(t)2> T — <—2ab_2 (2305,(t),;baz;c,in(ts)/>2 o longthy comoutation.
\/a sin“(t) +b“ cos”(t) (a”sin“(t) +b” cos” (1))
TOR T ab

aZ sin(t) + b? cos? (t) T ()] (@2sin?(t) +b? cos? (1))




Sometimes it is easier to use another formula:

Why is this true?

1 T!t
Recall: T= rl(t) and |r'(t)| = % K= ,( )‘
| r'(t) | dt r(t)‘
ds d (ds d?s__ ds
cr't)Sr’ =— and r'(t)=—| —T |= T+—T
Hence: =T OIT=4T ® dt(dt j dt? ' dt

ds d°s__ ds ds ds ds )’
’ "M)=—Tx | 5T+—T'| =—Tx | =T =—|TxT
() dat (dtz "t j at (dt j (dtj

but T-T=1implies T"T+T-T'=2T-T'=0 1.e.,, T isperpendicularto T'
This implies [TxT'|H T|| T'|sin(@) = |T'|=«|r"]

||3

2 2
Put together, we get: |r'(t)xr"(t)|= (—j |T x T'| =(—j k|r| =x|r




Example: Ellipse revisited:
r(t) =(acos(t),bsin(t)) or r(t)=(acos(t),bsin(t),0)

r'(t) = (—asin(t), bcos(t), 0)

r"(t) = (—acos(t), —bsin(t),0)

i ik
r'(t)xr"(t)=|-asin(t) bcos(t) 0|= (absin®(t)+abcos’(t))k = abk
—acos(t) —bsin(t) 0
_ @ xr' (@) ab

Ir'()]° " (aZsin2(t) + b?cos?(t))3/?




Example: Curvature of the (elliptical) helix:

r(t) =(acos(t), bsin(t),ct)  r'(t) =(-asin(t), bcos(t),c)

r"(t) = (—acos(t),—bsin(t), 0)

[ j k
—asin(t) bcos(t) c
—acos(t) —bsin(t) 0

r'(t)xr"(t)= = (0+bcsin(t))i + (—accos(t) —0)j+ (absin®(t) + abcos?(t))k

=bcsin(t)i —accos(t)j+ abk

r'(t)xr(t) = Jb%c?sin?(t) + a’c? cos?(t) + ah?

20

15

| T'(t) |= /a2 sin?(t) + b2cos? (t) + ¢ "
_Ir@xr'@] Jb2c?sin?(t) +a’c? cos?(t) +ah?
I’ (©° (a?sin?(t) + b?cos’ (t) + ¢ )3/2
Circular helix: p—g ,_Ya'c+a’a®  ajc’+a’ =2 tant!
! K = 5 5 3/2 ’ 5\3/2 ) 2 Cons an -
(a®+c ) (a*+¢?) a”+C




Appplication: Curvature of a plane curve:

r(t) = (x(t), y(v),0) r(t) = (x'(t), y'(©),0)

L]
r't)xr'(t)=|x" y" o= (X'y"-x"y)k
X" oy"

_IXytex"y|
((x)?+(y)?)

K




Summary:

b
Length of a curve = j| r'(t) | dt

t
Arc length function s(t) = jr’(u)‘du £= |r'(t) |

Arc length parametrization r(s) with [r'(s)|=1

') =r'(s

Unit tangent vector T=—"-—=
[r'(t)]

Curvature: k= C(Ij—T =




