MATH 425, HOMEWORK 5, SOLUTIONS

Exercise 1. (Uniqueness for the heat equation on R)

Suppose that the functions uy,us : Ry x Ry — R solve:

Oy —k-0%u; =0, r€R, t>0
u1(z,0) = p(x), z € R

and

8tu2—k~83u2:0, LEGR,t>0
u2(z,0) = p(x), z € R

for some function ¢ : R — R.
Suppose furthermore that there exists constants C; A > 0 such that for all x € R and for all t > 0,
one has:

lug (2, t)] < Ce™™ and lug(z,t)| < Cete’.
Using the Global Mazimum Principle (which was stated in class), show that:
Uy = U3.

(Here, one is allowed to use the result of the Global Mazimum Principle, even though we didn’t give
the details of its proof in class.)

This type of result is called Conditional Uniqueness. In other words, we know that solutions

are unique in the class of objects satisfying some additional condition, which in this case is a bound
2

of the type |u(x,t)| < CeA?",

Solution: Let w(x,t) := uy(x,t) — ua(z,t). We want to show that w(z,t) = 0 for all z € R and
for all ¢t > 0.
Let us note that w solves:

(1) {8tw—k-8§w20,xeR,t>0

w(z,0) =0,z €R.

Moreover, by the triangle inequality, we note that, for all x € R and for all ¢t > 0:

[ (a, 8)] = [ur(2,8) = ua(a, 8)] < [ur(2,8)] + [ua(w, )] < 20

by using the assumptions on u; and us. In particular, it follows that w belongs to the class of
functions for which we can apply the global maximum principle (the fact that the constant C gets
replaced by 2C doesn’t matter here). Hence, we can apply the global maximum principle to (2) in
order to deduce that w achieves its maximum and minimum for ¢ = 0. Since w(z,0) = 0 for all
z € R, it follows that w is identically equal to zero. The claim now follows. [J.

Exercise 2. (The Global Mazimum Principle in a special case)

In this Ezercise, we will give a proof of a special case of the Global Mazimum Principle.
Suppose that

Uy — kg =0, x€R, £ >0
u(z,0) = ¢(z), v € R
1
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for some bounded continuous function ¢ : R — R which equals zero outside of [0, 1].
Suppose moreover that the solution u is bounded from above, i.e. that there exists C' > 0 such that:

u(xz,t) < C forallz € R, t > 0.

Let My denote the mazimum of ¢ (which exists by the assumptions on ¢).

We want to prove that:

(2) u(z,t) < My for allz € R, t > 0.
a) Fiz T > 0,L > 0 and consider the rectangle: Qrr := [-L,L]; x [0,T];. Define on Qr,r
the function:
20 /a2
w(x,t) := T2 (? + kt) + My

Check that:

wy — kwg, = 0.

b) Ezxplain how we can deduce that:
w>wuon Qrr.

[HINT: Recall the comparison results from the previous homework assignment.]

¢) Fiz (zg,tg). By using the result from part b), and by letting L tend to infinity, deduce the
bound (2).

Solution:

a) We compute:

2Ck
wt(x,t) = ?
and
2C
We (2, 1) = 72

It immediately follows that w; — kwg, = 0.

b) By using Exercise 3a) from Homework assignment 4, it suffices to check that w > u for t = 0 and
for x = £ L. More precisely, we look at the point:
e (2,0) for —L < x < L. Then:

Cx?
w(zx,0) = Tz T My > My > ¢(z) = u(x,0).

Here, we used the assumption that My was the maximum of ¢.
e (L,t) for 0 <t < T. Here:

2Ckt

w(L,t) =C+ 2

+ My > C > u(L,1).

Here, we used the assumption that v was bounded from above by C.
e (—L,t) for 0 < t < T. Since w is even in the z variable, this case is analogous to the
previous one.
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It follows that:
w>uon Qrr.

c) We fix (z¢,t0) € R x (0,+00). Let us find L,T > 0 sufficiently large such that (zo,%) € Qr 7.
From part b), it follows that:

2C  [a?
ot <7.(f0 kt) M.
U(»Too)_Lz 2+0+0
We can now let L — oo in the above inequality and we deduce that:

U(xo, to) S Mo.

(We note that we didn’t need to let T — oo in this step.) Since (xg,tg) is arbitrary, the claim
follows. O

Exercise 3. (Separation of variables for an inhomogeneous PDE)
a) Solve the following boundary value problem by using the method of separation of variables:

Ut — Uy = sin(27x) +sin(37x), 0 <z <1,t>0
u(z,0)=0,0<z<1
u(0,t) = u(l,¢) =0,¢t > 0.

b) Solve the more general problem:

Vg — Vgg = M- v +sin(27z) +sin(37z), 0 < <1,t>0
v(z,0)=0,0<z<1
v(0,t) =v(1,t) =0,¢t>0

for m € R a constant.

Solution:

Let us note that, by uniqueness, there is only one solution to each given boundary value problem.
Hence, in both parts a) and b), we need to construct a solution and this solution will then be unique.

a) We look for a solution of the form:
(3) u(z,t) = A(t) - sin(2rz) + B(t) - sin(37x).

The reason why we look for such a solution is that the right-hand side of the equation contains the
sin(27z) and sin(37z) terms. We expect that these are the only frequencies that will be present in
the solution. In the form of w that we are looking for, for each fixed ¢, the function w(z,t) has a
Fourier sine expansion in terms of sin(27z) and sin(3wx). The coefficients will be functions of .

Let us note that, for u defined as in (3), the boundary conditions u(0,t) = u(1,t) = 0 are satisfied
since sin(0) = sin(27) = sin(37) = 0.

Our goal is to choose A(t) and B(t) such that u solves the inhomogeneous heat equation. We
compute:

Up — Upy = {A’(t) + 47r2A(t)} -sin(27z) + {B'(t) + 97r2B(t)} -sin(3mx)

which, by the equation, equals:
sin(2mx) + sin(3wx).
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We can now equate coefficients of sin(27z) and sin(37z) to deduce:

A'(t) + 42 At) =1
B'(t) +97%B(t) = 1.
Hence, the condition (4) guarantees that the function v defined in (3) solves the PDE.
We now need to solve for A(t) and B(¢).
By the condition that u(z,0) = A(0) - sin(2wz) + B(0) - sin(3wx), it follows that A(0) = B(0).
Hence, we need to solve the following initial value problem to determine A(t):

(4)

Al(t) +4n%A(t) =1
A(0) =0.

We solve the ODE by multiplying with the integrating factor ¢4t The ODE then becomes:
647r2tAl(t) 4 47T2e47r2tA(t) _ e47r2t

ie. , ,
(647r tA(t))/ _ e47r t.
Hence: 1
71'2 71'2
64 tA(t) = AO + Eeél t.
We note that A(0) = 0 implies that Ag = —ﬁ. Consequently:
1 —4n?¢
Similarly, we obtain:
1 —9n?t

It follows that:

1 —47?¢ : 1 —97%¢ :
u(x,t):4—7r2~{l—e }~Sln(2ﬂ'l‘)—|—ﬁ'{l—6 }'Sln(3ﬂ'l‘).

b) Let us look at the function w(x,t) := e~™w(z,t). Then, we note that:
Wy — Weg =€ M. {Ut — VUpp — mv}.

Hence, if we multiply the equation for v and the initial and boundary conditions by e~™¢ (for ¢ = 0,
we will just multiply everything by 1), it follows that w solves the problem:

Wi — Wey = € ™ sin(27z) + 6™ - sin(3nz), 0 <x <1,t>0
w(z,0)=0,0<z<1
w(0,t) = w(l,t) =0, ¢t > 0.
We again look for a solution of the same form as in part a) :
w(z,t) = A(t) - sin(2rz) + B(t) - sin(3mx).

Again, the fact that w(0,t) = w(1,t) = 0 follows by construction.
For w as defined above, we obtain:

W= Wy = {A’(t)+47r2A(t)}~ sin(27rsc)+{B’(t)+97r2B(t)}~ sin(3mz) = e~ sin(27x)+e” " sin(37x)
It follows that:

A(t) + 42 At) = e ™

B'(t) + 972 B(t) = e~™".

As before, the condition w(z,0) = 0 implies that we need to take A(0) = B(0) = 0.
Hence, the initial value problem for A(t) becomes:
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{A’(t) + 472 A(t) = e ™

A(0) =0.

As in part a), we use the integrating factor ¢4t and deduce that:
(" AW@) (1) = '

Let us first assume that m # 472. In that case, we obtain:
1

e47r2tA(t) _ AO + 471—2 — me47r2t7mt.
Since A(0) = 0, it follows that Ag = —ﬁ. Consequently:
1 —m 4n?
AW = o e e

If m = 47, the ODE for A(t) becomes:

2

(6477 tA(t))/ =1

Hence:

It follows that Ag = 0 and so:

If m = 972, then:
B(t) = te ™t
We put everything together to deduce that:
v(x,t) = e™ - w(z,t) =™ - A(t) - sin(2rz) + ™ - B(t) - sin(37z).
We need to consider three cases:
e m # 472, m # 9n2:

1
PR {e*mt - 6747T2t} -sin(2mx) + ™ -
w2 —m

1

mt |
92 —m

v(z,t) =e . {e*mt - 679W2t} -sin(37mx).
e m = 472
1

v(x,t — ™ et sin(2nx ™. ——
(2,1 () ™

. {e_mt - e_g’rgt} -sin(3mz).
e m = 972
1

mt
472 —m

v(z,t)=e . {e_mt - 6_4”2t} -sin(27x) + ™ - te97t . sin(3mx).



