LOCATIONS OF MODULES FOR BRAUER TREE ALGEBRAS

FRAUKE M. BLEHER AND TED CHINBURG

ABSTRACT. Suppose A is a Brauer tree algebra. We determine the location
of M in the stable Auslander-Reiten quiver of A from the description of M as
a multi-pushout of elementary modules. This is done via a walk around the
Brauer tree of A which is associated to M. As an application, we determine the
group of stable homomorphisms between two nonprojective indecomposable A-
modules from their multi-pushout descriptions.

1. INTRODUCTION

Suppose A is a Brauer tree algebra over an algebraically closed field k with
Brauer tree T'(A). Let Ind(A) be the finite set of isomorphism classes [M] of finitely
generated nonprojective indecomposable A-modules M. There are two different
ways of paramaterizing the elements of Ind(A). The first is to use the description
of M as a multi-pushout of elementary modules, as given by the work of Janusz and
Kupisch [11, 12]. The second results from the fact that Ind(A) is the set of vertices
of the stable Auslander-Reiten quiver I';(A) of A (see [2, 3]). The main results of
this paper, Theorem 2.6 and Corollary 2.9, provide an explicit comparison between
these two parameterizations. This is done by determining for all [M], [N] € Ind(A),
both the location of [M] and the relative locations of [M] and [N] in T's(A) from the
multi-pushout descriptions of M and N, using certain walks around T'(A) which
are associated to M and N.

The motivation for Theorem 2.6 and Corollary 2.9 is that the two above parame-
terizations of Ind(A) are useful for different reasons. Multi-pushouts provide a way
to specify concrete modules. In particular, one can describe M as a multi-pushout
(thus fixing [M]) by giving a certain “top-socle path” in T'(A) associated to M and
an integer pertaining to the composition factors of M which are adjacent to the
exceptional vertex of T'(A) (see Definition 2.1). The stable Auslander-Reiten quiver
I's(A) has other applications. One due to Gabriel and Riedtmann [9] is that from
the locations of two vertices [M] and [N] in I';(A), one can find the group of stable
homomorphisms Hom, (M, N). In particular, one can find dim; Hom, (M, N) by
analyzing paths in T's(A) from [M] to [N].

Theorem 2.6 and Corollary 2.9 have the following form. It is known that I's(A)
is a finite graph which is isomorphic to a tube in the sense of [3, Thm. 6.5.5].
To find the location of [M] in T';(A) up to a graph automorphism of T';(A), it
suffices to find the minimal distance from [M] to one of the boundaries of T's(A).
We determine this distance from a particular walk around T'(A) associated to the
multi-pushout description of M. An analysis of the distance between modules on
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the same boundary of I';(A) then leads to an analogous method of finding the
relative locations of any two vertices [M] and [N] in T';(A) from walks around
T(A).

In Section 4 we give an application of Theorem 2.6 and Corollary 2.9 to deter-
mining Hom, (M, N) from the multi-pushout descriptions of M and N. This is
done by first finding the locations of [M] and [N] in I';(A), and by then applying
the results of Gabriel and Riedtmann in [9]. We should point out that in princi-
ple Gabriel’s and Riedtmann’s work in [9] can also be used to find Hom, (M, N)
from the multi-pushout descriptions of M and N. Their approach involves first
constructing a rather explicit stable equivalence between A and a serial Brauer tree
algebra A’; they then treat the serial case in detail. The difference between our
method and theirs is thus that we use computations that only involve walks around
T(A) rather than a computation of the images of M and N under a stable equiva-
lence between A and a serial algebra. For some other descriptions of Hom , (M, N),
see [5], [7] and their references.

A case of particular interest is when M = N. Then Hom, (M, N) is the stable
endomorphism ring End, (M) of M. It was shown by Gabriel and Riedtmann that
End, (M) is generated over k by a single nilpotent element. Our methods lead in
Theorem 3.2 to the determination of an explicit nilpotent generator, which we call
the “shift” of M, and whose nilpotency we compute via the top-socle path of M.
These results do not use Theorem 2.6 or Corollary 2.9, but can be deduced directly
from the multi-pushout description of M. Theorem 3.2 is straightforward in case A
is a serial algebra, so this is not the case of primary interest. The methods of Gabriel
and Riedtmann give in principle a different way (via the stable equivalence discussed
above) to determine an explicit nilpotent generator for End ,(M). However, it is
not clear that their approach would lead to a shorter proof of Theorem 3.2.

Suppose A is a block with cyclic defect groups of the group ring kG of a finite
group G. This paper arose in part from the arithmetic interest of computing the
universal deformation ring of a A-module M from the multi-pushout description of
M. It is known (see [14],[4]) that an indecomposable A-module M has a universal
deformation ring if End (M) = k. Whether End y (M) = k can be determined from
the top-socle path of M via Theorem 3.2. Tt is shown in [4] that when End , (M) = k,
the universal deformation ring of M may then be determined from dimyExt’, (M, M)
for i = 1 and 2. Since Ext (M, M) = Hom, (Q'(M), M), where Q is the Heller
operator, the dimensions of these Ext groups may be determined via Theorem 2.6
and Corollary 2.9, as shown in Section 4.

We end this introduction with a summary of the contents of this paper. In
Section 2 we prove our main results concerning the location of [M] and the relative
locations of [M] and [N] in I';(A). In Section 3 we prove Theorem 3.2 concerning
End, (M). In Section 4 we apply the results of Sections 2 and 3 to the study of
Hom, (M, N) and Ext’ (M, N) for i > 0.

Throughout this paper, k is an algebraically closed field and A is an arbitrary
Brauer tree algebra over k with Brauer tree T'(A), multiplicity m > 1 and e iso-
morphism classes of simple modules. For the definition of a Brauer tree algebra
we refer to [1, Section 17]. We also need some basic results from Auslander-Reiten
theory as may be obtained from [2]. The almost split sequences for Brauer tree
algebras have been first discussed in [15]. Since Brauer tree algebras are especially
string algebras, we will also use the notation introduced in [6, Section 3]. Note
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that we compose morphisms as if they were written on the right, so that fg is the
composition of f: X - Y withg:Y — Z.

2. THE LOCATION OF AN INDECOMPOSABLE MODULE IN I'y(A)

In this section we start with an arbitrary nonprojective indecomposable A-
module M given as a multi-pushout of elementary modules (see [11, 12] and [15]).
We determine the location of [M] in the stable Auslander-Reiten quiver I';(A),
using certain walks around T'(A). We assume that I's(A) contains more than one
module. In the following we will not distinguish between the module M and its
isomorphism class [M].

Recall that a module is called elementary if it is a proper factor module of
a projective indecomposable module. This means that M can be written in the
following way

Uy Us Uy
M= M1 Vipg Va1 Vapo Vii Mo
T T T 1
Here the U; and T} are simple modules, and there exist elementary modules X;
of the form X; = M, 1UiMi ) such that V; ; = M; ;/soc(M; ;) and soc(M; o) =
Ui Uiyt
soc(M;y1,1) =2 T;. Furthermore, V;o V111 is a submodule of the projective
T;

cover Pr, of T;.
Note that the mirror image M of M

Ut U2 Ul
M= My Via e Vapo Vo1 Vip My,
T 1 ib) T
is isomorphic to M.
Let Ty = soc(My 1) if My 1 # 0 and T; = soc(My2) if My 2 # 0. The sequence of
edges in T'(A) that corresponds to the sequence of simple modules in the top and
socle of M

To (if Mi1 #0),U1,T1,Us, ..., Ty, U, Ty (if My #0)

is a path in T'(A) [15, p. 127]. We call this sequence the top-socle path of M and
denote it by 1, ..., Es. If none of the F; is adjacent to the exceptional vertex, then
all F; are distinct. Otherwise two consecutive edges E;, F; ;1 which are adjacent to
the exceptional vertex are equal. But then none of the other £; is adjacent to the
exceptional vertex, and the U, respectively T, are pairwise distinct. So top(M)
and soc(M) have no repeated composition factors.

We want to find the distance from M to one of the boundaries of the stable
Auslander-Reiten quiver and thus determine the location of M in I'y(A). In other
words, we determine the length of a maximal directed path starting at M. Note
that we call a path in T's(A) directed if it does not contain any subpath from Q2(X)
to X for any nonprojective indecomposable A-module X. Further, a directed path
is called mazimal directed if it ends at one of the boundaries of I's(A).
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To describe the modules along a path in I's(A) we use the notation introduced in
[6, Section 3]. This is possible, since A is in particular a string algebra. Additionally,

we call a uniserial module H a hook if H = If/ , where S is simple and the
S

corresponding projective cover Pg has the form Pg = W @ . On the other
S
X .
IR where R is simple and
R
the corresponding projective cover Pgr has the form P = X @' . Note that
R
W or X might be zero. So there are exactly twice as many hooks as isomorphism
classes of simple A-modules, and the hooks are exactly the modules lying at the
boundaries of T'y(A). If e > 1 then a hook H is uniquely determined by soc(H)
and top(H). If e =1 then there are exactly two hooks, namely the unique simple
module S and Pg/S. Since A is a Brauer tree algebra, every cohook is a hook and
vice versa. So the module M}, (respectively p, M), as described in [6, Section 3], can
be obtained from M by adding a hook on the right end (respectively left end) of
M. On the other hand, the module M, (respectively .M) can be obtained from M
by removing a cohook on the right end (respectively left end) of M.

We will show that one of the two maximal directed paths in I's(A) starting at M
can be obtained as follows. Starting with M we either add a hook on the right end
or remove a cohook on the right end of each successive module we obtain. After a
certain number of steps we come to a hook which belongs to one of the boundaries
of T4 (A). We call this maximal directed path starting at M the mazimal directed
right-oriented path starting at M. This path can be encoded by writing down the
sequence of the simple A-modules occurring as rightmost composition factor of each
module on the path. Since each simple A-module corresponds to an edge in T'(A),
it is a natural question how this sequence of rightmost composition factors can be
described using only T'(A). It turns out that this sequence is obtained by taking a
clockwise “walk” around T'(A) from the rightmost composition factor of M to the
rightmost composition factor of the target hook, and then deleting every other edge
occurring in this walk. If the multiplicity m of T'(A) is 1, then we take the shortest
such clockwise walk. If m > 1 then it can happen that we have to walk around
T(A) several times before we have met all the edges that occur in the sequence of
rightmost composition factors. Here the number of times we have to walk around
T(A) depends on the maximal number of times an edge adjacent to the exceptional
vertex is a composition factor of M. Having obtained the sequence of rightmost
composition factors in this way, we then only have to count the number of edges
(with multiplicities) appearing in this sequence to get the distance from M to one
of the boundaries.

Note that we can get the other maximal directed path in T's(A) starting at M by
successively adding a hook or removing a cohook on the left end of the modules. In
the following we will give a formula for the distance from M to one of the boundaries
of T'4(A), using the principle of finding the walk associated to the sequence of the
rightmost composition factors of the modules occurring on the maximal directed
right-oriented path starting at M.

hand, a uniserial module C' is called a cohook if C =
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In order to describe this distance we need another description of M as follows.

Definition 2.1. Let Fi,..., Es be the top-socle path of M. Let ¢ = (e1,€5) be
given as e = (—1,1) if M is simple. Otherwise let e; = —1 if F; belongs to soc(M),
and let e; = 1 if Ey belongs to top(M). Similarly let e, = —1 if Es belongs to
soc(M), and let e, = 1 if E belongs to top(M). Note that €, is determined by €;
and s. In case that the multiplicity of T'(A) is m > 1 and one of the edges E;, is
adjacent to the exceptional vertex, let ; be equal to the number of times E;, occurs
as a composition factor of M. Note that u is independent of the choice of the edge
E;, adjacent to the exceptional vertex. If no edge in Ey, ..., Ey is adjacent to the
exceptional vertex, let p = 0.

Then Fy, ..., Fs, € and p uniquely determine M. In the following we call € the
direction of M, and p is called the multiplicity of M.

Definition 2.2. A clockwise walk around the Brauer tree T'(A) is a finite sequence
of edges X1,...,X, and of vertices vy,...,v,41 of T(A), written

W = ('U1; Xi,v9,. .. 7'Un7Xn7'Un+1)7
where n > 0, such that

(i) v; # vi41 are the end points of X;.

(ii) X1 is the edge that is the next clockwise edge to X; around the vertex v;41.
If v;11 is a leaf vertex, meaning X; is the only edge adjacent to v;41, then
Xit1 = X;.

The walk W is called a complete walk of multiplicity w if n = 2ew, where e denotes
as before the number of nonisomorphic simple A-modules. Note that in that case
we walk around T'(A) exactly w times.

We also need the following definition to be able to describe the distance from M
to the boundaries of T's(A). This definition gives the starting and the end point of
the walk around T'(A) that corresponds to the rightmost composition factors of the
modules occurring on the maximal directed right-oriented path in I';(A) starting
at M.

Definition 2.3. Let M be a nonprojective indecomposable A-module with top-
socle path Fq,..., Eg, direction € and multiplicity pu. If M is a hook, we assume,
by taking the mirror image of M if necessary, that e = (—1,1).
(i) If M is a hook then let v, be one endpoint of Es and let v, be the other
endpoint of F such that v, is nonexceptional.
Now suppose that M is not a hook.

(ii) If s =1, i.e. M is simple, then let v, be one endpoint of M and let v, be the
other endpoint of M.

Let now s > 2 and let M be not a hook. (Case (iii) is illustrated below.)

(iii) If e =1, i.e. E; belongs to top(M), then let v, be the endpoint of Ey which
is not an endpoint of Fs_4, if Fs # Es_1. If B, = Es_; then E is adjacent
to the exceptional vertex, and we let v, be the endpoint of E which is not
the exceptional vertex. If e, = —1, i.e. E; belongs to soc(M), then let v, be
the common vertex of Fs and Fs_1, if By # Es_y. If B, = Es_4 then FE is
adjacent to the exceptional vertex, and we let v, be the exceptional vertex.

If e = 1, i.e. Fj belongs to top(M), then let v, be the endpoint of E;
which is not an endpoint of Es, if 1 # E5. If By = Fs then F; is adjacent
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to the exceptional vertex, and we let v, be the endpoint of E; which is not
the exceptional vertex. If e; = —1, i.e. E; belongs to soc(M), then let v, be
the common vertex of Fy and Fs, if By # Ey. If By = E5 then Ej is adjacent
to the exceptional vertex, and we let v, be the exceptional vertex.
In case (i), let S, = S, = E;. In case (ii) or (iii), let S, = Es, and let S, be the
next counterclockwise edge to Fq around v,. If v, is a leaf then let S, = Ej.

We want to illustrate case (iii) of this definition. Here o denotes the exceptional
vertex.

€s = 1:
Es—l Es Es_l = Eg
o o o ° o
Sy Va S Va
€s = —1
Es—l Es Es—l — Es
® o
Va S, Va S
€1 = 1

€1 1:
o o
E1 /EQ El = E2 /
o o o o Vs
Uz
\SZ SX
o o

The following two theorems describe the distance from M to the boundaries of
T's(A), and thus the location of M in I'y(A). We first describe the easier case when
the multiplicity of T'(A) is m = 1.

Theorem 2.4. Suppose the multiplicity of T(A) is m = 1. Let M be a nonprojec-
tive indecomposable A-module with €, v, and vy, v,, Sq, S, given as in Definition
2.3.

Let Wy = (v1, X1, ..., Xn,Unt1) be the shortest clockwise walk around T(A)
with v1 = vq, X1 = S and X,, = S, vp41 = v,. Let H be the unique hook with
soc(H) = Eq and top(H) = X,,.

There exists a unique directed path in T's(A) starting at M and ending at H
which is obtained by successively adding hooks or removing cohooks on the right
end of the modules and for which the sequence Cay of Tightmost composition factors
is given by

CM = (X17X37X57' . 7X7L)'
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In particular, n is odd. The distance d from M to the boundary of T's(A) containing
H is given by d = (n —1)/2. The distance from M to the other boundary is given
by e — 1 —d. Thus the location of M in T's(A) is controlled by the walk Wyy.

Theorem 2.4 is a corollary of Theorem 2.6 which gives the distance from M to
one of the boundaries of I';(A) in the general case, which means that m is arbitrary.
In this case the definition of the clockwise walk around T'(A) corresponding to the
sequence Cy of rightmost composition factors is more complicated. It consists
of a certain shortest clockwise walk Wj, which meets all the edges in the top-
socle path of M and a complete walk of a certain multiplicity n which depends on
the multiplicity p of M. Since W), and n are only important to understand the
technical details of Theorem 2.6, we define them in a separate definition before we
state the theorem.

We use the convention that if (b1,...,b,) and (c1,...,¢,) are two sequences,
then (b1,...,bz)(c1,. .., cy) denotes the sequence (b1, ..., by, c1,...,¢y).

Definition 2.5. Let M be a nonprojective indecomposable A-module with top-
socle path FEy,..., E,, direction € and multiplicity u. If M is a hook, we assume
that e = (—1,1). Let vg, vz, Sa, S: be given as in Definition 2.3.

If s=1or s =2, let Abe the empty sequence. Otherwise, if e, =1, let A be
the sequence A = (Es, Es_1,...,E1). If e, =—1,let A= (Es, Es_1,...,F3). If A
is not the empty sequence, then A = (A;, As, ..., A;) where t = s or s — 1.

Let Wi = (v1, X1,v2, Xo, ..., Xpn, Unt1) be the shortest clockwise walk around
T(A) with vy = ve, X1 = S, and X,, = S,, vp41 = vz, such that, if A is not the
empty sequence, there exist i1 < 9 < --- <4 with X;, = A1, X, = Ao,..., X;, =
A;. Note that W), can contain a complete walk of multiplicity 1.

Let W, = (w1, Y1, w3, Ya, ..., Yac, wact1) be the complete walk of multiplicity 1
such that Wy, W, is a clockwise walk around T'(A).

Let n be the integer attached to M which is given as follows:

(i) If none of the vertices v; in Wy, is the exceptional vertex, then n = 0.
(ii) If one of the v; is the exceptional vertex, but p = 0, then n = m — 1.

If 4 > 1 and one of the v; is the exceptional vertex, then let jy, be the smallest
index such that F, is adjacent to the exceptional vertex.

(iii) If s = 1, i.e. M is simple, then n = p — 1 = 0 if v, is exceptional and v,
is nonexceptional. Otherwise v, is nonexceptional and v, is exceptional, and
n=m-—pu=m-—1.

Let now M be not simple.

(iv) If Ej, belongs to soc(M), then n =m — p.

(v) If Ej, belongs to top(M) and Ej 41 exists and is not adjacent to the excep-
tional vertex, then n = m — . In this case jo must be 1 and p = 1.

(vi) If Ej, belongs to top(M) and Ej 11 exists and is equal to Ej,, then n = p—2.

(vii) If E;, belongs to top(M) and either jo = s or Ej, 11 is adjacent to the excep-
tional vertex and not equal to Ej,, then n = p — 1.

Theorem 2.6. Let M be a nonprojective indecomposable A-module with E1, . .. | Fy,
€, p, and War = (v1, X1, ..., Xn, Unt1), Wo = (w1, Y1, ..., Yaoe, Waet1), N given as
in Definition 2.5. If e > 1, let H be the unique hook with soc(H) = E; and
top(H) = X,,. In case e = 1, let H be the unique simple module if vi is excep-
tional, otherwise let H be the hook with multiplicity m.
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There exists a unique directed path in T's(A) starting at M and ending at H
which is obtained by successively adding hooks or removing cohooks on the right
end of the modules and for which the sequence Cyy of rightmost composition factors
is given by

Cn = (X1, X3, Xn)(Y2, Vs, ..o, Yae) ™.

In particular, n is odd and Y. = X,,. The distance d from M to the boundary of
Ts(A) containing H is given by

d =length(Cp) — 1= (n—1)/2+ ne.

The distance from M to the other boundary is given by me — 1 —d, since the length
of any longest directed path which connects the two boundaries is eractly me — 1.
Thus the location of M in T's(A) is controlled by the walk Wy and the integer 1.

Remark 2.7. (i) Theorem 2.4 follows from Theorem 2.6 in the following way. Let
the multiplicity of T(A) be m = 1 and let M be an arbitrary nonprojective
indecomposable A-module. Then the top-socle path of M, and thus the se-
quence A of Definition 2.5, contains no multiple edges. Further, the shortest
clockwise walk Wy = (v1, X1,..., Xn,Uny1) with v1 = v,, X3 = S, and
Xn = S., vny1 = v, meets automatically all the edges in the sequence A,
since A does not contain any multiple edges. Since we are in case (i) of Defi-
nition 2.5, it follows that Cpy = (X1, X3,...,X,) and d = (n —1)/2. This is
exactly the description of Cj; and d in Theorem 2.4.

(ii) In case the multiplicity m of T'(A) is arbitrary and M is a nonprojective
indecomposable A-module of multiplicity i = 0, Wj; can be determined as
in Theorem 2.4. This follows since we are then either in case (i) or in case
(ii) of Definition 2.5, and thus C)y is either Cpr = (X1, X3,...,X,) or Cpp =
(X1, X3,..., Xn)(Ya, Yy, ..., Yo, )™ L. The distance d is then either d = (n—
1)/2ord=(n—1)/24 (m— 1)e.

Proof. Let first M be a hook, which means that M belongs to one of the boundaries
of T'y(A). Then M is uniserial with e = (—1,1), and either g =0, or p =1 < m,
or y = m > 1. By Definitions 2.3 and 2.5, S, = S, = E, and Wy = (va, Fs, v;)
such that v, is nonexceptional. If y = 0 then also v, is nonexceptional and we are
in case (i) of Definition 2.5, which means that n = 0. If y = 1 < m then either
v, 18 exceptional or not. If v, is exceptional and M is simple, then we are in case
(iii) and n = p—1 = 0. If v, is exceptional and M is not simple, then, since
w =1, Fj is not adjacent to the exceptional vertex and we are in case (vii), which
implies that n = p — 1 = 0. If v, is nonexceptional, then we are in case (i) and
again n = 0. If m > 1 and pu = m, then all composition factors of M are edges
which are adjacent to the exceptional vertex, which means that we are in case (iv)
and it follows that » = m — u = 0. Thus in all cases n = 0 and so, according to
Theorem 2.6, Cpy = (Es), and d = 0. Since M does lie at distance 0 from one of
the boundaries of T's(A), this establishes Theorem 2.6 if M is a hook.

Let now M be not a hook and let Wy = (v1, X1,..., Xn,Vnt1) be the corre-
sponding clockwise walk around T'(A), as in Definition 2.5. We want to use an
inductive argument to verify the description of the sequence C; and thus of the
distance d.

Define a path ©j7 in I';(A) by starting with M and then either adding a hook on
the right end or removing a cohook on the right end of each successive module. Let
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N be amodule on ©);. Then the successor N’ of N is well-defined by this procedure
unless N is simple and not a hook. In the latter case, if N = M we require N’ to
be obtained by adding to M the hook whose top is the simple module which is the
next clockwise edge to M around v,. If N # M we require N’ to be the neighbor
of N which is not isomorphic to Q~2(N"), where N” is the predecessor of N on
©)s. From this requirement and from the description of the almost split sequences,
it follows that there are no three consecutive modules of the form Q2(R), R’, R on
the path ©p;. This means that ©); is a directed path starting at M, and so it must
reach one of the boundaries of I';(A) and thus a hook, since I's(A) is a finite tube.

Let now M’ be the indecomposable A-module which is a neighbor of M in T's(A)
and which is given by either M = M/ if M starts on a peak, or otherwise by
M' = Mj. Since M’ is obtained from M by either adding a hook on the right end
or by removing a cohook on the right end of M, it follows that M’ lies on the path
Oy starting at M. In fact, M’ is the next module after M on ©,;. In particular,
this shows that by successively either adding a hook or removing a cohook on the
right end, we move from M and from M’ to the same hook H belonging to one of
the boundaries of I's(A).

Since the path O, is directed, it describes the unique minimal path from M to
H. Further, ©); is the maximal directed right-oriented path in I's(A) starting at
M. Thus the distance d from M to one of the boundaries of I's(A) is given by the
number of modules in this minimal path from M to H minus 1.

We assume now that the sequence of the rightmost composition factors of the
modules on the minimal path from M’ to H in I's(A) is given by Cpy/, where Cpy
is the sequence obtained by applying Theorem 2.6 to M’. We want to show that
then the sequence Cypy, as given in Theorem 2.6, satisfies Cpy = (E5)Cppr. This
then implies that C)s is the sequence of the rightmost composition factors of the
modules on the minimal path from M to H in I';(A). Further, it follows that d, as
given in Theorem 2.6, gives the distance from M to H, which is the distance from
M to one of the boundaries of I's(A). Note that this also implies that H is the
unique hook with soc(H) = Fy and top(H) = X,, if e > 1. In case e = 1, it follows
that H is simple if v; is exceptional, otherwise H has multiplicity m.

Let now p/ be the multiplicity of M’, and let i’ be the integer attached to M’
according to Definition 2.5. To show Cy; = (E,)Cy, we have to look at two
different cases.

1. M = M. Then either

E;
(a) M= M U
Es—l
E;
where U is uniserial and U  is a cohook, or
Es—l
Es—l /
mym=n v ="
E, s

where V' is uniserial and one endpoint of E, is a nonexceptional leaf vertex.
Note that this leaf vertex cannot be exceptional, since otherwise F is not a
cohook.
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In case (a), the walk for M is
Wi = (v1, Es,v2, Es—1,v3, X3, ..., Xn, Unt1)-
In case (b), this walk is
W = (v1, Es,v2, Es,v3, X3, ..., Xp, Unt1)-

In both cases n > 3 because M is not a hook. Since X3 is the rightmost
composition factor of M’, the walk for M’ is given by

WM’ - (U37X37 .- 7X7L)U7L+1)Wo’y7

where W, is the complete walk around T'(A) of multiplicity 1 as given in
Definition 2.5, and 7 is either 0 or 1. In particular, W is the (empty) walk
of length 0.

The top-socle path of M’ has either the form E4, ..., Ey, X3 or the form
Ey,...,Ey, where s = s—2in case (a) and ' = s — 1 in case (b). In both
cases Fy belongs to top(M') and top(M). The latter case En, ..., Ey occurs
if the uniserial part of M having F in the top and Fy 41 in the socle consists
only of Eg, Eg 1. In that case X35 = Fy.

The complete walk W, occurs in Wy, if and only if (vs, X3, ..., Xn, Unt1)
does not contain the subsequence A’ associated to M’ as in Definition 2.5.
By comparing M and M’ in the various cases listed above, we see that W,
occurs in Wy if and only if the top-socle path of M’ is E1, ..., Ey, X35 and
(v, X3,. .., Xn,Uny1) does not meet Ey after meeting X3 as first edge. This
happens exactly if Fy, = X3 and Eg is adjacent to the exceptional vertex.
Note that in this case the multiplicities p and p’ are the same if and only if
Es’+1 7é Es’-

If the multiplicities g and p’ of M and M’, respectively, are the same, and
W, does not occur, i.e. v = 0, we only have to show that n = /. If we are
in case (i) (respectively case (ii)) of Definition 2.5 for M, then v and v are
both nonexceptional, so we are in case (i) (respectively case (ii)) for M’, and
so n =mn'. Since M is not simple, case (iii) does not occur. If we are in case
(iv) for M, then, since u = p/, jo must fulfill jo < s — 1. So we are also in
case (iv) for M’, and n = n'. If we are in case (v) for M, then p = 1 and
F, is the only composition factor of M adjacent to the exceptional vertex.
So we are either also in case (v) for M’, or M’ = Fj is simple. If we are in
case (v) for M’, then n = /. If M’ is simple, then M’ = E; = X3, and v is
nonexceptional, since E; is the only composition factor of M that is adjacent
to the exceptional vertex. So ' =m — ' = m — 1 according to case (iii) of
Definition 2.5, and n = 7. If we are in case (vi) for M, then p = u’ forces
jo to satisfy jo < s — 2. Thus we are also in case (vi) for M’ and n = 7.
Suppose we are in case (vii) for M. Then we are in case (vii) or (vi) for M’,
or M’ is simple. However, case (vi) for M’ can occur only if v > 0, and we
have assumed v = 0. If we are in case (vii) for M’ then n = /. If M’ is
simple, then M’ = E; = X3. Also v3 is exceptional, since both F; = X3 and
FE5 = X5 are adjacent to the exceptional vertex. Note that EFs = E,_; in case
(a) and Fy = E; in case (b). Son’ =/ —1=0. Since p = p/ =1, it follows
that n = u—1 =0, so n = 1. Thus it follows in all these cases that n =7/,
and so Cyy = (Fs)Cyr.
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If p = ' and W, occurs, i.e. v =1, then M is as in case (vii) and M’ is
as in case (vi) of Definition 2.5. Son = p—1and ' = 4/ — 2 = p — 2. Thus,
according to Theorem 2.6,

Cu = (Bs X3, X5y, X0)(Yo,Ya, ..., Yoo )* ! and
Cvr = (X3, Xs5,..., Xn)(Ya, Yy, ..., Yo ) (Yo, Yy, ..., Yo )2
= (X3,X5,...,X,)(Ya,Yy,... Yo )bl
which means Cpy = (Es)Chyr.
If p # p' and W, occurs, then M and M’ are both as in case (vi) and
further py =y’ +1. Son=p—2and ' = ' — 2= p — 3, and thus
Oy = (Es X3, Xs5,...,X0)(Y2,Ya, ..., Y2 )" 2 and
CM' = (X37X57"' 7X7L)(Y27Y47"' 7Y26)(Y2;Y47---;Y26)M_3
= (X3, X5, Xn)(Yo, Vs, ..., Yoo )72,
which means again Cp; = (E,)Chyr.

We can now assume that W, does not occur, i.e. v = 0, and that u and
u' are different. In case (a), the multiplicities p and p’ can only be different
if Es_1 or Ey is adjacent to the exceptional vertex. Suppose F,_; is not
adjacent to the exceptional vertex. Then p = 1 and p/ = 0. We are in case

(vii) of Definition 2.5 for M, and in case (i) for M’ because the only v; which
can be adjacent to the exceptional vertex is v;. So

Cy = (Es X3, Xs,...,X,)(Ya,Yy,... Yo )t !
= (ES,Xg,X5,... 7Xn) and
C(]\4’ - (X37X57"' 7X7L)7

which means Cyy = (F,)Chyp. If Ey is not adjacent to the exceptional vertex,
then p and p’ are different only if F,_5 = E,_;. In this case, p = p' + 1,
and we are in case (vi) for M. We are in case (vii) for M’ or M’ is simple,
since W, does not occur. If M’ is as in (vii) then 0’ = p/ — 1. If M’ is simple
then M’ = F; = X3, and w3 is exceptional, since Es;_; is adjacent to the
exceptional vertex. So ' = p/ — 1 according to case (iii). Thus
Cu = (B, X3, X5,...,X,)(Ya,Ya, ..., Yo)* 2 and
Cvr = (X3, Xs,..., X)) (Yo, Ya, ..., Yoo ) 71
= (X3, X5,..., Xn)(Yo,Ya, ..., Yoo )72,
which means Cy; = (Es)Cppv. If Es_q and Ey are both adjacent to the
E;s
exceptional vertex, then y = m, since U  is a cohook, and /' = 0. We
Es—l
are in case (iv) for M and in case (i) for M’ because the only v; which is
adjacent to the exceptional vertex is vs. So

Cy = (E37X3,X5,... 7X7L)(Y2,Y4,... ,Yge)m_”
= (ES’X37X5"' 7Xn) and
CMI = (X37X5,... 7Xn),

which means again Cp; = (E,)Chyr.
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In case (b), the multiplicities p and i can only be different if F is adjacent
to the exceptional vertex and Es = FEs_1. Then p = p/ + 1, and we are in
case (vi) for M. We are in case (vii) for M’ or M’ is simple, since W,, does
not occur. If M’ is as in (vii) then

Cu = (Bs, X3, X5, Xn)(Y2, Vs, Yoo)* ™ and
Caur = (X3, X5y, Xp) (Va, Yay oo, Yoo
= (X37X57"' 7X7L)(Y27Y47"' 7Y26)M_27
which means Cpy = (FEy)Car. If M is simple then M = ElE and M' =
1
E;. Sopu = 2and ¢/ = 1. Since one endpoint of E; is a nonexceptional
leaf vertex, this implies e = 1. Thus Wy = (v, E1, vz, F1, Ve, E1,v.), since
A= (Fy, Ey), and Wy = (vg, E1,v,). Further v, is exceptional according to
Definition 2.3. Son’ = ' —1 = p—2 = 0 according to case (iii) of Definition
2.5. Sincen = p—2 =0, Cp = (E1, Er) and Cppr = (E1), so Cpr = (Es)Cyr.

2. M’ = Mj,. Then either
(a) M = Fj is simple

and no endpoint of F; is a nonexceptional leaf vertex, or

E;
(by M= N U
Es—l
E;
where U is uniserial and U  is not a cohook, or
Es—l
Es—l
(¢ M= N \%
E;

where V is uniserial and no endpoint of Ey is a nonexceptional leaf vertex.
Case 2. is treated in a similar way as case 1. M = M.
This proves Theorem 2.6. O

Theorem 2.6 gives a formula for the location of a nonprojective indecomposable
A-module in T's(A), using only T'(A). To determine the relative locations of two
nonisomorphic A-modules M and N in I'4(A), we also have to find the distance
between two hooks belonging to the same boundary of T's(A).

The following result determines when two hooks belong to the same bound-
ary, and the length of a minimal path between two hooks belonging to the same
boundary. If e > 1 then a hook H is uniquely determined by F; = soc(H) and
E5 = top(H). Further Ej is one of the edges which are the next clockwise edges to
FE5 around the endpoints of Fs.

Proposition 2.8. If e = 1 then m > 1, since we have assumed that Ts(A) con-
tains at least two modules. In this case there is exactly one vertex at each of the two
boundaries of T's(A). Suppose now that e > 1. Let H be a hook with E1 = soc(H)
and Ey = top(H). Let Wy = (v1, X1,v2, Xo, ..., Xae, V2c41) be a complete clock-
wise walk of multiplicity 1 around T(A) with X1 = Fy and X, = Fj.
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A hook H' with E{ = soc(H') and E4Y = top(H') belongs to the same boundary
of T's(A) as H if and only if there exists 1 < j < e with B} = Xo; and E}, = Xo;_1.
Further the length of a minimal path from H to H' is given by 2(j — 1). Note that
the length of a minimal path from H' to H is then 2e — 2(j — 1).

Proof. We can assume that e > 2. We show that the hook K with soc(K) = X4
and top(K) = X3 belongs to the same boundary of I'y(A) as H, and that the length
of a minimal path from H to K is 2. Then it follows by induction that all hooks H'
with soc(H') = Xy; and top(H’) = Xg;_1 for some 1 < j < e belong to the same
boundary as H, and that the length of a minimal path from H to H’ is given by
2(j —1). Since we get e different hooks this way and since each boundary of T's(A)
consists exactly of e hooks, also the other direction of the statement follows.

To show that K belongs to the same boundary as H, we determine the almost
split sequence starting in H. Note that vs is the endpoint of E; which is not an
endpoint of Fs. If vz is a leaf vertex and vz is not exceptional, then X3 = FE;

Es
and Xy is the next clockwise edge to Fy around vy = vo. So H = U where U
Ey
E By
is uniserial or zero, and soc( U2 ) = X4. Then K = FE5 , and the almost split
U

sequence starting in H has the form (up to isomorphism)

0— H — ?]2 ® P, - K—0
where Pg, is the projective cover of Ej.
Otherwise, vs is not a leaf vertex or vs is exceptional of multiplicity m > 1. Then
Es
H and K look like H = U (respectively H = FEy = E» if vy is a nonexceptional
Eq
X3
leaf vertex), and K = V  (respectively K = X3 = X if vy is a nonexceptional
Xy
leaf vertex), where U and V are uniserial or zero. Then the almost split sequence
starting in H is given by (up to isomorphism)

Es
0— H — VXBElU — K — 0,
Xy
X3 Es
where V' has to be replaced by X3 if K is simple, respectively U has to be
X4 El

replaced by E; if H is simple. Thus K belongs to the same boundary of T's(A) as
H, and the length of a minimal path from H to K is 2. This proves Proposition
2.8. O

Corollary 2.9. With the aid of Theorem 2.6 and Proposition 2.8, we can deter-
mine the relative locations of any two nonprojective indecomposable A-modules M
and N in Ts(A), by looking at certain walks around T'(A).
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The following result gives an explicit formula for the length of a shortest path
from M to N in I'y(A), provided we know the distances of M, respectively N, to
the same boundary as given by Theorem 2.6, and the distance between two hooks
belonging to the same boundary as given by Proposition 2.8.

Proposition 2.10. Let M and N be indecomposable A-modules in T's(A). Suppose
Hyr and Hy are two hooks belonging to the same boundary of T's(A) such that there
exist directed paths from M to Hpy; of length das, respectively from N to Hy of
length dn. Let further dysn be the length of a shortest path from Hpy to Hy. Then
the length d of a shortest path from M to N is given by

d=2e-l+dyn+dy —dn

where | is an integer defined as follows. If dpy > dn, ordpy < dy and 2(dy—dar) <
dyn, then 1 = 0. If dy < dy and 2(dy — dpr) > dyn, then 1 > 1 is the integer
such that 2e-(1—1) <2(dy —dp) —dpn < 2e-1.

Proof. We define the boundary of I';(A) containing Hys and Hy to be the upper
boundary, and the other boundary to be the lower boundary of I's(A). Further, each
directed path heading toward the upper boundary (respectively lower boundary)
is called an up-path (respectively down-path). If da; > dn then M is below N.
Suppose M’ is the module at the end of the up-path of length dy; — dy starting at
M. Then dp; = dy and the shortest paths from M’ to N have length da;n. So
d=(dy —dn)+dyn =dyn+dy —dy. I dy < dy then M is above N. Let M’
be the module at the end of the down-path of length dyx — das starting at M, which
means dp;r = dy. Suppose first that 2(dy — dar) < dyy. Then the shortest paths
from M’ to N are by 2(dy—dys) shorter than the shortest paths from Hyas to Hy. So
d= (dN—dM)—l-(dMN—Q(dN—dM)) =dyn+dy—dy. Let now Q(dN—dM) > dyn-
Then there is a path from N to M’ of length 2(dy —dpr) — dasn. Since dpyr = dy,
the minimal length of a path from N to M’ has to be less than 2e. So, with [ as in
the statement of Proposition 2.10, 2(dy — dar) — dyn — 2e- (I — 1) is the length of
the shortest paths from N to M’. Thus the length of a shortest path from M’ to N
is2e—[2(dy —dpm) —dpun —2e- (1—1)] = 2e- 1+ dyn — 2(dy — dpr). Therefore it
follows that d = (dN —dM) + (2€-l+dMN—2(dN —dM)) =2e-l4+dyn+dy—dn.
This proves Proposition 2.10.

O

3. STABLE ENDOMORPHISM RINGS

In this section we give an explicit description of the stable endomorphism ring of
a nonprojective indecomposable A-module M, using the description of M via the
top-socle path and the multiplicity of M as given in Definition 2.1. Note that this
section is independent of the results proved in Section 2.

We need the following lemma.

Lemma 3.1. Let Ip; be a set of representatives for the isomorphism classes of
indecomposable A-modules which are both factor modules and submodules of M. If
Q € Iy and Q ¥ M then Q is uniserial, and each composition factor of QQ occurs
at least twice in M (but not necessarily twice in Q).

Proof. This is clear from the description of the indecomposable factor modules and
submodules of M given in [15, Prop. 2.1]. O
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For each ) € Iy we now choose a surjection kg : M — @ and an injection
g+ Q@ — M. We will call ag = kgtg the chosen endomorphism of M factoring
through Q. In the following we will choose aps to be idps. By [8, 13] and [15, Prop.
2.1], every endomorphism « of M is given as a k-linear combination of chosen
endomorphisms ag as Q) runs over .

Gabriel and Riedtmann proved in [9] that End (M) has a nilpotent generator as
a k-algebra. In the following result we show how to determine an explicit nilpotent
generator, using only the top-socle path and the multiplicity of M. The nilpotency
of this generator is computed in Proposition 3.5.

Theorem 3.2. Let M be a nonprojective indecomposable A-module with top-socle
path En, . .., Es and multiplicity pu, and let 7 : Endpy (M) — End, (M) be the natural
surjection. Suppose p € Endy (M) is given as follows.

(i) If M has only composition factors with multiplicity 1, then p = 0.

(ii) If M has composition factors of multiplicity greater than 1, then p > 2. Let
S1 (respectively S;) be the unique composition factor of top(M) (respectively
soc(M)) corresponding to an edge in T (A) which is adjacent to the exceptional
vertex. Denote all the edges which are adjacent to the exceptional vertex by
S1,...,85,..., 5 in counterclockwise order. Let the descending radical series
of the uniserial part of M consisting of these modules be given as

V=_05, ..,5:5,.-,5,5,...,5,...,5;)
where S1 occurs p times as composition factor of V.. Then
Qo = V/rad(A) ="V = (S, ..., 8., 81,...,51,...,5;)

can be taken to be in Iy, where Sy occurs p—1 times in Qo. Define p = 7(po),
where pg = aq, 15 the chosen endomorphism of M factoring through Qo. We
will call py a “shift” of M.
Then p € rad(End, (M)), and there exists a positive integer r < p with p"~1 # 0
and p" =0 in End (M) such that

End, (M) =k-n(idy) @ k-p@k-p* - @k-p'"}
as k-vector space.

Remark 3.3. Suppose pp is an endomorphism of M factoring through @y. From
the form of V and Qg one sees that

p—1
~ l
po = E ar - Po
=1

for some a; € k. The pg which can be used as chosen endomorphisms of M factoring
through Qg are those for which a; # 0.

Proof. If M has only composition factors with multiplicity 1, then by Lemma 3.1
we can choose Iy = {M} and oy to be the identity map idp;. Hence End, (M) =

Suppose now that M has composition factors of multiplicity greater than 1. Let
Ei, ..., Eq, 1, S1,...,5n, Qo, po and p be as in the statement of Theorem 3.2(ii).

We want to show that p generates rad(End, (M)). Suppose first that soc(M) N
top(M) = (. Then all composition factors of M that are not isomorphic to
S1, ..., S, have multiplicity 1. So by Lemma 3.1, the only @ % M in I are
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factor modules of @)y having S; as socle. The associated ag factor through Qo, so
it follows from Remark 3.3 that p generates rad(End, (M)).

We now suppose soc(M) N top(M) # . Then S; must be equal to Sy, and
we might have to consider additional ). To describe this special phenomenon, we
consider the top-socle path E1, ..., Es. We are in the situation that there exists an
1 with F; = E;11 = S1. Then there exists a smallest 1 <z < i with E;_,, = F;1144
for 0 <wu <i—w,and B, 1 # Eoiy1)—z. Thus Ey, ..., Eg looks like

E17 s aEx—ly Eﬁh s 7Ei—17 Ei7 Ei7 Ei—l; s 5E2?7 EQ(i-}-l)—xa s aES'

Note that the composition factors of M lying between Ei,...,FE,_1 or between
Es(it1y—a> - -+, Es, excluding E; 1 and Ea(j41)—z, have multiplicity 1. By Lemma
3.1, the additional @ are uniserial, and have all composition factors occurring at
least twice in M. Further, top(Q) and soc(Q) are elements of { Ez_1, ... , Ea(iy1)—zo}-
By considering which composition factors of M have multiplicity at least 2, we con-
clude that the Q € Ip; which are not isomorphic to M or factor modules of Qg are
the simple modules F,,...,FE;_1, and possibly a module X involving F,_; and
Es(i41)—«- To see whether X exists or not, we have to look at the following cases.
Either FE,_; belongs to top(M), or E,_1 belongs to soc(M). The subtree of T(A)
containing the edges E,, E;_1 and Ey(;1)—; can be either of the following two

possibilities:
[e] [e]
%—1 %i+l)—x
(A) o B o or (B o Lo

If F,_1 belongs to top(M), X exists only if the subtree is as in (A). Then X is the
uniserial module obtained by walking counterclockwise from E;_1 to Ea(j41)—z. In
case that F,_; belongs to soc(M), then the subtree must be as in (B), and X is the
uniserial module obtained by walking counterclockwise from Fy(;11)_, to Ey_1.

We now show that we can select the additional chosen endomorphisms
Qag, ,,---,QE,,x so that each can be written as a sum

p—1
du+ Y buph
=1

where 1y is an endomorphism of M which factors through a projective module
and b; € k. By Remark 3.3 and the paragraph just prior to Theorem 3.2, this will
suffice to prove Theorem 3.2.

Let ¥g,_, be an endomorphism of M factoring through the projective cover Pg,
of F; in the following way:

Ei E; E;
E; Ei E;
We assume the sequence of maps defining ¥ g, _, is surjective, injective, surjective

and then injective. The image of ¢, , is isomorphic to E;_1 & Vo where Vj is
a factor module of Qg such that soc(Vy) = top(Vy) = S1. Thus we can choose



LOCATIONS OF MODULES 17

E;_1 € Ipy and ag,_, insuch a way that ¢g,_, —ag, , factors through V5. Remark
3.3 now shows

p—1
ap, , =Yg, , — g clpé for some ¢; € k
1=1

as required.

We will define ag, for + < v < i — 2 by descending induction on w. Let
ap, = pg_l, and suppose that ag,,, has already been defined. Since Ey o is
simple, all endomorphisms of M factoring through FE, o are scalar multiples of
R, ., Let ¥p, be given as

Eu Eu+2 Eu+1
M- . =Py . oM

Eu+1 Eu Eu+2

Then the image of ¢ g, is E, ® E,12. Therefore after multiplying g, by a suitable
nonzero scalar, we will have

ag, =Yg, —QB,,,
for some ag,. This suffices by induction to show that all ag, with x <u <7 —2
may be chosen to have the required form.
Finally we must define a suitable endomorphism ax corresponding to X. If
E,_1 belongs to top(M), then we can construct an endomorphism ¢ x which factors
through the projective module Pg,:

Egc—l Eﬁc—i—l Eﬁc
Eﬁc E2(i+1)—9c Eﬂc-i-l
If z < i, then the image of ¢x is X ® Ey41, and ag,,, has already been defined
(and is unique up to multiplication by a nonzero scalar). In this case, replacing ¥ x
by a suitable nonzero multiple of itself, we may define

ax =vYx —ag,,,

which is sufficient to complete the proof. Otherwise the image of ¥ x is isomorphic
to X @ V4 where V; is a quotient module of Qg with soc(V;) = top(V1) = S;. In
this case we can define ax so ¥x — ax factors through V4. Then

p—1
ax =tx — g cplhy  for some ¢; € k
=1

which suffices to complete the proof. If E,_; belongs to soc(M), then tx is con-
structed as follows:

E2(i+1)—9c Eyia E,

Ex Ex—l Ex—i—l

The analysis of the cases z <4 and z = 4 is now similar using this ¥ x. (]



18 FRAUKE M. BLEHER AND TED CHINBURG

Remark 3.4. The proof of Theorem 3.2, using [8, 13], shows also how to compute
the endomorphism ring of M. In case (i)
Endpa(M) =k -idy.

In case (ii), if soc(M) N top(M) = @) then

Enda(M) =k-idy ®k-po@k-pi@®--- @k -ph "
If soc(M) N top(M) # 0 then
Endy(M) = k-idy @k-po@k-p2®---®k-pf ' @k-ap,_, @ - ®k-ag, (Ok-ax)
where ax is only included if X exists.

We now want to give an explicit formula for the nilpotency r of p as defined in
Theorem 3.2(ii), which follows directly from the top-socle path and the multiplicity
of M.

Proposition 3.5. Let M be given as in Theorem 3.2(ii) such that Sy occurs p > 2
times in
V=_05, ..,5%:5,..,5,5,...,5,...,5;)
and Sy lies in top(M) and S; lies in soc(M). Let E; be the edge in the top-socle
path with E; = S1. By taking the mirror image of M if necessary, we assume that
Eiy1=S;. Let r be defined as follows.
(1) If S1 #S;, then r = min(p, m+ 1 — p).
Suppose now that S1 = S;. Then E; = E;1 = S1, and there exists a smallest
1 <o <iwithE;i_y=FEif14y for 0 <u<i—x, and Ex_1 # Ey(it1)—s (if they
exist).
(ii) If(x=1o0r2i+1—x=23) and E, € top(M), or if ¢ > max(1,2i+ 1 — s)
and the subtree of T(A) containing the edges E, Ey_1 and E(it1)—5 looks
like

o

E,

o

N

° 2(i4+1)—z
then r = min(pu, m + 1 — p).
(iii) If (x =1 or2i+1—x = s) and E, € soc(M), or if x > max(1,2i+1—s) and
the subtree of T(A) containing the edges E,, E,_1 and Ea;41)—y looks like
[e]

E2(i+1)—9c

E,

o

o

.

o

then r = min(p — 1,m+ 2 — p).

Proof. The strategy of the proof is to analyze for each simple A-module T" whether
there is an endomorphism of M factoring through the projective cover Pr, and to
write down all such endomorphisms in terms of the basis B of Enda (M) found in
Remark 3.4. In the proof of Theorem 3.2 we analyzed how to write each element
of B as a sum vy + Oy, where ¥y factors through a projective module and Sy
is an explicit linear combination of powers of py. We can in this way analyze the
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minimal exponent ¢ for which some linear combination Zf:tl aipb with a; # 0
factors through a projective module. This ¢ is equal to the nilpotency 7.

We first consider case (i). Then soc(M) N top(M) = @) and all endomorphisms
of M are linear combinations of powers of py. It follows that the smallest power
of pp which factors through a projective module factors through some Pr with
T e {S1,...,S,} or T adjacent to one of the S;. By considering these possibilities,
and using the fact that Auta (M) acts on End, (M), we see that T = S; provides
r=min(p,m+1— pu).

In cases (ii) and (iii), one finds r is realized by the following construction.

In case (ii), let C' be the factor module of M with top-socle path Si,S1, Eiyo
(where we include E; o only if i < s — 1), and let D be the submodule of M with
top-socle path E;_1, 51,51 (where we include F;_; only if i > 1). Then there exists
an endomorphism

Yv:M—C—Psg —D—M
which has as image E;_1®V’ where V' = (S1,..., Sy, 51,...,51) with S; occurring
(2u—m—1) times if 2u > m+1, and V’ = 0 otherwise. From the proof of Theorem
3.2 it follows that the chosen endomorphism ag, , factoring through F;_; factors
through a projective module. In case 2u > m + 1 this means that ¥ — apg, , is

of the form Zfz_nll flep cipl for suitable ¢; € k with Cmt1—p # 0. It follows that
r=m+1—pif 2u>m+1, and r = p otherwise.

In case (iii), the chosen endomorphism factoring through F;_; does not factor
through a projective module. So in that case we let D’ be the submodule of M
with top-socle path Sy, S7 such that S; occurs p — 1 times. Then the image of

v :M—C—Ps, D — M

is nonzero exactly if 2u—1 > m + 1. In that case ¢/ = Zf:"ll_m_u c1pl, for suitable

¢ € k with ¢py2-, # 0. Further, it follows from the proof of Theorem 3.2 that
the chosen endomorphism «ag, factoring through S; factors through a projective
module. Since pg_l is a nonzero multiple of ag,, this means that pg_l factors
through a projective module. So we obtainr =m+2 — p if 2u—1>m+ 1, and
r = u — 1 otherwise.

This completes the proof of Proposition 3.5 O

4. HOM-PATHS AND EXT GROUPS

In this section we discuss applications of the two previous section. The main
result is Theorem 4.5. This gives a description of how one can compute stable Hom
groups and Ext groups using Theorems 3.2 and 2.6, and Propositions 2.8 and 2.10.

To prove Theorem 4.5 we will use some ideas and methods of Gabriel and Riedt-

mann [9].
Definition 4.1. Let [ > 0 and let (M = Xy, X1,...,X; = N) be a path of succes-
sively nonisomorphic A-modulesin T'y(A). If i > 1land f; : X;-1 — X;, 1 <i <l is
an arbitrary irreducible morphism, then f = f; - - f; is called a hom-path of length
I =1(f) from M to N, corresponding to (M = Xj,...,X; = N). In case that
[ =0, a hom-path f of length 0 from M to M, corresponding to the path (M), is
given by an automorphism of M.

The next two theorems follow directly from the methods of Gabriel and Riedt-
mann in [9], though they do not appear explicitly in this form in [9]. For this reason
we will state them without proof.
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Theorem 4.2. (Gabriel-Riedtmann) Let M and N be two nonprojective indecom-
posable A-modules, and let f € Hom, (M, N) be a hom-path of minimal length.
Then

Hom (M, N) =End, (M) - f= f-End,(N).

Suppose p is an ideal generator of rad(End, (M)) and o is an ideal generator of
rad(End, (N)) as given in Theorem 3.2. Then there exists a positive integer j(f)
such that

= k-fok-fod Dk fol N1

as k-vector space.

Theorem 4.3. (Gabriel-Riedtmann) Let M and N be nonprojective indecompos-
able A-modules. Let dy (respectively da) be the length of a shortest hom-path from
Q~YN) to M (respectively from M to N ). Then me—1 = dy+da+2e-s for some
integer s, and dimyHom (M, N) = max(0, s+ 1).

For arbitrary nonprojective indecomposable A-modules M and N, the Ext groups
Exty (M, N) have the form

Homy (M, N) ;i i=0

i ~
EXtA(M’N)‘{Ih_mA(Q’(MLN) L i 0

Note that Hom, can be replaced by Hom, if M or N are simple.
So one has as corollary of Theorem 4.3 the following result.

Corollary 4.4. Suppose M and N are nonprojective indecomposable A-modules
and i > 0. Let dy (respectively dz) be the length of a shortest hom-path from
QYN) to QY(M) (respectively from Q' (M) to N). Then me—1=d; +ds+2e-s
for some integer s, and dimyExt’ (M, N) = max(0, s + 1).

We now combine thesev results with the work of the previous sections. The multi-
pushout description of Q*(M) follows from the one of M for all integers i. Thus we
get the following theorem:

Theorem 4.5. The dimensions dimyHom (M, N) and dimExt’y (M, N) fori > 0
can be found from the multi-pushout descriptions of M and N in the following way.
Theorem 2.6 and Propositions 2.8 and 2.10 provide a method to compute the length
di (respectively da) of a shortest hom-path from Q=1(N) to Q' (M) (respectively
from QY (M) to N) for i > 0, using only calculations in T(A). Theorem 4.3 and
Corollary 4.4 can then be used to compute the above dimensions using only di and
ds.

Remark 4.6. Using only the location of M in T's(A), the location of Q(M) in T';(A)
can be described explicitly as follows.

Let M be a nonprojective indecomposable A-module. If M lies at one of the
boundaries of I's(A), then Q2(M) is the module at the end of the maximal directed
path starting at M. If M is not at one of the boundaries, then Q(M) is the module
at the end of a path of length me—1 given by the composition of a maximal directed
path starting at M with a directed path.
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