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Abstract

Suppose X is a regular projective scheme which is flat and equidimensional over Z of relative
dimension d. Let G be a finite group acting tamely on X. Define HCI(ZG) to be the Hermitian
class group of ZG. Using the duality pairings on the de Rham cohomology groups H* (X, Q% /Q)
of the generic fiber X of X', we define a canonical invariant x g (X, G) in HCI(ZG) whose image
in CI(ZG) is (—1)? times the de Rham invariant x (X, G) considered in [4]. When X is a curve
over Z we determine the image of xg (X, G) in the adelic Hermitian classgroup Ad HCI(ZG)
by means of e-constants. We also show that in this case, the image in Ad HCI(ZG) of a closely
related Hermitian Euler characteristic x g (X, G)(0) both determines and is determined by the
€p-constants of the symplectic representations of G.
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1 Introduction.

Suppose X is a regular projective scheme over Z and that G a finite group acting on X. An
Ox-G module is a coherent Oy-module having an action of G compatible with the action of G
on Oy. Coherent Galois module structure theory has to do with the G-module structure of the
cohomology groups of bounded complexes L*® of Oy-G modules. The main goal of this paper
is to develop a theory which also measures in a suitable sense the isomorphisms and pairings
provided by the coherent duality theorem of [19]. One application is to the study of equivariant de
Rham discriminants and their connection to epsilon factors. This can be viewed as an equivariant
generalization of work of Bloch in [1].

A natural approach to studying the cohomology of L® is to define an Euler characteristic in a
suitable Grothendieck group of finitely generated G-modules. If the action of G on X is tame, in
the sense of [5], then one can define such an Euler characteristic ' (L®) in the Grothendieck group
Ko(ZG) of all finitely generated projective ZG-modules. A survey of some results about x'(L*®) is
given in [11]. Many of these results were motivated by the study of the stable isomorphism class of
rings of algebraic integers as Galois modules (c.f. [12]). The fundamental result about tame rings
of integers is Taylor’s theorem [26], which links the class in Ky(ZG) of the ring of integers of a finite
tame Galois extension of number fields to the Artin root numbers of symplectic representations of



the Galois group G of the extension. A generalization of this Theorem to the de Rham cohomology
of all X as above satisfying certain natural conditions was proved in [4, 6].

Various Euler characteristics in more refined Grothendieck groups than Ky(ZG) have been
studied over the years. The Hermitian classgroup HCI(ZG) of ZG, and a quotient Ad HCI(ZG)
of HCI(ZG@) called the adelic Hermitian class group, were defined by Frohlich in order to study the
Galois structure of rings of integers together with the natural trace form. This led eventually to
the results of Cassou-Nogueés and Taylor in [2]. They proved that the adelic Hermitian classes of
tame rings of integers together with their trace forms are both determined by and determine local
and global root number of symplectic representations of Galois groups.

There are (at least) two very different ways of generalizing Hermitian theory of rings of integers
to coherent sheaves on schemes. One method is to introduce G-invariant Hermitian metrics on
such sheaves, as in Arakelov theory, and to study G-equivariant metrized Euler characteristics.
This approach is taken in [7], in which an Arakelov theoretic generalization of Taylor’s theorem
for X of arbitrary dimension is proved. The approach we will take in this paper is different, and
is motivated by the fact that the trace form on rings of integers arises from the coherent duality
theorem for schemes of dimension 1.

The first step in pursuing Hermitian Galois structure via coherent duality is to associate an
Euler characteristic in Frohlich’s Hermitian class group HCI(ZG) to a perfect complex P* of ZG-
modules for which one has a suitable family (,) of duality pairings in cohomology. We define
such an Euler characteristic d(P*®,(,)) in §2. Following Frohlich, we call d(P*®,(,)) a Hermitian
discriminant. Our main result concerning this discriminant, Theorem 2.8, is that it depends only
on the isomorphism class of P* in the derived category together with the family of pairings (, ). The
proof uses a method of computing Pfaffians which is postponed until Appendix C. In Appendix
D we complete the proof of Theorem 2.8 by showing the homotopy invariance of discriminants of
complexes with pairings.

In §3 we consider arithmetic applications to schemes X as above having a tame action by a finite
group G. We define a canonical Hermitian de Rham discriminant x5 (X,G) in HCI(ZG) whose
image in CI(ZG) is the de Rham invariant considered in [4, 6]. A construction due to Dold and
Puppe of exterior power functors on perfect complexes of Oy-modules is needed to create suitable
canonical complexes on whose cohomology groups one has the appropriate duality pairings.

The rest of this paper is devoted to relating xy(X,G), and a variant xpz(X,G)(0) of this
discriminant, to e-factors of representations when dim(X) = 2. Our main results provide Hermitian
generalizations of the work on surfaces in [4].

In Theorem 6.4 we show that the image of x (X, G)(0) in the adelic Hermitian class group
Ad HCI(ZG) both determines and is determined by the €y constants associated by Deligne to the
symplectic representations of G. This is a counterpart for surfaces of the main global result of
Cassou-Nogues and Taylor in [2].

It is remarkable that the e-factor class €§())) ! arising in Theorem 6.4 is the same class appearing
in the main result proved via the Arakelov approach to metrizing Euler characteristics in [7]. We
see no direct reason for this to be true, e.g. because the metrics on cohomology in the Arakelov
approach are positive definite while the pairings on cohomology we use in this paper will not in
general be so.



Our second result concerning surfaces, Theorem 6.7, relates the image in Ad HCI(ZG) of the
discriminant x g (&, G) to e-factors. We show that this image is the sum of a global symplectic root
number term and a term associated to root numbers over the branch locus of 7 : X — X /G. This
mirrors the decompositions of the de Rham Euler characteristics proved in [3, 4, 6]. One interesting
feature of this result is that while x (X, G)(0) defines a rational class, in the sense of [2] and §5,
we do not expect this to be true in general of xg (X, G).

We end this introduction with a sketch of the proofs of Theorems 6.4 and 6.7 and with a
summary of the structure of this paper.

The first step towards proving the main theorems is to reduce to considering characters of degree
0. One shows this reduction is equivalent to proving the theorems when G is the trivial group. In
this case, the theorems follow from work of Saito [22] on ¢ factors and of Bloch [1] on the relation
between conductors and de Rham discriminants. To treat characters of degree 0, the strategy (as in
[4]) is to reduce to the case of rings of integers by a judicious choice of effective horizontal divisors
D and J on Y = X/G. The algebraic problem is to show that

)N(H(X, G)(O) = CZ(HO(OD/),t’I"D/) . CZ(HO(OJI),tTJI)72 (1.1)

where ¢ is the restriction to characters of degree 0 of a class ¢, D' = 7 1(D), J' = 7 }(J) and
trp and try are the trace forms on the generic fibers D' and J' of D’ and J', respectively. This
requires establishing various exact sequences in cohomology and comparing via these sequences the
pairings involved in the definition of the discriminants appearing in (1.1). The step of comparing
pairings is the main additional complication beyond the work in [4, 6], and it is the main difficulty
now in treating schemes of arbitrary dimension.

In §7 we prove the expected result about how discriminants behave when one has a triangle
of complexes of Oy-G-modules in which one term is supported on a finite number of finite fibers.
The reduction to characters of degree 0 mentioned above is carried out in §8 and §9. We collect in
Appendices A and B the facts about discriminants needed to treat virtual characters of degree 0
in the case of surfaces. In §10 we show that one can make certain base changes to prove Theorem
6.4 which are needed to construct the divisors D and J in §11. In §11 we make the computations
of trace pairings necessary to establish (1.1). The proof of Theorem 6.4 is then completed in §12
using the main result of Cassou-Nogues and Taylor in [2] to relate the right hand side of (1.1) to
root numbers associated to D' and J’, and the comparison of these root numbers to those going
into the definition of €¥())) ! which was made in [4,§9]. We prove Theorem 6.7 using Theorem 6.4,
§7 and the fibral calculations in [4, §8].

2 Symmetric morphisms of modules and complexes

Let G be a finite group, and suppose M is a finitely generated left QG-module. Define M =
Homgq(M, Q). We may identify M with M via the map m — {f — f(m)}. A G-morphism
7 M — M will be called symmetric if the dual morphism 7 : M=M— Mis equal to w. Thus
7 is symmetric if and only if the G-invariant bilinear form (, ), defined by (m,m'), = w(m)(m’') is
symmetric, in the sense that (m, m'), = (m’,m), for all m,m' € M. We will call = non-degenerate
if it is an isomorphism, in which case (, ), is a non-degenerate bilinear form.



Lemma 2.1 Define a biadditive form
(,)Wyg:MXMr—)QG

by
(m,m)ec =" (m,gm')z g~".
geG

The form (,)x,c is QG-linear in the second variable. If ™ is symmetric then
(mv ml>7T,G = <m,7 m>7T7G

where the anti-involution o — @ of QG is the unique Q-linear homomorphism for which g = g~ for
g € G. Thus if M is a free finitely generated QG-module and w is symmetric and non-degenerate,
the form (,)x.c is a non-degenerate Hermitian form on M in the sense of ([13], p. 25). Conversely,
any such form is equal to (,)r.c for a unique symmetric non-degenerate .

Proof: See [13, p. 25, 164].

Suppose M*® is a complex of finitely generated QG-modules. Let M?* be the complex which
results from applying the functor M — M to M®. The i" term of M* is M.

Let ¢ : M* — M* be a morphism of complexes of finitely generated QG-modules. We have a
canonical identification of M® with M®. Using this identification, let &: M® = M* — M* be the
morphism of complexes which results from applying the functor M — M to ¢.

Definition 2.2 The morphism ¢ : M* — M* is symmetric zfqg = ¢. If for each i € Z, ¢ :
M — (Mv')’ = M~ is an isomorphism, we will call ¢ non-degenerate. If ¢ is both symmetric and
non-degenerate, ¢ will be called perfect. A perfect Hermitian complex is a pair (P®,$) consisting of
a perfect complexr P* of ZG modules and a perfect morphism ¢ : P — F(g, where P4 = P* ®z Q.

Definition 2.3 Suppose (P°®,¢) is a perfect Hermitian complex. Define P®" = @; ,pon P' and
pPodd = @. .. P'. We have G-homomorphisms

¢even — Z ¢z . Péven N P(ej}en

i even

and .
¢odd — Z ¢z . P&dd N P&dd.
i odd
These G-homomorphisms are symmetric and non-degenerate because (gg)Z : Pé — P(Si equals :ﬁ\:l

and because ¢ is an isomorphism. Let h®’*™ and h°% be the Hermitian forms on PR and P&dd
associated to U™ and ¢°%.



Definition 2.4 A Hermitian module [13, p. 25] is a pair (M, h) consisting of a locally free finitely
generated ZG-module M together with a non-degenerate Hermitian pairing h : Mq x Mg — QG,
where Mg = M ®z Q. Let d(M,h) be the discriminant of (M,h) in the Hermitian classgroup
HCI(ZG) (see [13, Theorem 3, p. 50], or §4 below). With the notations of Definition 2.3, let

d(P., ¢) — d(Peven’ heven)/d(Podd’ hodd)
We will show in Appendix D the following result:

Theorem 2.5 The discriminant d(P*®,$) depends only on the homotopy class of the perfect mor-
phism ¢ : P — Py

Definition 2.6 Suppose P*® is a perfect complex of ZG-modules. A perfect pairing (,) on the
cohomology H*(FPQ) is defined to be a collection {(,)i}+ of perfect G-equivariant pairings

(,)e: H'(PG) x H'(PQ) — Q

such that
<5L',y>t = <y7$>7t (21)
for allt € Z, x € H'(PY) and y € H '(PQ).

Proposition 2.7 Let P*® be a perfect complex of ZG-modules.

a. Suppose ¢ : P(:) — j’g is a perfect morphism. Then ¢ induces isomorphisms ¢ : Ht(Pé) —
Ht(,P\(g) = H:t\(ﬁé) The resulting pairings (,); : Ht(Pé) X H_t(Pé) — Q define a perfect
pairing (,) on H*(P).

b. Conwversely, suppose (,)} = {(, )t }+ is a perfect pairing on H'(Pé). There is is an acyclic perfect
compler K* of ZG-modules so that the following is true of the complex S®* = P* @ K*: there
is a perfect morphism ¢ = ¢((,)) : Sg — 3'\8 which induces the pairings {,); via the natural
isomorphisms HZ(S'é) — HZ(Pé) for all i. The morphism ¢ is unique up to homotopy.

Proof: The only thing to show regarding part (a) is that the symmetry condition (2.1) holds, and
this is a consequence of the fact that ¢! = $—t by assumption. We now assume the hypotheses of
part (b).

By summing complexes of the form F™—=5F™t! to P*, in which F7 is a finitely generated free
module in degree j and z is an isomorphism, we can construct an acyclic bounded complex K*
of finitely generated free ZG-modules such that when S* = P* @ K*, the ranks of S’and S~ as
locally free ZG-modules are equal if 4 # 0. This is also true if 7 = 0.

For each ¢, choose a non-canonical splitting

Sa=B'@H aU’



in which H* = H Z(S’{Q) and U’ is a QG-module which maps isomorphically under the boundary
homomorphism 6§° : 5'6 — S’Srl to B' = B"t1(S*). We have a QG-module isomorphism

Sq =54’ (2.2)
since S* and S~* are locally free of the same rank as ZG-modules. Let
Gl s HY — H— (2.3)

be the isomorphism induced by (,);. Clearly B* and U~ are {0} if i is sufficiently negative. We
conclude by induction, using (2.2) and (2.3), that for all 7 < 0 there is a QG-module isomorphism

¢l Bl U
The boundary isomorphisms U~} — B? and U % — B~ **! together with ¢% induce isomorphisms
¢t Ut Bl

for ¢ <0. Deﬁne¢}}:Ui—>§itobe</ﬁ\]§/ifori20, anddeﬁnegbiB:Bi—>(7:itobe</ﬁ\§ifori>0.
Define ¢* by

S =pp @by Dl Sh=B OH U —» S5 =U-@H ®B

By construction, the ¢* fit together to give a morphism of complexes ¢ : S — Sq- Furthermore,

b :~q5r}i and ¢} = (;5; for all 5. Property (2.1) implies ¢4 = 951? for all i, so we conclude
@' = ¢', i.e. that ¢ is a symmetric morphism in the sense of Definition 2.2. Since each ¢' was
constructed to be an isomorphism, we also see that ¢ is non-degenerate, so ¢ is perfect. Because
QG is semi-simple, two morphisms from 5g, to S('Q which induce the same morphism on cohomology
must be homotopic. Hence ¢ is unique up to homotopy.

Theorem 2.8 Suppose P* is a perfect complex of ZG-modules, and that (,) = {(,)¢}+ is a perfect
pairing on the cohomology H*(Pg). We will say that two pairs (P*,(,)) and (P",(,)") of this kind
are quasi-isomorphic if there is an isomorphism between P* and P'® in the derived category which
identifies (,) with (,)". Let K*, S* = P*® K* and ¢ = ¢((,)) : Sg — 3'\8 be as in Proposition
2.7(b). The discriminant d(S®,¢) depends only on the quasi-isomorphism class of (P*,(,)), and
will be denoted d(P*,{,}).

Proof: Suppose that 5’ = P'* @ K'* and ¢' : S§ — /S\g are constructed for P’® in the same way
S* and ¢ were for P®. There is then an isomorphism X : S®* — S’ in the derived category which
identifies the cohomology groups of these complexes and the given pairings on these cohomology
groups after they are tensored with Q. Since S° is a complex of projective ZG-modules, we have
from [20, Lemma VI.8.17] that we can take A to be a morphism of complexes. Suppose now that
T is a finitely generated free ZG-module. We add to S* complexes Fispitl and pri-t 2, pi



in which i < 0, F* and F*t! are isomorphic to T and 7 is an isomorphism, and F~% and F~¢~! are
isomorphic to 7' = Homg, (T, Z) and 7 is the Z-dual of 5. We extend ¢ to these complexes summed
to S* using the canonical isomorphisms F* — F~% and Fit! — F~i~1 This does not change
d(S*, $), and enables us to extend A : S* — S in such a way that each homomorphism S* — "
is surjective. Again using [20, Lemma VI.8.17], we get a morphism of complexes 7 : S’* — S*®
which is a section of A. Thus if T* = ker(}), then we have a morphism 7 & S’* — S* which is a
term-by-term isomorphism. Furthermore, T® is acyclic and perfect, since A is a quasi-isomorphism.
Note that since S* and S~¢ have the same rank as locally ZG-modules, and the same is true of S
and S, we know that T and T~ have the same rank as locally free ZG-modules.

Now T is an acyclic perfect complex. By increasing induction on i, we find that T¢ = B*(T*) @
U}, where BY(T*) and UL (T*®) are projective ZG-modules, and the boundary homomorphism gives
an isomorphism between Uj(T*) and B%'H. We now employ the construction of the proof of
Proposition 2.7 to construct a perfect morphism ¢p : Ty — T(S With the notations of Proposition
2.7, we find that for i # 0, T° ® T~ is the perpendicular sum of B*(T*) @ U;*(T*) and UL(T*) @
B~Y(T*) with respect to the Hermitian form induced by ¢. Furthermore, B (T*) @ U, " is isogenous
to a hyperbolic plane of the form A @ A, where A is a free ZG-module contained in BY(T*) with
finite index. The discriminants of such hyperbolic planes are equal to 1 by [13, p. 53]. By using
the isomorphisms U%_l — BY(T*) and U, G Bi“’l, we can compare the hyperbolic planes and
isogenies corresponding to U} & B~*(T*) and B*(T*) @ U, "' Taking into account also the case
1 = 0, we see that the factors associated to the isogenies cancel one another in the formula

d(T*, ¢r) = d(T°,h) - [[dT @ T 7, b))
1<0
where on the right, h stands for the Hermitian form induced by ¢r on the appropriate module.
This, and the fact that hyperbolic planes have discriminant 1, shows

d(T.a ¢T) =1L

The sum ¢r @ ¢' is a perfect morphism from 78 ® S@§ = Sg to §g which induces the same
cohomology pairings as ¢’, and hence also the same cohomology pairings as ¢. Thus ¢ @ ¢’ must
be homotopic to ¢, so

d(S.7 ¢T D ¢,) = d(S.7 ¢)
by Theorem 2.5. But clearly
d(S*, ¢pr @ ¢') =d(T* & §° ¢r & ¢) =d(T*,¢r) - d(S™,¢') = d(S",¢').

Combining these last two equalities shows d(S*, ¢) = d(S’®, ¢’), so Theorem 2.8 is proved.

3 Hermitian de Rham discriminants.

In this section we describe an arithmetic application of the results of §2.
Let W be a regular scheme which is projective over a Noetherian ring A. Suppose the finite group
G acts on W over A. By an Oyy-G module we will mean a coherent Oyy-module having an action of



G compatible with the action of G on Oyy. Define Go(G, W) (resp. Ko(G,W)) to the Grothendieck
group of the category Coh(G, W) (resp. P(G,W)) of Ow-G modules (resp. Ow-G which are locally
free as Oyy-modules). For each i > 0, one has a lambda operator A’ : Ko(G, W) — Ko(G,W)
which sends the class of a vector bundle £ to the class of A%Wé’ . Since W is regular, the forgetful
homomorphism Ky(G, W) — Go(G,W) is an isomorphism by [27, §1.3, Remark 1.9(a)], and using
this homomorphism we will identify these two groups. We will let D(G, W) be the derived category
of the homotopy category of bounded complexes L® of Oy-G-modules.

If G is a finite group acting tamely on W, in the sense of [5], then it follows from the results
of [5, §8] that the hypercohomology R, (W, L*®) is represented by a bounded complex of finitely
generated AG-modules which are cohomologically trivial for G. There is then an Euler character-
istic xa(R, (W, L*)) in the Grothendieck group CT(AG) of all such AG-modules. If A has finite
projective dimension (e.g. if A is a field or a Dedekind ring), we can (and will) take R, (W, L®)
to be a perfect complex of AG-modules, and x4(R, (W, L*)) to be an element of Ky(AG). When
there is no danger of confusion, we will write R, (L*) for R, (W, L*) and H/(L®) for HI(W, L*).

Suppose now that X is a regular projective scheme which is flat over Z and equidimensional
of dimension d + 1. Let G be a finite group acting tamely on X, in the sense of [5]. Choose a
G-equivariant embedding X — P of X into a scheme P which is smooth and projective over Z,
and let I be the ideal sheaf of this embedding. This gives a G-equivariant exact sequence

05T —=E—Qyyz—0.

in which T = I/I* and E = Q}, /Z| x are coherent locally free Ox-G-modules. The above exact
sequence gives a quasi-isomorphism between the complex K*®* = [T — E] having T in degree —1
and E in degree 0 and the complex Q% /Z[O] which has QY sz in degree 0.

For p > 0 we will denote by LAP the p-th left derived exterior power functor as defined on
perfect complexes of O y-modules by Dold-Puppe [10] (see also Illusie [15] and [21, §5.4 - 5.9]). The
construction of LAPK*® for all K* = [T' — E] supported at —1 and 0 is described in [23, §1.1]. We
now recall this construction.

We first define a p—complex as follows: If a = (a1,...,a,) € ZP we set |a|] = 3! | a; and
la" = |a|] —ap. T a; =0or 1 for all 1 <4 <p, let my < --- < myyp be the integers 1 < m < p such
that a,, = 1 and put n;, = m; —m; 1 for 1 <i <|a|' + 1, where mg = 0 and Mmyqr+1 = p- The a
component of the p—complex is

AT @ -+ @ Aal'+1T, ifa;=0orlforl<i<panda,=1
(LAPK®)y =3 AN"TQ---@AN"'T QA"+ E, ifaq;=0o0r1forl1<i<panda,=0

0, otherwise.

The boundary morphisms are all given by natural morphisms obtained from A"T ® AT —
AT AT @ AME — AT E ete. Notice that for all a we have ny +--- + Ng|/+1 = P-
The complex L AP K*® is now defined to be the associated simple complex. Its terms are:

(L NP K.)q = ®anP,\a|:—q(L NP K.)a.

9



For example, if p =1, L A' K®* = K*; if p = 2, L A?> K*® is the complex
TRT — (A*T)® (T ® E) — NE.

at —2, —1, 0. All the morphisms are natural and therefore G—equivariant.
The complex L AP K*® is a bounded complex of coherent locally free Oy-G—modules. If F*® is a
bounded complex of coherent Oy-G-modules, set H(F*) = 3 ,(—1)[F'] € Go(G, X).

Proposition 3.1 The isomorphism class of LAP K*® in the derived category D(G, X) is independent
of the choice of P and of the G-equivariant embedding X — P. There is an isomorphism in
D(G,X) between the restriction of L AP K* to the general fiber X = Xq of X and Q% ,[0]. In

X/Q
Go(G,X) = Ko(G,X) one has H(L \P K*) = )\p(Qk/z).

Proof: Suppose that X — P’ is a second G—equivariant embedding which produces the complex
K'* = [T" — FE']. Consider the product embedding X — P” := P x P’ which gives K"*® :=
[T" — E"]. We have
Vpuprjz =0 V7 @ " Up 7

and so B = E®FE'. There are G-morphisms of complexes K""* — K*® and K"* — K'® which are
quasi-isomorphisms. The corresponding morphisms LAP K""* — LAPK® and LAPK"* — LAPK'®
are G—equivariant. Since LAP is a functor on the derived category of Oy—modules they are also
quasi-isomorphisms. (This is also explained in [23, Lemma (1.2), Corollary].) Hence L AP K* is
isomorphic to L AP K'* in D(G, X). Because X = Xq is smooth over Q, we can use the identity
map on X as a G-equivariant embedding of X into a smooth scheme over Q. The above reasoning
applied over X now leads to an isomorphism in D(G, X) between the restriction of L AP K* and

% /ql0]

To prove H(L NP K*) = X”(Q}\,/Z) by induction on p, note first that this is true if p = 0, when
H(LA°K®)=1= AO(Q;/Z), and if p = 1, when H(LA'K®*) =E-T = Q;/Z. Suppose now that
p>1 Ifny +---+n; =p,n; > 1, then P = (ny,...,n;) is a partition of p of length [. By the
explicit description of L AP K*® given above we have:

H(LA’ K*) = Z(—I)Z(P)(/\”IT Q- @AUPT — AT @ - .. @ NUPITLT @ AP F)
P

where the sum is over all partitions P of p; when [(P) = 1 the second summand in the parenthesis
is equal to A" E. Tt follows that we have

HLANK*)=NE- Y ANT®HLANK®). (3.1)
r4+s=p,r>1

On the other hand, by Q}\, 7= E — T and standard properties of the lambda operators we have

N(Qhyjz) = NVE — . > >1/\’"T ® A (Qy/z) (3.2)
r+8=p,r~>

10



where both equalities are in Ko(G,X) = Go(G,X). The Lemma follows by (3.1), (3.2) and the
induction hypothesis.

Let M*[m] be image of a complex M*® under the m' power of the shift operator ([19], p. 26),
so that M*[m] has j** term MI*™.

Corollary 3.2 Define )\Sd(Qk/z) to be the direct sum for 0 < p < d of the complezes L NP K*[—p].
The isomorphism class of LAPK® in D(G, X) is independent of the choice of P and of the embedding
X — P. The restriction )\Sd(Qk/Z)Q of )\Sd(Q}/Z) to X = Xq is isomorphic in D(G,X) to
the complex having Q’)’(/Q in degree p for all p and trivial boundary homomorphisms. One has
HOSURY ) = T o1 - W(2h ).

As before, let R, (AS9(Q} /Z)[d]) be a perfect complex of ZG-modules representing the hyperco-

homology of A<?(Q2L, /Z)[d] over X. Corollary 3.2 and flat base change from X to X give canonical
isomorphisms

H'(R, W=y z)ld)e) = H'(R, A=(Qy/z)ald])

d

= H'(R, (G}Q&/Q[d—p])) (3.3)
p=0

= P H(X)

i+p=t+d

for all ¢, where R, (ASd(Q}\,/Z)[d])Q =R, (ASd(Q}wZ)[d]) ®z Q, and the left and and right sides of

(3.3) are 0 if t < —d or ¢t > d.
JFrom [18, IT1,87] we have canonical perfect G-equivariant duality pairings

()ig s HY(X, %) x H7H(X,0%7) — Q

for 0 <4,j < d. Define _ , ) ,
()i HU(X, Q%) x HEH(X, Q) = Q

by
(z,9)i; = (U, )i (3.4)

By comparing (,);; to the intersection pairing on Betti-cohomology (c.f. [14]), we see that
(@955 = (=) "z, y)j (3.5)

since i + 7 and 2d — (i + j) have the same parity.

Definition 3.3 Define a G-equivariant non-degenerate pairing

(e H'(R, A4 z)ld))q) x H (R, A=4(Q)z)ld])q) » Q
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in the following way: if t <0, let

i= B ()i

itj=t-+d
relative to the canonical direct sum decomposition in (3.3) for t and —t. If t > 0, define
wyh=(e = @ (i;=ED"" @ (g
t+j=t+d i+j=t+d

Finally, if t =0, let
(o= @D (iai®Glazae D (iaie
i<d/2 i>d/2
Here the term (,)a/2,4/2 appears only if d is even, and in this case (,)a/2.4/2 = (,)&/2@/2 is a
symmetric pairing on HY?(X, 9%2) because of (3.5). Thus
(T, y)e = (Y, z)

forallt, x € Ht(R, (Agd(Q}y/z)[d])Q) and y € H_t(R, (Agd(Q}v/z)[d])Q)-

Theorem 3.4 There is a perfect Hermitian complexes (P®, ¢) with the following properties:

a. P*® is isomorphic to R, ()\Sd(Q}\,/Z)[d]) in the derived category of the homotopy category of
bounded complexes ZG-modules.

b. Identify Ht(Pé) with H'(R, ()\Sd(Q}/Z)[d])Q) via the isomorphism in part (a). The isomor-
phism ¢ : P4 — ,ﬁ(g induces on cohomology the pairing (,)¢ : Ht(Pé) X H_t(Pé) — Q of
Definition 3.3 for all t. This property determines ¢ uniquely up to homotopy.

Proof: By [5], R, ()\Sd(Q}WZ)[d]) and R, (Q:\,/Z) are isomorphic to perfect complexes of ZG-
modules in the derived category. Theorem 3.4 now follows from Proposition 2.7(b)

Corollary 3.5 The discriminant d(P*®,$) depends only on X and the action of G on X, and will
be called the Hermitian de Rham invariant xg(X,G) € HCI(ZG) of this G action. The image of
xz(X,G) in CI(ZG) is (—1)? times the de Rham invariant

X(X,G) =Y (=) x" (N (Q%/2))

i
considered in [4].

Proof: This follows from Theorem 2.8.
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4 Discriminants of Hermitian modules

We recall in §4 and §5 some definitions and results concerning Hermitian class groups. These are
needed in order to state in §6 two results relating Hermitian de Rham discriminants to e-factors.

It will be useful later to work over an arbitrary number field F'. Let Or be the ring of integers
of F. Suppose M is a finitely generated locally free OpG-module. Define Mr = F ®0, M. Let hp
be a non-degenerate Hermitian pairing hp : Mp x Mp — FG. Thus

hp(va,v1) = hp(vi,v9) and hp(vy,avs) = a- hp(vy,ve) (4.1)

for v1,v9 € Mp and a = 3 cnag9 € FG, where @ = 3 agg~'. The pair (M, hr) is called a
Hermitian module. (We should point out that in [13], all modules are right modules; the fact that
we work with left modules will not cause difficulty.)
Fix an embedding of F into Q. A representation T : G — GL, (Q) is symplectic if it leaves
invariant an alternating non-degenerate bilinear form 3 : Q" x Q" — Q , in the sense that
B(T(9)z,T(g9)y) = B(z,y) for all g € G and z,y € Q". We will let T also stand for the induced
algebra, homomorphism FG — Mat,(Q). The adjoint P’ of a matrix P € Mat, (Q) with respect
o f3 is defined by requiring 3(P’z,y) = B(z, Py) for all z,y € Q". Thus T leaves 3 invariant if
and only if
T(a)! =T (@) (4.2)

for o € F@G.

Let {v;}{_, be a basis over F'G of the free FG-module Mp. We then have a matrix {hr (v;,vj)}{ ;_;

in Maty(FG). Extend T to an algebra homomorphism Mat,(FG) — M atng(Q) in the natu-
ral way. A matrix in Mat,,(Q) may be viewed as a block matrix B = {b,s}; ., with entries

brs € Mat,(Q). We extend the adjoint map P — P’ to Mat,,(Q) by letting B7 = {b/ iy
This extension corresponds to the adjoint for the bilinear form on the orthogonal sum of ¢ copies
of (Q", ).

A matrix S € Mat,,(Q) is called J-symmetric if S’ = S. The matrix T(H) = {T(hr(v;, vj))}g’j:1
is a J-symmetric element of Mat,,(Q) because (4.1) and (4.2) imply

{T(hr(vj,0) Yoy ={T (hp(vi,0)) "} =) = {T (hp(vi,v)} ).

Proposition 4.1 If S is a J-symmetric element of Matn,(Q) there exists a matriz P € Mat,,(Q)
such that P’ P = S. The determinant Pf’(S) = det(P) depends only on S, and has the following
properties:

a. det(S) = Pf7/(S)2.
b. If R € GL,y(Q) then R'SR is J-symmetric and Pf’(R’SR) = det(R)Pf’(S).
Proof: See [13, p. 28 - 29].

Proposition 4.2 Suppose a = {w; j}i; € GLy(QG). Define @ = {@;;}i;. If @ = a the Pfaffian
Pf7(T(«)) depends only on the character x of the symplectic representation T. Hence we may
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define Pfy(c) = Pf?(T()). The homomorphism Pf(ca) : x — Pfy () defines an element of
HomQF(Rg,Q*), where Qp = Gal(Q/F) acts on the Grothendieck group RS, of symplectic Q-
valued virtual characters of G via its action on Q. The homomorphism Pf : o — Pf(a) sends the
symmetric elements of GLy(FG) to Homg, (R&, Q).

Proof: See [13, Prop. 4.2 and Prop. 4.3].

Definition 4.3 Let J(F'G) ( resp. U(OpG) ) be the idele group ( resp. the group of integral unit
ideles ) of FG. Let Rg be the group of Q-valued virtual characters of G, and let J(Q) be the group
of ideles of Q. We then have determinant homomorphisms Det : J(FG) — Homgq . (Rg, J(Q)) and
Det : FG* — Homq,, (R, Q) as in ([13], p. 14 - 15). The Hermitian class group HCI(OpQG) is
defined to be the cokernel of the homomorphism

A : Det(FG*) — % x Homa, (R, Q')

defined by
A(a) = (e~ mod Det(U(OrG)) , a*)

where a® is the restriction of a from Rg to Rf,.

Definition 4.4 Suppose that the basis {v;}!_, for the free FG-module Mp = F Q¢, M lies in
M. Let Ad(F) be the adele ring of F. If v is a finite place of F, let O, be the ring of integers
of the completion F,. If v an infinite place of F, let O, = F,. Because M 1is locally free, there is
an element X = (A\y)y of GLy(Ad(F) @ FG) such that for all places v of F', multiplication by X,
carries @7_, O,Gv; isomorphically onto O, ®0, M. The discriminant d(M,hg) of the Hermitian
module (M, hg) is defined to be the class in HCI(OpG) given by

(Det(A) , Pf((hr(vi,vj))i;) mod Image(A)

5 The Adelic Hermitian classgroup and rational classes

With the notations of the §4, let Det®*(U(OpG)) be the subgroup of Homg, (R, J(F')) formed by
the restrictions to R, of elements of Det(U(OrG)). The adelic Hermitian classgroup Ad HCIl(OrG)
is defined by

Hom 5, J(Q
Ad HCI(OFG) = Defg((U(%F ((;?)) .
There is a natural homomorphism

HCI(OpG) — Ad HCI(OpG)

induced by the homomorphism

Det(J(FG s A Homg, (RS, J(Q
—Det((UgOFC)J)) x Homg, (e, Q) = Degtzs((U(GOFC(?) -
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defined by
(h mod Det(U(OrG)), f) — h® - f.

Define (£1) to be the idele in J(F') whose finite components at £1 and whose infinite compo-
nents are 1. Fix an embedding A : Q" = {£1} x Q5o = J(Q) by requiring that Ay(—1) = (=1)f
and that Af(r) have component r at all places of Q (including the infinite one) if 0 < r € Q*.
Note that Ay agrees with the usual diagonal embedding Q* — J(Q) only on the positive elements

of Q*.

Proposition 5.1 (Cassou-Nogueés - Taylor [13, p. 190]) Suppose F' is at most tamely ramified over
the prime 2. In Homgq, (RE,, J(Q)) one has

Homg, (R, {(£1)7}) N Det*(U(OrG)) = {1}.

Therefore when F = Q, the embedding Ay induces an embedding

Ay, : Homog (RS, QF) — Ad HCIU(ZG) = Homog, (R, ()@))

Det" (U (Z0)

Call the image of Ay, the rational classes in Ad HCI(ZG).

Note that while the rational classes are naturally isomorphic to Homq, (R, Q*), this isomor-
phism does not come about from the diagonal embedding of Q* into J(Q) but rather from Ay.

Example 5.2 Suppose F = Q and that G is the trivial group. The trivial character xo (resp.
2 - x0) generates Rg (resp. R{) as an abelian group. The homomorphism A in Definition 4.3 is
thus naturally identified with the homomorphism

A:QT = (QY/{#£1}) xQ (5.1)

defined by
Aa) = (a7 mod {£1} , a?)

where the diagonal inclusion Q* — J(Q) induces isomorphisms

Q' /{£1} = J(Q)/U(Q) = Det(J(Q))/Det(U(Q))

and evaluation on 2- xo gives an isomorphism Hom(RY,, Q*) — Q*. From this we have an isomor-
phism
HCI(Z) - Q* (5.2)

defined by (b,c) — b’c relative to the right side of (5.1). We find similarly that evaluation of
character functions on 2 - xo gives isomorphisms

Ad HCI(Z) = J(Q)/U(Q)* = Q* x [] Z;/(Z})? (5.3)

p<oo
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The rational classes in Ad HCI(Z) relative to those description are those of the form r x [(£1)y],
where 0 <1 € Qo and [(£1)y] is the image of (£1)f € [I,<o0 Zy, in the quotient on the far right in
(5.3). Suppose L is a finite extension of Q, and let ty, : L x L — Q be the trace pairing. The ring
of integers Oy, of L is a Hermitian module with respect to ty,. In Definition 4.4, we can chose global
and local bases to be all equal to a single basis for Or, as a Z-module. ;From this definition we now
find that the isomorphism in (5.2) identifies the discriminant d(Op,tr) with the usual numerical
discriminant dr q of L.

6 Epsilon Constants

We will continue to use the notations of §3.

Let V be a virtual representation of G with trivial determinant. Suppose v is a place of Q,
and that [ is a prime of Q which is not associated to v if v is finite. Let dz, be the standard Haar
measure on Z, and let ¢, be the Tate-Iwasawa additive character of Q,, as defined in [25, p. 316
- 319], where Z, is defined to be Q, if v is archimedean. Thus dz, is self-dual with respect to
y. In §2.4 of [4] we recall the definition of the local epsilon constants €,(X ®¢ V, 1y, dz,,1) and
€v,0(X ®a V, 1y, dz,,1). These definitions involve the virtual representation ‘h, (V') of the Weil-
Deligne group 'W, at v which is associated to the V-part of the Euler characteristic of the [-adic
cohomology of X (resp. the Hodge realization of the cohomology of X) if v is finite (resp. infinite).
If v is a finite place of Q such that the fiber X, of X at v is smooth, then 'h, ;(V') is unramified.
If v is infinite, €,(X ®q V, 1y, dz,, 1) and €,0(X ®¢ V, vy, dz,,l) do not depend on the choice of
[, and this is also conjectured to be the case if v is finite (c.f. [4, Remark 2.3.1(b)]). If v is finite,
dim(V') = 0 and 'h, (V') is unramified, then if follows from [9, §5] that €,0(X ®a V, ¢y, dz,, 1) =1
since we have assumed det(V') = 1. We refer the reader to [4, §2 - §3] for further details.

We now return to V of arbitrary dimension (but trivial determinant). If Z is a quasi-projective
scheme over F), = Z/p which supports a right action of G, we have an epsilon factor e(Z/G, V)
defined in [6, §2.5]. The function €(Z/G) defined by xy — €(Z/G,V*) lies in HOHIQQ(RG,Q ),
where V* is the contragredient of V. Let €°(Z/G) be the restriction of this function to RZ,.

Modifying slightly the notations of [6, Def. 3.1.1], we set

6v(‘/Y Ra Va d)va dxvv l) = 6U,O()( Sa Va d)va dxva l) ' 6(‘/YU/G” V) (61)

if v = p is a finite place of Q, and ex (X, V, 9y, dzy,l) = €x0,0(X ®a V, 1y, dzy, 1) if v is the infinite
place oo of Q.
Suppressing the dependence of €, o(X ®a V, 9y, dz,l) on 1, dz, and I, we will use the notations

6’U,U(:ya V) = ev,O(X ®c I/a Q/)va dx'ua l) and e’u(ya V) = GU(X ®c I/a 1/)117 d$v7 l) (62)

As in §8, if f is a function on Rg, we will write f for the function defined by f(V) = f(V —
dim(V') - 1¢). Let S be a finite set of finite places of Q. Fix a rational prime [ ¢ S over which X
and )Y are smooth and X — ) is étale. Let

o, V) =leéo,V) and éD,V)=][[&,V) (6.3)
v#l v#l
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and

esoV, V) = &V, V) [] €0y, dim(V) - 1)

vES
= [l o V) I] oo, V). (6.4)
veS vgS
Define
eV, V) =[Te(, V). (6.5)

Almost all terms in the above products are equal to 1. The values of the products are conjectured
to be independent of the choice of [.

By [6, Cor. 1 to Thm. 1], if V' is symplectic, then €, (Y, V) is a non-zero rational number. It
is shown in [3, Thm 5.2] that if V' is symplectic, and v = p is a finite place of Q, then é(X,/G,V) is
a totally real algebraic number and there is an integer m such that all the finite absolute values of
é(Xy/G,V)/p™ equal 1. It follows that é(X,/G,V) = £p™. By the arguments just after Theorem
7.9 in [7], if p is a rational prime then €,(Y,2 - 1g,¢p,dzp) is £1 times an integral power of p.
Because €(&,/G) € Homgy, (Rg,Q"), the number €(X,/G)(2 - 1g) = e(X,/G)(1g)? is the square
of a rational number. Since the dimension of every symplectic representation of G is even, we can
therefore make the following definition.

Definition 6.1 Let €5,(Y), €(Y) be the elements of Homqg (R¢;, Q") defined by the functions
xv = €50V, V) and xv — €(Y,V), respectively. We will view these character functions as
rational classes in the adelic Hermitian classgroup Ad HCI(ZG) via the embedding Ay, defined in
Proposition 5.1.

For the remainder of this section, we will make the following assumptions:

Hypothesis 6.2 The scheme X is regqular and equidimensional of dimension 2. The quotient
Y = X/G is regular, and for every prime p, the fiber ¥, =Y @z F), of Y at p has the following
properties:

a. The irreducible components of YV, have multiplicity prime to p, and
b. The reduction y;;ed 18 o divisor with strictly normal crossings on ).

This implies that the fibers of X also have properties (i) and (ii), since the action of G on X has
been assumed to be tame.

Let S be the finite set of primes [ over which ) is not smooth or the natural projection 7 : X — Y
is not étale. Define Xs to be the disjoint union of the fibers of A}, = X ®z F, as p ranges over
S. Define w¥ 5(0)[1] to be the complex [O;\»L)wx(é\,’ged)] having terms in degree —1 and 0 and
trivial boundary homomorphism. The restriction to the general fiber X of X of w} (0)[1] is
quasi-isomorphic to [Ox — QY /Q]’ which is quasi-isomorphic to the restriction of )\Sd(Qk /Z)[d].
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Definition 6.3 Let R, (w% ¢(0)[1]) be a perfect complex of ZG-modules representing the hyperco-
homology of w% 5(0)[1]. Let (,) be the perfect pairing on H*(R, (w% ¢(0)[1])q) which results from
the pairings of Definition 3.8 and the above quasi-isomorphism between the restrictions to X of
wy s(0)[1] and Agd(Q}\,/Z)[d]. Let

xu(X,G)(0) = d(R, (wk s(0)[1]),(,)) (6.6)
be the associated discriminant in HCI(ZG); this depends only on X and the action of G on X.

Theorem 6.4 Under hypothesis 6.2, the image of xp(X,G)(0) € HCI(ZG) in the adelic Hermi-
tian classgroup Ad HCI(ZG) is the rational class eg,o(y)*l.

Remark 6.5 For X' of arbitrary dimension, it is shown in [7] that the class 655,0()7)*1 equals a
metrized Euler characteristic defined via Arakelov theory. This Euler characteristic is quite different
from the one we consider in this paper, however, since it arises from Hermitian metrics on vector
bundles and positive definite pairings on cohomology. In dimension 1, the equality of the two kinds
of Euler characteristics amounts to the fact that one arrives at the same Hermitian discriminant
by considering either the trace form or the Hecke form on rings of integers (c.f. [7, §5.B]).

We now turn to the class xg(X,G) € HCI(ZG) defined in Corollary 3.5. As in [6, §2.5], for
each place v of Q we let 6, : Q" = (Q)f = (Q ®q Qu)* and 4, : (Q); — J(Q) be the natural
embeddings. If Z is as above a quasi-projective scheme over F,, which supports a right action of G,
let &€,(Z/@) be the function in Hom(R(G), J(Q)) defined by xv — i, 068,(e(Z/G, V* —dim(V) - 1)).
As in [6, Def. 2.5.3], &(Z/G) lies in Homqg (R(G), J(Q)).

If ¢ = r/s is a rational number with r and s coprime integers and s > 0, set N(r/s) =r. Forp a
rational prime, let |€,(Z/G)|,(xv) be the idele in J(Q) whose components at places not over p are
1, and whose component in (Q)} = (Q ®q Qu)* C J(Q) corresponding to the place w of Q over p
is p~* where o, = N (val,(€(Z/G,V* —dim(V)1))). Here val,, is normalized so that val,,(p) = 1.
By [6, Prop. 2.5.1], the resulting character function |€,(Z/G)|, lies in Homqg (R(G), J(Q)). Let
|€,(Z/G)]p be the restriction of this function to symplectic characters.

For each rational prime p, let b C ) be the reduced branch locus of 7 : X — Y. If Z is the
reduction of 7~1(b), then b = Z/G. Let b, be the fiber of b over F,,. By assumption, b, is empty

for all but finitely many p.

Definition 6.6 The Hermitian ramification class HRy is the image in Ad HCI(ZG) of the char-
acter function [, (€°(bp)|€,(bp)|p), where the product is over all rational primes p, and all but finitely
many factors in this product are identically 1.

Note that the values of €°(b,) lie in Q" diagonally embedded into J(Q), while the values of
€, (bp)|p are ideles with component 1 outside p. We do not expect in general that H Ry should be
a rational class in Ad HCI(ZG).

Theorem 6.7 Under hypothesis 6.2, the image of xuy(X,G) € HCI(ZG) in Ad HCI(ZG) is
e(V)~'-HRy.

This result parallels the result in CI(ZG) proved in [4]. Note, though, that the image of HRy
in CI(ZG) will not in general be exactly the ramification class used Ry used in [4].
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7 Torsion classes

We will use the notations of Section 3. Thus X is a flat regular projective scheme over Z supporting
a tame right action by the finite group G. Thus the general fiber X = X ®z Q is smooth, and that
G acts freely on X. Let Y =X /G and Y =) ®z Q.

Let p be a rational prime, and let Z = A7 ¢d he the reduced special fiber of X over p. Suppose
T* is a bounded complex of coherent Oy-G modules which is supported on A7 ed The action of
G on Xged is tame. Let I = I;;ed be the ideal sheaf of X;ed. Then {I/T* 7= 1s filtration of T
having finitely many non-zero terms, and each successive quotient I/T®/(I7*'T*) is a bounded
complex of coherent Oz-modules. By [3, 5], we have for all j a projective Euler characteristic
xp(IPT* ) IPHT*) € Ko(F,G). In this way we can associate to T® the Euler characteristic

Xp(T%) =D xp(PT* ) (TF'T?))
7=0

in Ko(F,G). The image of this Euler characteristic in K¢(ZG) is the usual projective Euler char-
acteristic of T'°.
A result of Nakajima (c.f. [4, Thm. 1.3.2]) shows

Proposition 7.1 (Nakajima) If the action of G on X;ed is free, then xp(T*) is the class of a free
F,G-module in Ko(F,G).

Let K¢T(ZG) be the Grothendieck group of all finite ZG-modules of finite projective dimen-
sion. We have a natural homomorphism Ky (F,G) — K T'(ZG), and also from [13] a homomor-
phism K T(ZG) — HCI(ZG). Let t, : Ko(F,G) — HCI(ZG) be the composition of these two
homomorphisms.

Now suppose that L} and L are bounded complexes of coherent O y-G-modules for which there
is a distinguished triangle

LY —Ls—>T* (7.1)

in the derived category D(X,G). The resulting distinguished triangle in cohomology
R, (L}) = R, (L3) = R, (T*) (7.2)

induces an isomorphism R, (L})q — R, (L3)q in the derived category D(QG). This isomorphism
allows us to identify perfect pairings (,) (in the sense of Definition 2.6) on R, (L})q and R, (L3)q.

Proposition 7.2 With the above notation we have an equality of discriminants
d(L55<a>) = d(L;a<a>) tp(Xp(T.)) (73)
The same equality holds if one has has o distinguished triangle
T* — Ly — LY (7.4)

instead of (7.1).
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Proof: By induction, it is enough to consider the case in which 7T is a complex of coherent
Oz-G-modules. We can find bounded complexes P* (resp. R*®) of finitely generated projective ZG-
modules (resp. F,G-modules) representing R, (L3) (resp. R, (T*)). The projectivity of the terms
of P* implies that we can find a morphism of complexes 7 : P* — R® representing the morphism
in the derived category appearing in (7.2). Adding a suitable bounded acyclic complex of finitely
generated free modules to P*, we can adjust 7 so that it gives surjections 7; : P! — R’ between the
terms of P® and R®. The complex C*® formed by the kernels of the 7; now gives a distinguished
triangle C* — P* — R® in D(ZG@), and this triangle is isomorphic to (7.2). The terms of C* are
projective ZG-modules since

05C' =P - R -0 (7.5)

is exact for all ¢. Since R, is the zero complex, Cé — PQ is an isomorphism. Using the procedure
in Proposition 2.7, we can now simultaneously adjust C'* and P* so that there is a perfect morphism
I ,P\(g giving rise to the perfect pairing (,). We now use the isomorphism Cg = P to
compute the discriminants d(C*®, (,)) = d(C*,¢) and d(P*,(,)) = d(P*,¢). Global QG-bases for
the terms of ¢, give such bases for the terms of Pg. Hence the recipe for computing Hermitian
discriminants via choices of global and local bases, together with the exact sequences (7.5) show
(7.3), since x,(T*) = 3;(—1)![R;]. If one assumes (7.1) rather than (7.4), one proceeds similarly,
using the distinguished triangle

R, (L3) - R, (L}) = R, (T°)[—1] (7.6)

instead of (7.2). In this case one takes P® to represent R, (L?), and uses the morphism P* — R*[—1]
associated to (7.6).

8 Hermitian classes of degree 0.

Let F' be a number field. We will use the following conventions from [7, §4.E] concerning functions
on the character group Rg of a group G. If A is an abelian group and f € Hom(Rg, A), write
fe Hom(Rg, A) for the homomorphism defined by f(x) = f(x —x(1) - 1). We will use the same
convention for elements f of Hom(R{,, A). As noted in [7, §4.E], the map f — f induced a well
defined endomorphism ¢ — ¢ of HCI(OrpG) and Ad HCI(OrG). Clearly ¢ — ¢ sends a rational
class in Ad HCI(ZG) to a rational class (c.f. §5).

We have a homomorphisms

Ind : HCI(Op) — HCI(OrG) and Coinf: HCI(OpG) — HCI(Op)
given in terms of character functions by
Ind(f)(4) = f(Resgyh) = f(¥(e) - 1(y) and  Coinf(f)(4') = f(Infif¢")

for ¢p € Rg and ' € Ry.y. Here 1 denotes the trivial character of G, ¢’ = '(e) - 1, and
Infif, " = 9/ (e) - -
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Suppose (P*,¢) is a perfect Hermitian complex of ZG-modules, and that (,) = {(,):}+ is
the perfect pairing on the cohomology H*®(FQ) corresponding to ¢. Let (P*)Y (resp. (P*)g) be
the complex of Z-modules formed by the G-invariants (resp. G-covariants) of the terms of P°.
The natural morphisms (P*)¢ — P* and P* — (P®)¢ induce identifications H'((P*)%)q) =
HI((P*)q)¢ and HY((P*)q)a = H'((P*)¢)q).

The morphism ¢ : P — P4 = Homq(FQ, Q) induces a morphism of complexes Y (Pé)G —
Homq(FQ, Q)¢ = Homq((P3)c, Q). The norm map in the group ring ZG gives an isomorphism
((P*)g)q — ((P*)%)q. Using this norm map, we will view ¢ as a morphism

¢“: ((P*)%)q = ((P*)%)q = Homg(((P*)%)q, Q)
of complexes of vector spaces over Q. Since (P*, ¢) is a perfect Hermitian complex of ZG-modules,
((P*)%, ¢%) is a perfect Hermitian complex of Z-modules. Let

()i = H'((P"))q) x H'((P*)%)q) = Q
be the pairing induced by ¢“. Then (,)¢ = {(,)#}, is a perfect pairing for the action of the trivial
group {e} on the cohomology H*((P*)%)q). We have a Hermitian discriminant d((P*)%, ¢%) =
d((P*)4,(,)%) in the Hermitian class group HCI(Z).
Suppose m € H'(((P*)%)q) = H'(P§)¢ and m' € H™'(((P*)%)q) = H™'(P§)“. Since the
norm in the group ring of QG acts by multiplication by #G on H *t(Pé)G, we find via the above

identifications that
#G- < m,m/ >tG:< m,m’ > . (8.1)

Proposition 8.1 Let ¢ = d(P*,{,)) and co = d((P*)%,(,)¥). Then
Coinf(c) = ¢y and c¢=¢é-Ind(c).

Proof: We consider the case in which P* has a single non-zero term M = Py in degree 0, the
general case being similar. Let F' = Q in Definition 4.4, and let h = hq : Mg x Mg — QG be the
Hermitian pairing resulting from (, )o. Thus

h(m,m') = Z(m,gm')o g !
ge@
for m,m' € Mq. Let h© : ngMg — Q be the pairing resulting from (, )§’. Then for m,m’ € Mg,
we find from (8.1) that

hG(m,m')eG = (m,m')OGeG = ﬁ Z(m,gm’)OG g ' = (#E)Qh(m,m') (8.2)

gelG

where eq is the idempotent of the trivial representation of G.

As in Definition 4.4, let {v;}{_; be a basis for Mq as a free QG-module, and let A = (),), be
an element of GL,(Ad(Q) ®q QG) such that A, takes {v;}7_, to a basis for Z, ®z M as a free
Z,G-module for each finite place v of Q. Then ¢ = d(M, h) in HCI(ZG) is represented by the class

(Det(3) . PF((h(visv))is) € De(ae]) * Homag (Re, Q). (8.3)
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We can choose {#Gegv;}_, as our basis for Mg as free Q-module. Since
Z, @z M = #Geq(Zy ®7z M)

we find that egA € GL,(Ad(Q)) takes {#Geqv;}{_, to local bases for Z, ®z MY at all finite places
v of Q. Thus ¢ is represented by the class

(Det(ca) .+ PA(WC (#Goi #Gv)))ig) € popa)) x Hom(Figy, Q). (8.4)

Viewing egA, as above, as an element of GL,(Ad(Q)), we have
Det(A)(1g) = Det(eg))(1ie})- (8.5)

Since the group of symplectic characters of the trivial group is generated by 2 - 1y, we see from
(8.3),(8.4) and (8.5) that Proposition 8.1 will hold if we can show

Pf((h(vi,v7))i;) (2 1a) = Pf((h% (#Gequi, #Geqv;))i ) (2 - 1iey)- (8.6)
In view of [13, Prop. 4.6], this equality is equivalent to
det((Ci,j)i,j) = det((hG(#Geri, #GeG'Uj))i,j) (87)

where ¢; ; € Q and ¢; jeg = egh(v;,v;). Formula (8.2) shows
hG(#Geri, #Geguj)eq = @h(#G’eri, #Geqv;) = h(vi,vj)eq

where the last equality follows from the fact that h is a Hermitian form. This implies (8.7), so
Proposition 8.1 is proved.

9 Reduction to degree 0.

For the rest of this paper we will assume Hypothesis 6.2, and we let S be a finite set of rational
primes chosen as in §6. Our goal in this section is to prove:

Proposition 9.1 The following statements are equivalent to Theorem 6.4 and Theorem 6.7, re-
spectively:

a. The image of the degree 0 class xy(X,G)(0) € HCI(ZG) in the adelic Hermitian classgroup
Ad HCI(ZG) is the rational class €§,0()})_1.

b. The image of the degree 0 class Xy (X,G) € HCI(ZG) in Ad HCI(ZG) is €(Y) ' - HRy.

Lemma 9.2 Let mq : X — Y be the morphism on generic fibers induced by © : X — ). We have
an isomorphism of sheaves W;‘QQ%//Q — Qﬁ(/Q which results from the inclusion mq induces of the

function ring of Y into that of X. This isomorphism induces an isomorphism between W*Wy(yged)
and wy(X5e7).

22



Proof: By [7, Lemma 7.10], the sheaf of relative degree one logarithmic differentials
Q;/Z(log XL /log S) is canonically isomorphic to wy (X5 — Xg). Since m: X — Y is log-étale,
we find

7"y g (log Vi log 8) = Qly7(log X5 /log 5).

Since 70y (YVs) = Ox(Xs), this implies 7*wy (VET) = wy (XLED).

Lemma 9.3 The natural morphism from the complex w3, 4(0)[1] = [Oy — wy(VeeD)] of Oy-

modules to the complex w:\,,S(O)[l]G = [0 — wx (X5 formed by the G-invariants of the terms
of w s(0)[1] is an isomorphism.

Proof: This is clear from the fact that X is flat over J and w¥ ¢(0)[1] = Ox ®o,, w$, 5(0)[1].

Lemma 9.4 Let R, (w% 5(0)[1]) (resp. R, (w5 5(0)[1])) be a perfect complex of ZG-modules (resp.
Z-modules) representing the hypercohomology of w% ¢(0)[1] (resp. w3, 5(0)[1]). Let (,) be the per-
fect pairing on R, (w% 5(0)[1])q specified in Definition 6.3, and let (,)y be the corresponding pair-
ing on R, (w3, ¢(0)[1])q for the trivial group action on Y. There is a quasi-isomorphism between
(R, (w:\,’S(O)[l]))G and R, (w3, 5(0)[1]) which identifies perfect pairing (,)C defined by (8.1) with
the pairing {, )y .

Proof By computing cohomology via a G-equivariant Cech complex, one sees that (R, (w¥, $(0)[1])¢
is quasi-isomorphic to R, (w},S(O)[l]G), and thus to R, (w3, 5(0)[1]) by Lemma 9.3 (compare [7,
Lemma 7.6]). We must now show the following for all integers t: suppose m € H'(Y,w$, ¢(0)[1]) ®z
Q and m’ € H*t(y,wiS(O)[l]) ®z Q. Let (,);y be the duality pairing for J (with trivial group
action) defined just after Hypothesis 6.2. View m and m' as elements of H¥(X, wy s(0)[1]) ®z Q
via the isomorphism H*(, w3, 5(0)[1]) ®z Q = (HH(Xx, w 5(0)[1]) ®z Q)¢ induced by the above
quasi-isomorphism between R, (wjyys(O)[l])G and R, (v}, 5(0)[1]). Then by (8.1), it will suffice to
show

#G - (m,m" )y = (m,m');. (9.1)

This property follows by computing each pairing via residues (c.f. see [18, p. 247 - 248]) and using
the fact that X — Y is an étale G-cover. The factor of #G on the left in (9.1) results from the
fact that the residues of differentials of Y at points of X over a given point of Y are equal. For
more details on the computation of the pairings via residues, see §11.

Lemma 9.5 Let w}[l1] be the complez [Oy — wy]| having terms in degrees —1 and 0. Give
R, (w}[1])q the perfect pairing (,)y resulting from (,)y and from the natural isomorphism be-
tween the restrictions to the general fiber Y of ¥ of w§[1] and w3, ¢(0)[1]. Then in HCU(Z) = Q*
(c.f- Ezample 5.2) we have d(w$[1], (,)y) = 1.

Proof: The cohomology group H’(w$[1]) is naturally isomorphic to H°(Oy) if j = —1, to

H'(0y) P H(wy)
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if = 0, to H'(wy) if = 1 and to 0 for all other j. By duality (c.f. [1, p. 302]) the natural pairings
H'(Oy) x H' '(wy) = H'(wy) = Z

are perfect pairings of finitely generated free abelian groups, where H'(wy) = Z is the trace
isomorphism. It follows that we can take R, (V,w3[1]) to be represented by the perfect complex
[H°(Oy) — HY(Oy) @ H(wy) — H'(wy)](1) of free Z-modules, with the pairing (, )} as above.
Thus d(w},[1], (,)) is a product of discriminants of hyperbolic free Z-modules (c.f. [13, p. 52]), and
such discriminants are trivial by [13, Prop. I1.5.5].

Proof of Proposition 9.1:

To prove part (i) of Proposition 9.1, it will suffice by Proposition 8.1 to show xg(X,G)(0)
and 68570()})_1 have the same image under the homomorphism Coinf : HCI(ZG) — HCI(Z) which
results from inflating characters from the trivial quotient group of G to G. By Proposition 8.1
and Lemma 9.4, Coinf(xu (X, G)(0)) is the class x g (Y, {e})(0) in HCI(Z), where {e} is the trivial
group acting on ). This class is the discriminant d(w$, ¢(0)[1], (,)y), where (,)y is induced by
duality on the general fiber of ). Thus we need to show

d(w$),5(0)[1], (, )y) = Coinf(eg (V) ™) (9-2)

in Ad HCI(Z).
By the adjunction formula, we have an exact sequence of sheaves on )

d
0= wy = wy(YVs™) — Wyred = 0

in which wycq is the relative dualizing sheaf of YVied over Z. The complexes w3 ¢(0)[1] and w3 [1]

differ by having Wy(yred) and wy in degree 0, respectively. Since Wyred is supported on Yg, we find
from Proposition 7.2 that

d(w$ 501, () = dW[], (,)) - I to(xp(wygea)) (9-3)
peS

where Xp(&)y;ed) € Ky(F,) is the Euler characteristic relative to F, of wyred and tp : Ky(F,) —
HCI(Z) is the homomorphism described in §7. Since y;;ed is a reduced fibral divisor on ) with
normal crossings, we have Xp(u)yged) = _Xp(o:);;ed) by duality. This, together with Lemma 9.5 and
(9.3), gives
d(w$ 5(0)[1], ¢ Ht (xp Oyred)) L (9.4)
pEeES
The class Coinf(eg 4 ())) is in the group Hom(Rfe}, Q*) of rational classes in Ad HCI(Z), where

S

the group R e} of symplectic characters of the trivial group {e} is generated by 2-1 {e} When 1.y is
the trivial character. By [7, Thm. 7.9], €& (Y, 2 - 1(.}) is a positive rational number, and we have

Coinf(ep (V) 1) (2 1) = [[ p T 2o (95)
peS
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where {Y,; }icr, is the set of irreducible components of the special fiber ), m; is the multiplicity of
Vpiin Yy, y is the complement in ), ; of the intersection of ), ; with other irreducible components
of Vp, xc(Vy4 ) is the étale Euler characteristic of ), ; with compact supports, and x(Y’) is the Euler
characteristic of the general fiber Y = Y ®z Q. We have assumed that the special fibers of Y
are divisors on ) with strict normal crossing and multiplicities prime to p. Hence there the Swan
conductor associated to ) is trivial, and we have from [22, Cor. 2, p. 407] that for each p,

= mixe(Vs,) (9.6)

i€l
Combining (9.5) and (9.6) gives
Coinf(el (V) 1)(2 - 1)) = [] e <o), (9.7)
peS
We claim that
2 Xp Oyred Z Xc p’ (9-8)
el

when we identify Ko (F,) with Z by sending the class of F, to 1. Recall that y;;ed was assumed to
be a divisor with strict normal crossings on ). Let Fg, be field of constants of ), ;. Let g; be the
genus of ), ;. Then

XeVpi) = (2= 200)[Fg, : Fp] =D > [k(2) : Fy]. (9.9)

]#l mGyp,j myp,i

The normalization y;;@d# of y;;ed is the disjoint union of the smooth projective curves {),;};. The
quotient of the direct image on y;;ed of the structure sheaf of y;;ed’# by the subsheaf formed by the

structure sheaf of y;;@d is the direct sum over the singular points of y;;ed of the direct images of the
structure sheaves of these singular points. On taking Euler characteristics, we find

Z(]_ - gz)[qu H Fp] - Xp(oy;‘ed,#) = Xp(oy;‘ed) + s (910)
icly
where s is the sum of the degrees over F), of the singular points of y;;ed. Since
> > [k(z) 1 Fy) (9.11)
J#Ely x€Yy jNYVp i

we deduce (9.8) from (9.9), (9.10) and (9.11).

Our normalization of the homomorphism ¢, : Ko(F,) — HCI(Z) implies that t,(F,) is the
difference of the Hermitian classes (Z, hy) and (pZ, hy), where hg is the Hermitian pairing on Z
defined by h(1,1) = 1. One finds that in Ad HCI(Z), t,(F)) is the rational class in Hom(R?e}, Q")

which sends 2 - 17,y to p~2. Combining this with (9.8) and (9.7) shows

Coinf(e5(V) 1)) = ] to(xp(Oyyea)) (9.12)

peES
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in HCI(Z). Combining (9.12) and (9.4) shows the equality (9.2), which completes the proof of part
(i) of Proposition 9.1.

Part (ii) of Proposition 9.1 is proved in a similar way, so we will only sketch this. By Proposition
9.1 it will suffice to show

Coinf(xz (X, G)) = Coinf(e(¥) ™' - HRy) = Coinf(e*(¥)™") (9.13)

in HCI(Z@), where the second equality holds by because the character function defining HRy in
Definition 6.6 is the identity on the trivial character. The calculations of the proof of [7, Thm.
8.5] show that the natural homomorphism of coherent sheaves QiJ B T (L /Z)G on Y is an
isomorphism. It follows, on considering duality pairings, that

Coinf(xg (X, Q) = xu(V,{e})

where {e} is the trivial group acting on ). In this way, we can reduce to proving (9.13) when
X =Y and G is the trivial group.

The natural homomorphism Qi, jz ™ Wy/z is an isomorphism on the general fiber of }. Let
Cy be the complex in degrees —1 and 0 defined by this homomorphism. Then Cy has an Euler
characteristic in the Grothendieck group K¢T'(Z) of all finite Z-modules. By [1, Thm. 2.3], this
Euler characteristic is equal to the class of Z/A())Z, where A()) > 0 is the conductor of Y. The
complex w3,[1] has Oy in degree —1 and wy in degree 0. It follows from Proposition 7.2 that in
Ad HCI(Z) we have

dwy1], ())/xu (Y, {e}) = H(Z/AV)Z) (9.14)
where ¢ : KgT(Z) — Ad HCI(Z) is the homomorphism defined in §7. We know by Lemma 9.5 that

dwy[1],{,)) = 1, while #(Z/A(Y)Z) is the rational class in Ad HCI(Z) defined by the character
function sending 2 - 1.y to A(Y)~2. These facts and (9.14) reduce the proof of (9.13) to showing

eV, 1{e) ™2 = Coinf(e*(¥)™1)(2 - 1)) = AY) ™

which holds by [9] (see also [8, §2]) since ) has dimension 2 and general fiber of dimension 1.

10 Harmless base changes

Lemma 10.1 Let r be an odd prime not in S, and let Ny, be the cyclotomic Z, extension of Q.
For each prime p € S, there are finitely many primes over p in Noo, and each has infinite residue
field. We will say that Proposition 9.1(i) is true after a harmless base change at v if it is true when
X is replaced by X' = X ®z Oy for some subfield N of Nu, where Oy is the ring of integers of
N. Then Proposition 9.1(i) holds if it is true after a harmless base change at two distinct primes
not in S, and this implies Theorem 6.4.

Proof: The statements about the decomposition of p in N, are clear from class field theory. To
establish the rest of the Lemma, let N be a subfield of N4,. Since Oy is unramified over S, one sees
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that X' = X ®z Oy satisfies all the hypotheses of Theorem 6.4. Since X is flat over Z, V' = X'/G
is isomorphic to Y ®z On. We claim that

o0V, V) = €00 (¥, V)IVQ. (10.1)

if V' is symplectic of dimension 0. If v is finite, this follows from the Hasse Davenport Theorem
and the formulas for €,()’, V') in terms of Gauss sums which are proved by Saito in [22, Theorem
2] (see also [4, §9.4]). If v is the infinite place of Q, the completions of N above v are real. From
this one sees that the virtual representation 'h, (X', V') of the Weil-Deligne group ‘W, which is
associated in [4, §2.3] to the V part of the Hodge realization of the motive of X' = Q ®z X’ is
isomorphic to the sum of [N : Q] copies of the corresponding motive for X = Q ®z X. Therefore
(10.1) when v is the infinite place follows from the multiplicativity of e-constants.

By flat base change, R, (X',0n ®z w% s(0)[1]) = On ®z R, (W} 5(0)[1]). On X’ we have an
exact sequence of complexes

0= On @z wy s(0)[1] = wy o(0)[1]] =T =0

in which T is a complex of coherent Ox:-G-modules supported on the fiber X/ of X’ over r. By
our choice of r, the action of G on the reduction of X7 is free. Hence Propositions 7.1 and 7.2 show
that

xm(X',G)(0) = d(On ®z R, (wy 5(0)[1]),(,)") - tp(F) (10.2)
where F is a free F,G-module and (,)’ is the perfect pairing on
R, (X',wk o(0)[1])q = R, (¥',0n @z w% s(0)[1])q = N ®q R, (wy s(0)[1])q (10.3)

which is used to compute x g (X', G)(0). Passing to characters of degree 0, we see
tp(F) = 0. (10.4)

The pairing (,)" appearing in (10.2) is by duality and the isomorphisms in (10.3) the composition
of 1® ({,)) on N ®q R, (w¥ 5(0)[1])q with the trace homomorphism try,q : N — Q. Therefore,
Corollary A.6 show that on characters of degree 0 we have

d(On ®z R, (W3 5(0)[1],(,)') = d(R, (W s(0)[1], ()M, (10.5)
Now combining (10.2), (10.4) and (10.5) with the definition of x (X, G)(0) gives
X (X', G)(0) = (2 (¥, G)(0) . (10.6)

Putting together (10.1) and (10.6) shows that if Theorem 6.4 is true after a harmless base change
at r, then

Xi(X,G)(0)!M = & (y)V
in Ad HCI(ZG) where [N : Q] is power of r. This shows Proposition 9.1(i) is true if is is true after
harmless base changes by two different primes r. It was shown in Proposition 9.1 that this will
then imply Theorem 6.4

Remark 10.2 A harmless base change at r will in general add r to the set .S, since the base change
Oy ® Y will not in general have smooth fiber over . However, the fiber of Oy ® ) over the unique
prime of Oy above r will be smooth over the residue field of this prime.
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11 Some constructions on surfaces.

In this section we will suppose Hypothesis 6.2. We first need to generalize the discriminant
xu(X,G)(0) defined in (6.6).

Suppose J is a Weil divisor on Y, and let J' = 7~!(J). Define wy s(J")1] to be the complex
[Ox(=J") = wx(XE4+J")] having terms in degree —1 and 0 and trivial boundary homomorphism.
One has

X HO(OX(O—J’)) ) if j=-1
Hi(wy 5(T)[1]) = H (OX(%{(B;\?.)Z@&:—X‘(;}{S +J7") ii ? i(l) (11.1)
0 otherwise

Let J (resp. J') be the intersection of J (resp. J') with the general fiber Y (resp. X) of Y (resp.
X). The restriction w¥ ¢(J')[1]q of w 5(J')[1] to X is the complex [Ox (—=J') — Qk/Q(J’)] with
terms in degree —1 and 0 and trivial boundary homomorphism.

Define G-equivariant non-degenerate pairings

(e s H'(R, (wy s(T) 1)) x H (R, (wh s(T)[1])q) = Q (11.2)

in the following way. If t = 0, then H°(R, (w% s(J")1])q) = H'(X,0x(-J")) @ H(X, Q}(/Q(J’)).
Let
(Do ={( o+ (ot (11.3)

where (,);1-; is the duality pairing
()i s HY(X, Q4 (25 — DI) x H'7ZHX, Q5 (1= 25)0) = Q.
If t = —1, then
H (R, (wys(T)[1)q) = H*(X,0x(=J"))
and
H'(R, (WY s(T)1])q) = H' (X, Q2 /q(J").

Define the pairing (,)—1 to be the duality pairing (, )90, and let (,)1 = (,)1,1. If t < =1 or ¢ > 1,
let (,); be the trivial pairing. The resulting system of pairings (,) = {(, ):}: is perfect in the sense
of Definition 2.6 (see also Definition 3.3). Let

xu (X, G)(J') = d(R, (wy,s(T)D, () (11.4)

be the associated discriminant. When J' = 0, this is the discriminant defined in (6.6).
The following result is proved in much the same way as [4, Proposition 9.1.3], so we will omit
the proof.

Lemma 11.1 Let J be a very ample divisor on Y which is a positive integral combination of
horizontal divisors; such J exist by [17]. After making a harmless base change and replacing J by
a divisor linear equivalent to a positive integral multiple of J, we can assume that there are divisors
D and F on Y with the following properties.
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a. The divisor F is an integral combination of irreducible components of fibers of Y overp ¢ S.
b. There is a canonical divisor Ky on Y such that
Ky + V¥ 427+ F=D
where yged is the sum of the reductions y;;ed of the fibers of Y over the primes p in S.

c. The divisors J and D are effective, very ample and positive integral combinations of horizontal
divisors.

d. Forpe S, let E =D+ J. Then & intersects y;;ed transversely at distinct smooth points of
y;;ed. Suppose y is such a point. Then y is a reqular point of £. The scheme-theoretic inverse
image T~ (&) of £ with respect to the quotient morphism m : X — Y is a sum of distinct
irreducible horizontal divisors on X, and n~'(E) intersects the reduced fiber X;ed at smooth
points and this intersection is transversal. Each point of x of 7~ (y) is reqular on ©=(&),
and Or-1(g) ./ O¢ y is a tame extension of discrete valuation rings.

Definition 11.2 With the notations of Lemma 11.1, let s be a global section of the line bundle
wy(YV5ed + 2J + F) having divisor D.

On Y we have an exact sequence
0— 0y —Swy (V5 + 2T + F)—wy (Ve + 2T + F)|p—0. (11.5)
By Lemma 9.2 we have
Ox @0y wy(VE) = 7 (wy (V5)) = wa (XE).

Define D' = n=1(D), J' = 7= 1(J) and F' = 7= }(F). On tensoring (11.5) with Oy we arrive at
an exact sequence

0—0x—Swr (X5 + 27 + F)—wr (X5 + 27" + F')|pr—0.
Twisting by 71Oy (—=J) = Ox(—J') now gives an exact sequence
0—Ox(—T)Swr (X5 + T + Fy—wr (XL + T + F')|p—0. (11.6)
Lemma 11.3 After o harmless base change, we can assume without loss of generality that
H(Ox(=J") = 0= H'(wx(J") = H (wx (X + T+ F)) (11.7)
and that the long exact cohomology sequence of (11.6) gives a short exact sequence
0= Hwx (X5 + T+ F')) = H(wa (X + T + F)|p) = H' (Ox(-J")) =0 (11.8)
of finitely generated projective ZG-modules. The modules
H(wx (X5 +.7")  and  H°(wx (X5 + T+ F))
are projective ZG-modules of mazimal rank inside H(wx(J')), and their generalized index in

KoT(ZQ@) is in the image of the induction homomorphism KoT(Z) — KoT(ZG).
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Proof: Since J is a non-zero horizontal effective divisor on ), one has H®(Ox(—J')) = 0. Since
m: X — ) is finite, we have for £ = wy and £ = wy(X5°%) that

HY(L(J") = H (. (L(T") = H' (m.(£) ® Op(T)).

We were free in Lemma 11.1 to initially pick J initially to be a very ample effective horizontal
divisor on Y. By theorem of Serre (c.f. [18, Thm. III.5.2]) for each such J there is an integer ng
so HY (1(£) ® Oy(nJ)) =0 for £ = wy and £ = wx(X%°?) and all n > ng. Replacing J by ngJ,
we can assume ng = 1. Lemma 11.1 now involves a harmless base change and a replacement of J
by a divisor linearly equivalent to a positive integral multiple of J. This base change may change
S as in Remark 10.2, and the pullback of wy via the base change may need to be adjusted by a
divisor over the prime r involved in the base change. However, after the base change, we will have

HY(Ox(=J") =0=H'(wx(J' + T{)) = H (wx(J" + X5 + T3)) (11.9)
for some fibral divisors T{ and T4 supported over the prime r. We wish to show that this implies
HY (wx(J") = H (wa (T + XL + F)) = 0. (11.10)

Since Y is regular and equidimensional, we can reduce to the case in which Y is irreducible. Let
Ogk be the integral closure of Z in the function field of ), so that ) is a flat scheme over Og.
Suppose T is any integral combination of irreducible components of smooth fibers of )V over O,
and that £ is a line bundle on X which is an Oy-G-module. Then Ox (7=1(T)) = (7o ¢)~Y(L) for
some line bundle L on Spec(Og), where ¢ : Y — Spec(Ok) is the natural morphism. Hence

H) (£ @ Ox(r~Y(T))) = H (€) ®0, H(L) (11.11)

for all j by flat base change. Letting £ = wy(J') and & = wx(J' + X5%4) we now deduce (11.10)
from (11.9) and (11.11).

The exact sequence (11.8) is now clear from (11.6) and (11.7). Since the action of G on X is
tame, we know that R, (wx (X5 + J' +F)), R, (wx (X + T + F')|pr) and R, (Ox(—J")) are
perfect complexes of ZG-modules. Since we have shown these sheaves to have at most one non-zero
cohomology group, it follows that this cohomology group must be of finite projective dimension
for ZG. Since H(wx (X5 + J' + F')) has no Z-torsion because X is flat over Z, we see that
HO(wx (X5 + J' + F')) must be a projective ZG-module. We now show that H'(Ox(—J')) has
no non-trivial Z-torsion, since then H'(Oy(—J")) will be forced to be projective, and HO (wx (X5¢4+
J"+ F')|pr) will be as well by the exactness of (11.8).

The duality theorem for X (c.f. [19, Theorem 11.1]) implies that the Z-torsion in the finitely
generated abelian group H'(Ox(—J')) is Pontryagin dual to the Z-torsion in H'(wxy(J')). This
is not a misprint; the co-torsion of H'(Oy(—J")) is Z-dual to the torsion-free group H°(wx(J")).
Since we have arranged in (11.7) that H'(wy(J')) = 0, we conclude that H'(Ox(—J')) has no
non-trivial Z-torsion.

All that remains to be shown is the last assertion of the Lemma concerning H®(wx (X5 + J'))
and HO(wxy (XL + J' + F')). We have shown H®(wy (XL°?+ J' + F')) is a projective ZG-module,
and this module is a Z-lattice of maximal rank in the Q vector space H’(wx(.J')). Hence the last
assertion of Lemma 11.3 follows from (11.11) after reducing to the case in which ) is irreducible.
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Corollary 11.4 If T is a scheme over Z, let T in Roman type denote Q ®z T. The sequence
(11.6) determines on X the exact sequence

0—O0x (=) Swx (J)—wx (J')|p—0 (11.12)

where wx = Qk Q The long exact cohomology sequence associated to (11.12) is the following exact
sequence of free QG-modules:

0— H(wx (J') - H (wx (J') | pr) 2 H (Ox (—J')) —0. (11.13)
This sequence results from tensoring (11.8) with Q.

Our goal now is to define a symmetric bilinear G-equivariant non-degenerate bilinear form on
the middle term H(wx (J')|pr) in (11.13). The scheme D’ is a sum of closed points on X; let wpy
be the relative dualizing sheaf of D' over Q. We will need to make explicit the following sequence
of isomorphisms:

(wx(I)p)?? = (wx(J)|p) ® Ox(Kx +J")|p (11.14)
= wx(Kx +2-J)|p (11.15)
= wx(D")|p (11.16)
= wpr (11.17)

The canonical divisor Ky is
Kx = Q®z(Ky+ X594+ F') = Qezr HKy+ Y4+ F) = Qezn {(D—-2J) = D'—2J'. (11.18)
Thus Ky + J' = D' — J'. From [14, p. 136] we have an isomorphism
Ox(Kx +J") = wx(J") (11.19)
sending a meromorphic section 5 of Ox(Kx + J') to - s, where
s€, Vwy(Vs +27 + 7)) €, (Ywy(27)) €, (X, wx(2]))
is the global section specified in Definition 11.2. We thus have an isomorphism
(wx(J))®? = wx(J)QOx(Kx +J) =wx(Kx +2-.J) (11.20)

in which (515) ® (f25) goes to B - (2 - s. Note that this isomorphism is symmetric, in the sense that
(B28) ® (B1s) also has image 31 - B2 - s. It is also G-equivariant, in the sense that g(f1s) ® g(f2s) =
(g(B1)s) @ (9(B2)s) goes to g(B1-P=)-s for g € G, since s is fixed by G. The isomorphism in (11.20)
gives (11.14) and (11.15), while (11.16) comes from (11.18). Finally, (11.17) is the adjunction
formula.
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Proposition 11.5 The isomorphisms in (11.14) - (11.17) and the canonical trace homomorphism
Tr: H(D',wp) — Q give a non-degenerate symmetric G-equivariant bilinear form

() HYwx (J)|p) x H(wx (J)|p) = Q. (11.21)

Suppose a € H°(wx(J')), b € Hwx(J")|p) and that o and (B are the homomorphisms in
(11.13). Let U : H(wx(J')) x HY(Ox(=J")) — H'(wx) be the tensor product pairing, and let
tr: H' (wx)—Q be the trace isomorphism. Then

(a(a),b) = (a, B(b))' (11.22)

where

() H(wx (1) x H (Ox(=T")) = Q (11.23)
is the perfect G-equivariant duality pairing defined by (a,m)’ = tr(a Um) for a € H(wx(J')) and
m € HY(Ox(=J")).

Proof: The pairing (11.21) is symmetric and G-equivariant because the pairing in (11.20) has
these properties. Suppose we show that (11.22) holds. Then since (,)" in (11.23) is perfect and
G-equivariant by Serre duality, it will follow that (,) is non-degenerate.

Observe first that we have a commutative diagram

0 — Ox(=J) -5 Ox(Kx+J) — Ox(Kx+J)p — 0

| s | v| (11.24)

0 — Ox(—Jl) —s> wX(J') — wX(J’)|D/ — 0

in which the left downward arrow is the identity map, the middle down arrow is the isomorphism
given by multiplication by s, and the right down arrow is the induced isomorphism. The map ¢ in
the top row is the natural injection coming from the fact that D' = Kx + 2J' is effective.

To compute (a(a),b) we now unravel (11.14) - (11.17). From (11.19), a € H(wx(J')) has the
form a = a’ - s for some @’ € H'(Ox (Kx +J')). Let F, be the stalk at € X of a coherent sheaf F
on X. Choose uy; € Ox(Kx + J'), for £ € D' so (> ,cpr uy) = b in the right column of (11.24).
Fix z € D'. In (11.20) we need to find

a ug-s€ewx(Kx +2-J) =wx (D).
The adjunction formula comes about from the residue homomorphism
resy : wx (D) — Q(x)

where Q(z) is the residue field of the point z € D’. We have a trace homomorphism tr, : Q(z) — Q.
Putting together all these ingredients and the definition of (,) in (11.21) gives the formula

(a(a),b) = Z try(resy(a’ - ug - 8)). (11.25)
zeD!
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We now have to compute the cup product pairing ¢tr(a U §(b)). Let j : n — X be the inclusion
of the generic point 1 of X into X. The top row of (11.24) fits into a diagram

0 — Ox(-J) -5 Ox(Ex+J) — Ox(Kx+J)p — 0

l l l (11.26)

j*OXm

Ox(=J")x 0

0 — Ox(=J) — 7+Ox — Prexo

in which X0 is the set of closed points of X, and all the homomorphisms are the obvious inclusions.
The tensor product of this diagram with wy (J') is a diagram

0 — wy — wx(D) — @meD,M — 0
WX x
l l l . (11.27)

j*wX,n 0

0 — wxy — j*me — @wEXO
X,x
The bottom row of (11.27) is used to compute the trace isomorphism tr : H'(wy) — Q in the
following way (c.f. [18, p. 248]). The cohomology of the bottom row of (11.27) gives an exact
sequence

w
wxa— P wX’" S HY (wyx)—0. (11.28)
zex0 YXT

Given a set of elements 2z, € wy, such that z, € wx ; for all but finitely many x, one has
tr(d( Z [2z]) = Z tre(resqg(zz)) (11.29)
zeX0 zeX0

where [z,] is the image of 2z, in wx ;) /wx &

We now put this together to compute tr(a U S(b)). Recall that u, € Ox(Kx + J'); was chosen
so that @ ¢ pr s has image b € wx (J')|pr under the right downwards homomorphism ¢ in (11.24).
Since a € H(wx(J')), and tensoring with wx (J') takes (11.26) to (11.27), we see that

(P g -al) =aUBd) in H'(wy) (11.30)

reD!

where ¢ is the boundary homomorphism in (11.28). Accordingly, (11.29) gives
tr(aUpB(b)) = Z try(resy(ug - a)). (11.31)

rEX0O

The fact that (11.31) has the same value as (11.25) now results from a = a’ - s.
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Corollary 11.6 The projective ZG-module HO(wx (X5 + J' + F')|pr) together with the pairing
(,) defined in Proposition 11.5 defines Hermitian ZG-module. For n € Z, let (My(J'),(,)0) be the
Hermitian module

M, (J") = H' (Ox(-T") P H(wa (X + T +nF)) (11.32)

with (,)o the pairing on My(J')q described in (11.2) and (11.3) of §6. We then have an equality
of discriminants

d(H (wx (X5 + T+ F)|pr), (,)) = d(Mi(T), (, o) = d(R, (wk,s(T)1]), () (11.33)
where the last term is defined in (11.4). We have an equality of degree 0 discriminants
d(Mi(T"),(,)0) = d(Mo(T"), (; )o)- (11.34)

Proof: To show the first equality in (11.33) we apply Lemma B.1 to the sequence (11.13) and we
use the relation 11.22. The second equality in (11.33) is clear from the calculation of the pairing
(,) just before (11.4) and from the fact that Hj(w:\,,s(j’)[l]) =0 if j # 0. Finally, (11.34) results
from the comparison of H®(wx (X% + J' + F')) and H®(wx (X5 + J')) at the end of Lemma
11.3. This is because the restriction to characters of degree 0 of a class in HCI(ZG) which is the
image of class in the image of the induction homomorphism KyT'(Z) — KT (ZG) is trivial.

Our goal now is to compute d(H° (wx (X5 + T+ F')|p), (,)) in HCI(ZG) in a different way,
via symplectic root numbers.

Fix y € D. By Lemma 11.1(d), D and J are disjoint and reduced, since they have disjoint
reduced specializations to a finite fiber of V. Hence a uniformizing parameter z, at y on Y is a
local equation for D, and 1 is a local equation for J. We fix an isomorphism of stalks ¢, : wy (J), =
wy,y — Oy,y by requiring t,(d(z,)) = 1, where d(z,) is the differential of z,. Tensoring with the
residue field k(y) of y over Oy, gives an induced isomorphism 7, : wy (J)|, = k(y). Then tensoring
with Oy over Oy then gives an isomorphism ry : wx (J')|r-1(y) = Or-1(y). Here 7= 1(y) is a finite
union of closed points; let # be a point of X over y. Because m : X — Y is étale, 2, is a uniformizer
in Ox 4, and 1 and z, are local equations in Ox , for J' and D', respectively. Summing over y € D
gives an isomorphism

H:Zﬁy:H wx ( J’ |D’ @(UX —>H0 (Op) = @O—l (11.35)
yeD yeD yeD

Recall that s € H°(Y,wy(2J)) has divisor D = Ky + 2J. Therefore there is a unit v, € Oy,
such that

z;ls =vy-d(zy) In wyy=wy(2J])y. (11.36)

Lemma 11.7 There is a direct sum decomposition

H(wx(J")|p) = P H (wx (J)|z-1(y))- (11.37)
yeD
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Let (,)y be the restriction to the summand indexed by y on the right of the pairing (,) defined in
Proposition 11.5. Then (11.37) gives an orthogonal direct sum decomposition of H®(wx (J')|pr) as
an Hermitian QG-module. Let (, );5 : HO(OW—I(Z/)) X HO(OW—I(Z/)) — Q be the natural trace pairing.
Then for a,b € H*(wx (J')|r-1(y)) one has

(vya,b)y = (ky(a), ’fy(b»;; (11.38)
where y is the image in k(y) C Or-1(y) = @aen—1(y) k(z) of vy € Oyy.

Proof: We first compute (a,b) by the method used in (11.25). Choose t;,u, € Ox(Kx + J'),
so that (P cp tz) = a and P(@,epr uz) = b in the right column of (11.24). Then the same
argument used to show (11.25) proves

(a,b) = Z try(resg(ty - ug - 8)). (11.39)
xeD’

To analyze the right hand side of (11.39), recall that Kx+.J' = 7 Y(Ky+2J—J) =7 Y(D-J) =
D' —J'. For x € D', the component a; of a € H(wx (J)|pr) = Bpepy wx(J')|» at the summand
corresponding to z is the image of t, - s € wx(J'), under the natural isomorphism

wX(J,)ZL‘

!
M awox (T, Xl

where M x ; is the maximal ideal of Ox 4. In view of (11.36), we have
ty s =1ty -2y - vy - d(zy) (11.40)

where y = m(z). Similarly,
Uy S = Ug - Zy * Uy - d(2y). (11.41)

Since res(z, 'd(z,)) = 1, we find from (11.39) that

(a,b) = Z tro(resg(te - U - 2y - vy - d(2y))) = Z try(re(ty - ug - zg - vy)) (11.42)
zeD’ zeD!

where 75, : Ox ; — k() is the reduction homomorphism. Observe that since ¢, u; € Ox (D' —J'),,
zy 18 a uniformizer in Ox z, vy € Oy, and 1 is a local equation for J', the right hand side of (11.42)
is well defined. Formula (11.42) shows that (,) is the orthogonal sum over y € D of (,),.

We must now compute the right hand side of (11.38). Fix y € D, and suppose a and b
are in the summand H°(wx (J')|;-1¢y)) of H’(wx(J')|pr). We fixed an isomorphism of stalks
byt wy (J)y = wy,y — Oy, defined by ¢, (d(2,)) = 1. Sincez € 77 (y) and X — Y is étale, this gives
an isomorphism of stalks ¢y : wx (J')y = wx,y = Ox g with ¢5(d(2zy)) = 1. Let 7, : wx (J')s — k(z)

be the reduction of 1, modulo Mx ;. Under k, : wX(J’)|7r_1(y) — Or-1(y) the class @xeﬂ.—l(y) Oy
goes t0 D yer—1(y) Tu(te - 8). In view of (11.40), we find that
Tty - 8) = Tu(te - 2y - vy - d(2y)) = To(te - 2y - vy) (11.43)
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where 7, : Ox , — k() is, as before, the reduction homomorphism. Accordingly,

(ky(a), “Z/(b»; = Z tro(re(ts - 2y - vy) - ro(ug - 2y - vy))
zem=1(y)
= Z tre(ry(ty - ug - zZ . vZ)) (11.44)
zem—1(y)

Since 7, (vy) = v, for all € 77! (y), the equality (11.38) follows from (11.42) and (11.44).

Corollary 11.8 The trace pairing trp : H'(Op/) x H*(Op) — Q defines a symmetric non-
degenerate G-invariant bilinear form, where H°(Opr)q = H*(Op') = S, k(z). On characters
of degree 0 we have an equality of discriminants

d(H (@ (X5 + T+ F)lp), () = dHOp), trr) = d(H (we (X5 + T)|p), (). (1L.45)

Proof: With the notations of Lemma 11.7, let y be a point of D. Define F' = k(y), and let M, =
H O(wal(y)). Then M, is a free FG-module, and there is a natural G-invariant non-degenerate
symmetric trace pairing t, : M, x M, — F = k(y). The pairing (, );r/ appearing in Lemma 11.7 is
simply tr/qot,. Let U, be the element of F™* = k(y)* defined in Lemma 11.7. We then have another
non-degenerate pairing &, : M, x M, — F defined by t, (m,m') = t,(c,m,m') when ¢, = (7,) *.
This gives a non-degenerate pairing (, ) : My x M, = Q via (,); = tp/qot,. Lemma 11.7 gives an
isometry between (My, (,);) and the Hermitian module (H®(wx (J')|z-1(y)), (, )y). This Lemma also
shows that the orthogonal sum over y € D of the latter modules is isometric to (H®(wx (J')|p/), (, ))-

Because (H°(Opy), trpr) is the orthogonal sum over y € D' of (M, (,);), Corollary A.3 shows
d(H  (wx (X5 + T+ F)|p1), () = d(w(H® (wx (X5 + T+ F')|p1)), tr) (11.46)

where
K H (wx (J)|pr) = H(wa (X + T + Flp)q = H (Op)

is the homomorphism defined in (11.35). Now, since 71 (wy (V5 + T +F)) = wx (XL + T+ F'),
we see from the definition of x that x(H(wx (X5 + J' + F')|p))) = Op ®p, L for some locally
free rank one Op-module L inside Op/. Thus as Op-G modules, L and Op are the pull backs
of Op-modules having isomorphic general fibers. A repeated application of Proposition 7.2 then
shows

A(s(HO (X5 + T+ F)|pr)), tror) = d(HO(Op), trpe) - ¢ (11.47)

where ¢ is an integral combination of classes in HCI(ZG) of finite ZG-modules of the form
Op ®op, m with m a finite Op-module. However, the tameness of the action of G on D’ im-
plies all of the latter classes are integral combinations of classes of the form (Z/r)G with r a
rational prime. The restriction of such classes to degree 0 characters is trivial, so we conclude from
(11.47) that

d(s(HO (w5 + T+ F)|p))), tror) = d(HO(Op), trp). (11.48)

Combining (11.46) and (11.48) shows the first equality in (11.45), and the second equality is proved
in exactly the same way.
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Lemma 11.9 In the derived category D(G,Spec(Z)), R, (wx(X5e?)) is isomorphic to a complex
of projective ZG-modules

[HO (@ (X + )22 B (@ (X5 + )| )] (11.49)

whose terms are in degrees 0 and 1, respectively. The homomorphism &g in this complex is induced
by the homomorphism T in the complex of sheaves

0—wx (X5 —war (XL + T Swr (X5 + T')| 7 — 0. (11.50)
Similarly, R, (Ox)[1] is isomorphic to the complex of projective ZG-modules
o
[HY(O7)—H (Ox(~=T"))] (11.51)

whose terms are in degrees —1 and 0, respectively. The homomorphism 0_1 in this complex is
induced by the first boundary map in the long exact cohomology sequence associated to the exact

sequence of sheaves
0— Ox(=J") = Ox = Oz — 0. (11.52)

Proof: The cohomology of wy(XZ%°?) is trivial outside dimensions 0 and 1. Since the terms of
(11.49) are projective, we find from the cohomology of (11.50) that there is a quasi-isomorphism
between (11.49) and R, (wx(X59)). The assertion about (11.51) is proved similarly.

Corollary 11.10 The hypercohomology R, (w% s(0)[1]) appearing in Theorem 6.4 is quasi-isomorphic
to the direct sum

[ H(Og) = H (Ox(=T")) D H(wx(X5 + 7)) = H(wx (X5 + 7)) 1 (11.53)

of the complexes in (11.49) and (11.51), whose terms are in dimensions —1, 0 and 1. The perfect
pairing (,) on R, (w% s(0)[1])q in Theorem 6.4 is induced by the pairing (,)o on

H'(Ox(=J")) P H(wx () (11.54)
together with the pairing (,); on
H(0;) P H(wx (J')]s) (11.55)

which associated to the adjunction isomorphism wx(J')|; — wyp and the trace homomorphism
HO° (wJ/) — Q

Proof: In view of Lemma 11.9, we have only to show the assertions made about (,). Note that
(11.54) is the tensor product of the middle term of (11.53) with Q over Z, while (11.55) is the tensor
product of the sum of the degree —1 and degree 1 terms of (11.53) with Q over Z. The cohomology
pairings defining (, ) in (11.2) were specified using the duality pairings on the cohomology of Ox and
wx = Q}( Q Thus the fact that these pairings result in the way described in Corollary 11.10 follows
from the fact that duality isomorphisms are defined in the derived category and are compatible
with adjunction. Alternately, one could give a more explicit proof along the lines of the proof of
Proposition 11.5.
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Corollary 11.11 Let (Z1,(,)s) be the Hermitian module
H(07) P H (wx(XE + T)|7)
with the pairing (,) specified in Corollary 11.10. One has

xu(X,G)(0) = d(R, (wys(0)[1]),(,)) (11.56)
= d(Mo(J"),(,)0) - d(Zs, (,)s) (11.57)

with the notations of Corollary 11.6. Hence (11.56), (11.33) and (11.34) imply that on characters
of degree 0, one has

X (X,G)(0) = d(R, (W s(T1. () - d(Zs, ()" (11.58)

Proof: The equality in (11.56) is the definition of x (X, G)(0). The equality (11.57) follows from
Corollary 11.10 and the definition of the discriminant of a perfect Hermitian complex; recall that
My(J") = H (Ox(=J")) ® H(wx (XL + J')). The implication (11.58) is now clear.

Lemma 11.12 Let try : HY(Oy) x H'(Op) — Q be the natural trace pairing. One has
J(ZJv (7 )J) = J(HO(OJI),'H’]/)Q.

Proof: Since J is a sum of reduced closed points on the general fiber Y of ), there is an isomorphism
wy — Oy which identifies the trace homomorphism H°(wy) — Q with the trace try : H%(O;) — Q.
This isomorphism induces by tensor product with Oy an isomorphism pjy : wy — Oy which
identifies the trace H(wy) — Q with try : H°(Oy;) — Q. Define (,)’; to be the pairing on
H(O) @ H°(Oy) for which

(a®bd @b, =trp(a,b)+try(a,b). (11.59)
;From the definition of (,); we see that
d(Z5,(,)g) = d(H* (O 70) @ p (H* (we (X5 + T 7)) ()p)-
Since wx(é\,’ged + J') is the pull back of a line bundle on ), we find, as in the proof of (11.47), that
H*(0 7)) @ pr (H (0 (X5 + T 7)), () = dH(O7) D H(O70), (,)))- (11.60)
By Lemma B.2, one has
d(H*(07) P H’(O70),(,)y) = d(H (O g0), tr 1) (11.61)
so Lemma 11.12 follows on combining (11.59), (11.60) and (11.61).
Corollary 11.13

xn(X,G)(0) = d(H(Op), trpy) - d(H*(Og1), try)

Proof: Combine Corollaries 11.11, 11.6 and 11.8 with Lemma 11.12.
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12 Proof of Theorem 6.4

Let D' (resp. J'%) be the normalization of D’ (resp. J'). By the construction of D and J in
Lemma, 11.1, the natural morphisms vp : D’ ¥ D' and vy J' b 7' are isomorphisms over a
non-empty open neighborhood of the branch locus of the morphisms D' — D and J' — J induced
by m: X — Y. Therefore the action of G on D'"* and J" is tame, and the quotient D’H/G (resp.
j’ﬁ/G’) is the normalization of D (resp. J). Furthermore, the Op/-module vp ,(Opt)/Opr is the
pullback of a finite Op-module. It follows that the Euler characteristic of vp (Opit)/Opr in the
Grothendieck group of all finite ZG-modules (c.f. §7) is an integral combination of classes of the
form F,G as p ranges over rational primes. Since D’ * has general fiber D', we now find from
Proposition 7.2 that B B
d(H*(Opi),hp) = d(H*(Op'), hpy).

Similarly, } .
d(HO(Oj’ﬁ)a h]’) = d(HO(Oj’)a hJ’)'

The scheme D' is the disjoint union of the spectra of rings of integers on which G acts tamely,
and hp corresponds to the orthogonal sum of the trace forms on these rings of integers. We now
describe the main result of Cassou-Nogués and Taylor in [2] concerning the image of d( H° (OHD,, hp))
in Ad HCI(Z@)).

Let €5, (D*) be the element of Hom(RE, J(Q)) such that €5, (D*)(xy) for xy € RE, have trivial
components at all finite places, and component at the archimedean place vy, of Q given by the
archimedean local constant €, (D, V). By [4, Cor. 5.2.3), €5_ (D", V) = £1 for xv € R, and
5 (DY) is Qq-equivariant. Thus we may view €5 (D?) as defining a class in Ad HCI(ZG). By
restricting the main result of [2] concerning d(H 0((9%,), hp) to characters of degree 0, we have an
equality

d(H®(Op), hpr) = €(DY) - &,(DY) in  Ad HCI(ZG).

In deducing this from [2], it is important to use the fact proved in [13, Theorem IV.29(i)] that
the non-ramified characteristic associated to symplectic representation of Galois extension of local
fields is equal to 1. This allows one to compare €5(D*) to the symplectic root numbers appearing
in [2].

In a similar way, one has

d(HY (O 4), hy) = E(TY) - €,(T") in Ad HCU(ZG).
Thus Corollary 11.13 shows
Corollary 12.1
X (X, G)(0) = &(DY) - &(T°) 2 &, (DY) - &,(J°) 2 in Ad HCUZG). (12.1)
Recall that in Lemma 11.1, D and J were chosen so that

Ky+ Y+ F=D-27. (12.2)
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We now use the comparison of symplectic root numbers appearing in the proof of Theorem [4,
Theorem 7.1.3] to conclude from (12.2) that

&) =& (") &I (12.3)

Note that the exponent —1 on the left arises from the computation of the degree of the restriction
of Oy (Ky + VEi?) to the irreducible components of the finite fibers of ) given in [4, §7.1] together
with the formulas for e-factors proved by Saito and used in the proof of [4, Thm. 7.1.3]. Part (c)
of [4, Theorem 7.1.3] shows in a similar way that for all xy € Rf, of dimension 0, we have

€000 0V, V) = €00 0(D, V) - €0 0(T, V) 2 (12.4)

However, since the general fiber of ) is of odd dimension, we have from [4, Lemma 5.1.1(b)] that
€ve,0(V, V) =1 for all xy € RE. Thus (12.4) shows

e (DY-& (JH2=1 in Ad HCI(ZG). (12.5)

Combining (12.1), (12.3) and (12.5) proves Theorem 6.4 in view of Proposition 9.1(i).

13 Proof of Theorem 6.7

The complex ASI(Qk/Z)[l] used to define x i (X, G) is quasi-isomorphic to (Oy — Q;/Z)[l], while

w¥ s(0)[1] is the complex (Ox — wx(XLe4))[1]. Here Q}v/z and wy(X5?) are isomorphic on the

general fiber of X. In [6, §8.1] it was shown how to define and compute an Euler characteristic
Xtm«(Q;/Z — wx(X54)) in the Grothendieck group KoT(ZG) of all finite ZG-modules of finite

projective dimension which is associated to the natural morphism Q) P wxr(X54). (As in the

proof of Proposition 9.1(ii) in §9, one can view this morphism as defining a two term complex Cy
in degrees —1 and 0.) By applying Proposition 7.2 we now deduce that

xi (X, G) = xu(X,G)(0) - t(xtor (/7 — wa(X§)) ! (13.1)

where ¢ : KgT(ZG) — HCI(ZG) is the homomorphism discussed in §7. It follows from [6, §8.1]
that on taking images in Ad HCI(ZG) and then passing to characters of degree 0, we have

H(xtor (Xjz = wa(XED) ™" = [T 16 D) (13.2)

where the product on the right is over all rational primes p, ), is the fiber of )} over p, and
the character function [€5(),)[, defined in §6 defines a class in Ad HCI(ZG). (Note that be-
cause e-constants do not change on passing to the reduction of a subscheme, we have |&;(V,)|, =
& Ve, = |e5(X5¢/G)|p.) Combining (13.1), (13.2) and Theorem 6.4 now shows

X (X,G) =5V TT1E ) - (13.3)
p
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Let b, C ), be the fiber at p of the branch locus of X — Y, and let U, = ), — b,. With the
notations of §6, we have

e D)l - €)= 16§ plp -6V - T] &)
vEp
= 16 U)o - &(Up) - & (bp)lp - € (bp) [T (€5(Uy) - €5(bp))
v#p
(13.4)

where the product is over all places v of Q (including the infinite place) which are not equal to p.
For each place v of Q, let Det®(Z,G)* be the restriction to symplectic characters of the determinant
subgroup Det((Z,G)*). By [3, Thm. 5.12, 5.13], |&(Up)|p - €,(Up) lies in Det*(Z,G)*, while &,(Up)
lies in Det®((Z,G)*) for v # p. Hence these terms in (13.4) have trivial class in Ad HCI(ZG). Thus
(13.4) gives

&)y = EVp) - 160l - G (bp) - [T &) in Ad HCUZG). (13.5)
v#p
iFrom §6 we have
eY) = o) [T ) (13.6)
P
Furthermore,
& (by) = &(by) - [[ &5) (13.7)

by definition. Therefore combining (13.3), (13.5), (13.

wn(X.6) = @) TIE®) - 60 in Ad HCUZG).
p

) and (13.7) shows

By Proposition 9.1(ii), this implies Theorem 6.7.

A Appendix: Behavior of discriminants under base changes.

With the notations of §4 and 5, let {r/q : ' — Q be the trace function associated to a number field
F. We will also use tp/q for the induced trace homomorphism FG — QG. We can view a locally
free OpG-module M also as a locally free ZG-module. We fix a non-degenerate Hermitian pairing
h: Mp x Mrp — FG, where Mp = F ®p, M. On Mg = Q ®z M we have the Hermitian QG-
module pairing hq : Mg x Mq — QG be defined by h(m,m’) = tp;q(hp(m,m')) for m,m’ € M
and then extended to all m,m’ € Mq by Q-bilinearity.

Choose a (finite) left transversal {o}, for Qp inside Qq. For an arbitrary abelian Qg-module
A, one has a norm map

NF/Q : HomQF (Rg, A) — HomQQ (Rg, A) (Al)

defined by
Nejo(H ) =TT e e ()
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for f € Homg, (R, A) and x € Rf;. Recall that @ = 3 agg if a = > gcc agg9 € FG. The
following result is proved in [13, Thm. IV.11].

Lemma A.1 (Fréhlich) The pairing hq is non-degenerate. The map Np)q in (A.1) induces a
homomorphism Ap;q : HCl(OpG) — HCI(ZG). We have

Api(d(M, hr)) = d(M, hq) - d(OrG,3)™"

where r = ranko,c(M) and B : FG x FG — QG is the Hermitian pairing defined by ((a,a’) =
triq(@-a') fora,a’ € FG.

Lemma A.2 Suppose ¢ € F*, and that we define a new Hermitian pairing by : Mp x Mp — FG

by
hle(m,m') =c-hp(m,m') for m,m’ € M.

The dimension dim(x) of each x € R is even. Define f(c¢) € Homgq, (RS, Q") by flc)(x) =
AimO)/2 for v € R¢,. Then

Pf((Wp(zi,25))iy) = f() - Pf((hp(zi,35))i;) (A.2)
in Homgq,, ( 8,6*)
Proof: Since dim(y) is even if x € Rf,, f(c) is well defined. Clearly
(Rp(vi,v3))ij = ¢« (hp(vi,v5))i-
Since Pfaffians do not change on extending hr from F to Q, we find from [13, Prop. I1.4.5] that
Pf((hp(zi,5))ij)(x) = Dety (Ve - In) - Pf((hp(wi, 1)) (x)

for each symplectic character xy € Rf,, where \/c is a any choice of square root of ¢ in Q. Since
dim(x) is even, this implies (A.2).

Corollary A.3 Let ¢, f(c), hp and h'y be as in Lemma A.2. As in Lemma A.1, let hq =
tr/q o hp and hg = tpq o b be the induced Hermitian forms on Mq. The function N'(f(c)) €

¥

Homgg, (R, Q') then sends x € RE; to
N (£(e))(x) = Normpq (c) ™/, (A.3)
Let [1 x N(f(c))] be the image of

Det(J(QG)) .

1 x N(f(C)) € m X HomQF(RSGaQ )

in HCI(ZG). Then
d(M,hg) = [1 x N(f(c))] - d(M, hq). (A.4)
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Proof: Since h’ and hp are pairings on the same FG-module, Lemmas A.1 and A.2 show that
(A.4) holds. The only thing we need to check is that (A.3) holds. However, by definition

N(F@)) = [Te(f e 00)
= 1] o (cAim( (0))/2)
= II o (c)dimb0/2 (A.5)

= Normp/Q(c)dim(X)/2

since o is a transversal for 1 in Qq.

Corollary A.4 With the notations of Corollary A.3, the degree 0 classes J(M, hq) and CZ(M, h'Q)
are equal.

Lemma A.5 Suppose F' is a finite extension of F with ring of integers Opr. Define M' = M ®¢,,
Op:. One has a natural isomorphism M}, = Mpr @p F', The pairing hr : Mp x Mp — FG induces
a Hermitian pairing hpr : Mp x M, — F'G via this isomorphism. Let hgy be the pairing tpjqohp
on Mg =M'®z Q. Let n =rankpg(M), and let § = dp//q - d;}gﬂ € Q. Define

Det(.(QG))

m x Homg,, (Réa 6*)

z=1Xzs €

by letting zs(x) equal ™ ™00/2) for all x € RE,. Let [2] be the image of z in HCI(ZG). Then
A(M, Y) = d(M, b)) - [2]. (A7)

Proof: If Aisan Qp-module, the relative norm operator N/ : Homg, (Rg, A) — Homq, (Rg, A)
acts as multiplication by [F' : F] on the subgroup Homg, (Rg, A) of Homq,, (Rg, A). Hence com-
bining the going-up result of [13, Theorem IV.9] with the going down result in [13, Theorem IV.11]

shows
d(M' tpr g o hpr) = d(M, hp) T d(Op G, Bpr )™ (A.8)

in HCI(OrG), where Bp//p : F'G x F'G — FG is the Hermitian form resulting from the trace
tgr/p- Another application of the going down result shows

d(M',h§) = Nij(d(M' tpr g o hp)) - d(OpG, Brig)™ " (A.9)

and
d(M,hq) = Np/q(d(M,hF)) - d(OrG, Br/q)" (A.10)

where N : HCI(OrG) — HCI(ZG) is the norm map. Combining (A.8), (A.9) and (A.10) gives
d(M', 1) /d(M,hq) "1 = N (d(Or G, Brryi)"). (A.11)
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The right hand side of (A.11) is the image of Np/q(d(Opr,tp//p)") in HCI(ZG) under the going
up homomorphism HCI(Z) — HCI(ZG) induced by the ring inclusion of Z into ZG. In HCI(Z)
we have the usual relative discriminant formula

d(Opr, tprQ) = Npj(d(Opr, tp ) - d(Op, trq) T . (A.12)

Thus 5.2 shows that Np/q(d(Opr,tp//r)) is identified with § under the isomorphism HCI(Z) = Q*
in (5.2). By [13, Theorem IV.11], the going up homomorphism HCI(Z) — HCI(ZG) above is
induced by the homomorphism Rg — K. = Z which sends a character to its dimension. Hence the
right hand side of (A.11) is equal to [z], and (A.7) is proved.

Corollary A.6 With the notations of Lemma A.5, the degree 0 classes d(M’, hq) and d(M, hq)!F"F]
are equal.

B Appendix: Exact sequences of Hermitian modules.

With the notations of Appendix A, let (,) : Mpx Mp — F be a symmetric G-equivariant F-bilinear
non-degenerate form. By Lemma 2.1, such (,) correspond bijectively to non-degenerate Hermitian
forms (, )¢ : Mp x Mp — FG via the usual formula

(m,m')g =Y (m,gm')g .
ge@

Lemma B.1 Suppose 0—W-5M-5T—0 is an ezxact sequence of locally free OpG-modules.
Suppose also that there is a G-equivariant perfect bilinear pairing (,) : Wg x Ty — F such that

(a(w),m) = (w, B(m)) for we€ Wg,m e Mp.

Then (Mp,{,)c) is a hyperbolic space in the sense of [13, p. 164, 52]. We have an equality of
discriminants

where ()" : (W@ T)rp x ( WOT)r — F is the symmetric G-equivariant bilinear form defined by
(w EBt,w' EBt')" = (w, ') + (', t).

Proof: Since TF is a free FF'G-module, we can find a G-equivariant section A : Trp — MF of f®0, F.
Fix t € Tp. Since A is F-linear and (, ) is F-bilinear, the function f; : Ty — F defined by

for ' € Tp lies in Homp(TF,F). Because (,) is perfect and G-equivariant, it defines a G-
isomorphism between Wy and Homp (T, F'). Hence there is a unique 7(t) € W such that

—(A@),A(#))/2 = (1(t), ") for t € Tk.
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A straightforward computation shows that the function 7 : Tp — Wp sending ¢ to 7(¢) lies in
HomFG (TF, WF)

We can now define a new section X' : Tpx — Mp by X' = A+ (ao7). Let n: Wp @ Tr — My be
the QG-isomorphism defined by n(w @t) = a(w) + X (t). Another easy calculation shows 7 defines
an isometry between the hyperbolic pairing (, )¢, on (W @ T)p and (Mp, (,)q)-

It remains to prove the equality of discriminants (B.1). Following the recipe in Definition 4.4,
we choose the basis {v;}; for My over FG so that a subset {v;}; of this basis is a basis for Wy
over F'G, the complement {v;}; of this subset in {v;}; projects to a basis for Tr over FG, and
the matrix (v;,vyr); is a block matrix with diagonal blocks having all entries equal to 0. We can
choose local bases of M in such a way that the transition matrix between {v;}; and each local
basis is a block upper triangular matrix, with the diagonal blocks coming from transition matrices
associated to T' and W. The equality d(T, (,)q) = d(M @ W, (,)¢) now follows from Definition
4.4, since our choice of global bases makes the appropriate Pfaffian character functions equal for
these two discriminants, and the determinant of a block upper triangular matrix is the product of
the determinants of the diagonal blocks.

We will later need to consider the following special case:

Lemma B.2 Suppose that W =T in Lemma B.1, so that (,)' defines a symmetric G-equivariant
non-degenerate bilinear form on Wg. Then

J(Ma<a>G) = CZ(W@Ta(vyé) = J(Wa<v>lG)2 (B'2)

Proof: Choose local and global bases for W as a locally free OrpG-module, and then use copies
of these bases for T'. Applying the recipe for computing Pfaffians, we see that the local transition
matrices between the resulting global and the local bases for W @ T' are block diagonal, with two
diagonal blocks both equal to the corresponding matrices for W and two off diagonal blocks equal
to 0. The determinant of such a matrix is the square of the determinant of one of the diagonal
blocks. The Pfaffian matrix for W @ T has, on the other hand, two diagonal blocks equal to 0,
and two off diagonal blocks each equal to the (symmetric) Pfaffian matrix for W. On applying to
this block matrix the matrix representation associated to a symplectic character y, we see that we
must compute the Pfaffian Pf(B) of a 2 x 2 block matrix B having diagonal blocks equal to 0 and
off diagonal blocks each equal to a matrix A which is symmetric with respect to the appropriate
involution j. Thus as in [13, Prop. 11.3.1], A = P - PJ for some matrix P, with Pf(A) = det(P).
To compute Pf(B), we use the trick of [13, p. 43]. Thus

0A 0 PPJ -
== == . f— . -]
B <A0> <PPJ 0 ) R-R

-1 P —/-1P
R=v2 (P \/—_1P>

when

Thus
Pf(B) = det(R) = v—1""Ndet(P)? = (—1)4im(0/2det(P)? = (—1)4m00/2pf(4)2
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where dim(x) is even since y is symplectic. Taking into account what we have already shown con-
cerning determinants of transition matrices at finite places, we get (B.2) on restriction to characters
of degree 0.

C Appendix: Computing Pfaffians

The object of this section is to describe another way of computing the Pfaffian function P f ((h(v;, vj))i;)
appearing in Definition 4.4. This will be needed to complete the proof of Theorem 2.5 in Appendix
D.

As before, let Mp be a free FG-module, and let h : Mp x Mrp — FG be a non-degenerate
Hermitian pairing. There is a unique non-degenerate G-invariant bilinear form h; : Mp X Mp — F
such that

h(m,m') =Y hi(m,gm') g~'
e
for all m,m' € Mp.

Let V be a symplectic representation of G over F, with alternating non-degenerate G-invariant
bilinear form hy : V x V — F. By ([16, §XIV.9]) dim#(V) = 2n is even, and V has a symplectic
basis {w;}#", relative to the form hy such that ho(w;, wy) = 0 unless {i,'} = {2j — 1,25} for some
integer j, and hyp(woj_1,wo;) = —ho(waj,waj—1) =1. Let T : G — Mats, (F) be the representation
of G on V relative to the basis {w;};, and extend T as before to an algebra homomorphism
T : FG — Maty,(Q).

Let {y;}?_, be a basis for (Q)?. We fix the symplectic basis {y; ® w;}; ; for the orthogonal sum
Vi =(Q)? ®gV of q copies of V. Let H = (_01 é), and let H = diag(H, ..., H) be the block
matrix in Mato,,(Q) having ng diagonal blocks equal to H and all other 2 x 2 blocks equal to 0.

Then H is the matrix of the orthogonal sum h;q of g copies of hy relative to the basis {y; ® w;}i ;

of V¢ = Q%q, in the sense that
hy (2, y) =" Hy

if z and y are column vectors representing elements of V¢ relative to this basis, where z!" is the
transpose of . One has H!" = —H = H~!. The symplectic involution J associated to h2L ? sends
P € Mats,,(Q) to P7 = H='P"H, since

hé_q(P‘]at,y) — h;‘q(H_IP"’Hm , y) = glr rHtrP(rH—l)trrHy — :L‘trHPy — h;q(lL‘,Py).

Let {v;}{_; be a basis over FG for Mp. Then as in the §4, A = {h(v;,v;)}{;_; is a matrix in
Maty(FG), and T(A) = {T(h(vi,v;)) g,j:l is a matrix in Maton,(Q). Here T(A) is the matrix of
the action of A on the orthogonal sum V4. Since h is a Hermitian pairing, we find, as in §4, that

T(A) is symmetric with respect to the involution J defined above for h,2L 7. Thus

T(A) =H'T(A)"H =T(A).
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By definition, if x is the character of the representation V', then

Pf((h(vi,v7))i)(x) = PfIT(A).
Our goal is to compute Pf/T(A) using an alternating bilinear form on (M ®r V)%.

Lemma C.1 There is an unique isomorphism of Q-vector spaces v : V9 — (M @5 V)¢ such that
Y(yi ® wj) = Tre(vi @ wy) for all i, 5, where Trg =3 e g is the trace operator.

Proof: Let (M ®pV)q be the G-covariants of M ® V. Since V is a representation of G over a field
of characteristic 0, the trace homomorphism Tr¢g : (M ®p V)g — (M ®r V)¢ is an isomorphism.
Because M = @?_, FGuv; is free on the v;, the images of the elements of {v; Qw;};;j in (M @ V)q
are distinct and form a basis of (M ®F V)¢, and the Lemma is now clear.

Definition C.2 Leths : (M®pV)x (M ®pV) — F be the unique alternating bilinear form defined
by
ha(m ® v, m @ o) = by (m, m') - h(v,0')

for m,m € M and v,v' € V. Let h§ be the restriction of hy to (M ®@p V)¢ x (M @p V)¢,

Proposition C.3 Let B be the matriz (hS (Tra(vi ® wj), Tra(vy @ wjr)))iw i in Mata,e(Q),
where i and i' range over {1,...,q} and j and j' range over {1,...,2n}. Then B = —B, and

—#G-H-T(A) = B. (C.1)
Proof: Fix i and j, and consider the block of T'(A) of size 2n x 2n given by

T(h(vi,vj)) = Z hl(xiang)T(gil)'
ge

For 1 < k,l < 2n, the entry at position k,[ in this block is

T(h(vi,v))eg = D b1 (25, 92)T (g iy (C.2)
ge@

where
2n

g w =T(g7 " Ywr =Y T(g7 uk Wa- (C.3)

u=1
We now compute
hg(Trg(Ui X wk), Trg(vj X wl)) = Z h3(7’1)i ® Twg, 0v; & le)
T,0€G

= #G-Y_ h3(v; ® wi, gv; @ guy) (C.4)
ge@

= #G- Y hi(vi,gv;) - ha(wg, guy)
ge@
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Now from (C.3) and the fact that {wj} ", is a symplectic basis one has
ho(wg, guy) = hz(g_lwk,wz) (C.5)
= ZT Juye B2 (wy, wy)

= (—l)lT(g_l)z—(—nl,k

Substituting (C.5) into (C.4) and then using (C.2) shows

h§ (Trg(v; @ wi), Tra(v; @ wy)) = (=1)" - #G - T(h(vi, v7)); (1)t g- (C.6)
The final equality in (C.6) gives (C.1).
Corollary C.4 Define 9*h$ to be the alternating bilinear form on V+9 which is the pull back via

the isomorphism 1 : V4 — (M ®p V)9 of Lemma C.1 of the bilinear form h§ on (M ®p V)¢
defined in Definition C.2. For z,y € V9 one has

S (2, y) = hy Uz, (—#G) - T(A)y)

where (—#G)-T(A) is J-symmetric. The forms 1*hS and hZLq are isometric (since they are alter-
nating non-degenerate bilinear forms on the same vector space). Thus there is linear automorphism
P': V44— V49 such that

P . P = (—#G)-T(A).

Let x be the character of V.. Then
Pf((h(vi,0)))ij)(x) = Pf7(T(A)) = (—#G) VPP I ((—#G) T(A)) = (—#G) =92 det(P')
for all such P'.

Proof: This is clear from Proposition C.3 and the definition of Pfaffians, together with the fact
proved in [13, p. 40] that Pf/(a-I) = a94m(V)/2 if ¢ € Q and T : V19— V14 is the identity map.
(Note that V' has even dimension because it is symplectic.)

Remark C.5 The significance of Corollary C.4 is that it makes it possible to compute Pfaffians
using two natural alternating bilinear forms on (M ®p V)¢. This will be useful later when the
forms on (M ®p V)% can be written in a natural way as orthogonal sums.

D Appendix: Homotopies of perfect morphisms.

The object of this section is to prove Theorem 2.5, namely that d(P*,¢$) = d(P*,¢') if ¢ and ¢'
are homotopic perfect morphisms from Pg to Py

For simplicity of notation, let M*® = Py = P* ®z Q. All morphisms M*® — M* which induce
the same homomorphism on cohomology are homotopic. Hence it will suffice to prove Theorem 2.5
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when ¢ is constructed as in the proof of Proposition 2.7(b) for S¢ = M*®. Thus relative to a fixed
G-direct sum decomposition

M'=B'M* )P H M )PU'
we can describe the pairings induced by ¢ in the following way. Suppose 7 # 0. Then the symmetric
non-degenerate bilinear form (,); —; : (M' @ M~") x (M* & M) — Q induced by ¢' ® ¢—* :
M'@&M " — M~'® M? is the orthogonal sum of three hyperbolic forms h;, hiy ;; and hng, where
h%; is a form on H'(M®) & H~*(M*) and h%yU is a form on BY(M*) ® U~". When i = 0, the form
(,)0,0 on M 0 induced by ¢° : M® — MY is the orthogonal sum of A% and the hyperbolic form h%,U'
Definition D.1 Suppose V' is a symplectic representation of G, with alternating non-degenerate
G-invariant bilinear form hy : V. xV — Q. If L is a QG-module, let LY = (L ®q V)¢. If

f:LxL— Q isa symmetric bilinear form, let f‘g : L‘Cj X L‘Cj — Q be the alternating bilinear
form which is the restriction of f ® hy from L ®q V to L‘G/.

In view of our description of the pairing (,); ; as an orthogonal sum, we have the following
result:

Lemma D.2 Let V is an in Definition D.1, and . If i # 0 then ({,);, ) is the orthogonal sum
((ha))¥ L (A )V L (hplp)T
If i = 0, then ({,)0,0)$ is the orthogonal sum
(he)*)¥ L (A )V

Proposition D.3 Suppose ¢' : M* — M* is a perfect morphism homotopic to ¢. Let 6" : M* —
ML be the i-th boundary homomorphism of M®. There are is are morphisms Sij+1 : ML M
such that

zi=1458;410 b + 5 1o S; (Dl)

is an automorphism of M*, and _ _
Pq = ¢q © %i- (D.2)

Proof: By definition, there are morphisms k;q : Mt — M*' such that
¢Ii o ¢Z — ki—l—l o 6Z + 6li—1 o kz
~. —i—1 —— ) ) o
where 0°1 : M*'" — M*' is the (1 — 1)-st boundary homomorphism. Because ¢" : M* — M*' is

an isomorphism, we can lift k;;; to a homomorphism s;4 : M+ — M* such that kiy1 = $to Sit1-
This gives formula (D.2), and z; must be an isomorphism because ¢ and ¢" are.
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Proposition D.4 Define M = M@ M~ if i #0, and let M = M° ifi = 0. Let J be the adjoint
involution of Enda(M‘(,;) which is associated to the alternating bilinear form ({,); ;)% described in
Lemma D.2. Thus for P € Enda(M‘g) and z,y € M& we have (P’ z,y)$ = (z, Py)$i. Fori #0
(resp. for i =0) let z = (2; ® 2—;)$} (resp. z = (20)$) be the element of Enda(M‘g) induced by
2@z i M @M~ — M'® M~ (resp. z: M — M), where z; is defined in (D.1). Then z is

J-symmetric, i.e. 2z’ = z.

Proof: Suppose i # 0. Let the quadratic form
=0 i MeM ) x(MeoM™) - Q
be induced by ¢ & ¢'~t : M* ® M~" — (M~%)* @ (M*")*. We have
o = (o) o (u )

This gives . .
(@9 = ((¢' © )W o (20 ® 2-)V(2))(y) = (2 ® 2-0)V (), 9, )T

Now both (,){¥ and (,)§ are alternating, so

((z @ 2z=)F (). )V = (z,9)¥
= —(y,2)¢ (D.3)
= —((z @ 2V (y), 2)¥

= (2, (2@ 2-0)F ()Y
Since (,)§ is non-degenerate, this shows 2z = (z; ® z_;){} is J-symmetric. The argument when i = 0
is similar.

Corollary D.5 Suppose {vj}]_, is a basis for the free QG-module M. Let ¢ and ¢’ be as in
Proposition D.3. Then ¢ defines a Hermitian form hyyr : M x M — QG, and ¢’ defines a Hermitian
form h' : M x M — QG. With the notations of Proposition D./, one has

_ PF((W (v1,9)))1,5) (%) (D.4)

J
Pf (z)_ Pf((h(vl,vj))l,j)(X)

where x is the character of V.

Proof: We use Corollary C.4 to compute P f((h'(v;,v;))1,;)(x) and Pf((h(vi,v5))1,;)(x) by means
of the alternating forms ((,); ;)% and ((, );’_Z)‘Cj on M&. The matrix of the form (,){¢ is equal
to the matrix of the form (,){ multiplied by the matrix of z&. We now have (D.4) from the
multiplicative properties of Pfaffians (c.f. [13, Prop. 1.3.6]).

Proposition D.6 Suppose L =17 |, L; is the orthogonal direct sum of hyperbolic spaces L; =
Li1@® Lio over Q. Thus L;1 and L; 2 are isotropic, and the alternating form on L; identifies L;
with L;y = Homq(L;1,Q). Suppose o is a symmetric automorphism of L which preserves the
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spaces Wi, = @i Ly for k = 1,2. We may then write the restriction oy, of o to Wy, as a block
matriz (o), whej:e/ oy’ € Homq(Ljk, Lig) and o|p;, = iy . Then ay is the transpose oy
of ay, so oz%’i = ozlfj. Let P : L — L be the direct sum of oy : Wi — Wy and the identity map
Wy — Wy. Then P’ - P = «, where J is the symplectic involution of L. Thus

Pf(a) = det(P) = det(ay) = det(P”) = det(as).

Suppose finally that oy is upper triangular, in the sense that ai’j =0ifi > 7. Then as is lower
triangular. One has

n
det(P) = H det(a]")
i=1

where

det(a?’) = det(a’') = det(ab’) = Pf(a)
when of = ai’i@aé’i is the symmetric automorphism of L; = L;1 @ L;2 which results from re-
stricting o to L; and then projecting onto L;.

Proof: This is clear from the fact that if (,) is the alternating form on L, then (a1, z9) = (21, ax2)
for 1 € L1 and x4 € Ls.

Corollary D.7 With the notation of Propositions D.4, let B; = B{(M*®)$, U; = (U)$ and let T;
be the summand B'@ U_; of M‘g Let z(T) be the endomorphism of a summand T of M‘(/; which
is induced by restricting 2{! to T and then projecting from M to T. If i # 0, then

Pf(z) = Pf(2(Ty)) - Pf(2(T-i))

where
Pf(2(Tj)) = det(2(Bj)) = det(z(U-;)).

If i =0, then
Pf(z) = Pf(2(T))) = det(z(By) = det(z(Up)).

Proof Define C* = H{(M*){ @ H (M*)$ if i # 0 and C° = H(M*)$. By Proposition D.6, we
may write L = M‘g as the orthogonal sum of L; = T}, Ly = C* and Ly = T_; (resp. L; = Ty
and Ly = Cy) if ¢ # 0 Each of these L; is given as a hyperbolic space except for Cp, and in that
case we simply choose any hyperbolic basis for Cy. The formula for z in (D.1) of Proposition D.3
shows the hypotheses of Proposition D.6 are satisfied since s;;1 0 8% is 0 on B*(M*) & H'(M*) and
61 o s; has image in B*(M*®). In particular, z induces the identity map on B*(M*)S @ H'(M*)$
modulo BY(M*®)$, so z(H'(M*)$}) is the identity. Hence Pf(z(H'(M*)&)) = 1, and the statements
in Corollary D.7 now follow from Proposition D.6.

Proof of Theorem 2.5.
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Suppose ¢' is a perfect morphism from M*® to M?* which is homotopic to our fixed ¢. Following
the recipe for computing d(P*, ¢) and d(P*, ¢') which is given in Definitions 2.4 and 4.4, we see that
to prove d(P*, ¢) = d(P*®,¢') if will suffice to show that the Pfaffians associated to a fixed choice of
local and global bases for the terms of P* do not change when one replaces ¢ by ¢'. Corollaries D.5
and D.7 show that if V is a given symplectic representation of G, the factor by which the Pfaffians
change when one replaces ¢ by ¢’ can be written as a product of the form

det(z(By)) - [ (det(z(B;)) - det(z(U;))) ="

1<0

i

(D.5)

where the terms in this expression are defined in Corollary D.7. The boundary homomorphism §° :
M" — M induces an isomorphism between U? and B**!(M*®) which identifies the automorphism
2(U;) of U; with the automorphism z(B; 1) of B;y1. Thus the product in (D.5) telescopes to equal
1. This completes the proof.
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