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Abstract

Suppose X is a regular projective scheme which is 
at and equidimensional over Z of relative
dimension d. Let G be a �nite group acting tamely on X . De�ne HCl(ZG) to be the Hermitian
class group of ZG. Using the duality pairings on the de Rham cohomology groups H�(X;
�

X=Q)

of the generic �ber X of X , we de�ne a canonical invariant �H(X ; G) in HCl(ZG) whose image
in Cl(ZG) is (�1)d times the de Rham invariant �(X ; G) considered in [4]. When X is a curve
over Z we determine the image of �H(X ; G) in the adelic Hermitian classgroup Ad HCl(ZG)
by means of �-constants. We also show that in this case, the image in Ad HCl(ZG) of a closely
related Hermitian Euler characteristic �H(X ; G)(0) both determines and is determined by the
�0-constants of the symplectic representations of G.
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1 Introduction.

Suppose X is a regular projective scheme over Z and that G a �nite group acting on X . An
OX -G module is a coherent OX -module having an action of G compatible with the action of G
on OX . Coherent Galois module structure theory has to do with the G-module structure of the
cohomology groups of bounded complexes L� of OX -G modules. The main goal of this paper
is to develop a theory which also measures in a suitable sense the isomorphisms and pairings
provided by the coherent duality theorem of [19]. One application is to the study of equivariant de
Rham discriminants and their connection to epsilon factors. This can be viewed as an equivariant
generalization of work of Bloch in [1].

A natural approach to studying the cohomology of L� is to de�ne an Euler characteristic in a
suitable Grothendieck group of �nitely generated G-modules. If the action of G on X is tame, in
the sense of [5], then one can de�ne such an Euler characteristic �P (L�) in the Grothendieck group
K0(ZG) of all �nitely generated projective ZG-modules. A survey of some results about �P (L�) is
given in [11]. Many of these results were motivated by the study of the stable isomorphism class of
rings of algebraic integers as Galois modules (c.f. [12]). The fundamental result about tame rings
of integers is Taylor's theorem [26], which links the class in K0(ZG) of the ring of integers of a �nite
tame Galois extension of number �elds to the Artin root numbers of symplectic representations of
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the Galois group G of the extension. A generalization of this Theorem to the de Rham cohomology
of all X as above satisfying certain natural conditions was proved in [4, 6].

Various Euler characteristics in more re�ned Grothendieck groups than K0(ZG) have been
studied over the years. The Hermitian classgroup HCl(ZG) of ZG, and a quotient Ad HCl(ZG)
of HCl(ZG) called the adelic Hermitian class group, were de�ned by Fr�ohlich in order to study the
Galois structure of rings of integers together with the natural trace form. This led eventually to
the results of Cassou-Nogu�es and Taylor in [2]. They proved that the adelic Hermitian classes of
tame rings of integers together with their trace forms are both determined by and determine local
and global root number of symplectic representations of Galois groups.

There are (at least) two very di�erent ways of generalizing Hermitian theory of rings of integers
to coherent sheaves on schemes. One method is to introduce G-invariant Hermitian metrics on
such sheaves, as in Arakelov theory, and to study G-equivariant metrized Euler characteristics.
This approach is taken in [7], in which an Arakelov theoretic generalization of Taylor's theorem
for X of arbitrary dimension is proved. The approach we will take in this paper is di�erent, and
is motivated by the fact that the trace form on rings of integers arises from the coherent duality
theorem for schemes of dimension 1.

The �rst step in pursuing Hermitian Galois structure via coherent duality is to associate an
Euler characteristic in Fr�ohlich's Hermitian class group HCl(ZG) to a perfect complex P � of ZG-
modules for which one has a suitable family h; i of duality pairings in cohomology. We de�ne
such an Euler characteristic d(P �; h; i) in x2. Following Fr�ohlich, we call d(P �; h; i) a Hermitian
discriminant. Our main result concerning this discriminant, Theorem 2.8, is that it depends only
on the isomorphism class of P � in the derived category together with the family of pairings h; i. The
proof uses a method of computing Pfa�ans which is postponed until Appendix C. In Appendix
D we complete the proof of Theorem 2.8 by showing the homotopy invariance of discriminants of
complexes with pairings.

In x3 we consider arithmetic applications to schemes X as above having a tame action by a �nite
group G. We de�ne a canonical Hermitian de Rham discriminant �H(X ; G) in HCl(ZG) whose
image in Cl(ZG) is the de Rham invariant considered in [4; 6]. A construction due to Dold and
Puppe of exterior power functors on perfect complexes of OX -modules is needed to create suitable
canonical complexes on whose cohomology groups one has the appropriate duality pairings.

The rest of this paper is devoted to relating �H(X ; G), and a variant �H(X ; G)(0) of this
discriminant, to �-factors of representations when dim(X ) = 2. Our main results provide Hermitian
generalizations of the work on surfaces in [4].

In Theorem 6.4 we show that the image of �H(X ; G)(0) in the adelic Hermitian class group
Ad HCl(ZG) both determines and is determined by the �0 constants associated by Deligne to the
symplectic representations of G. This is a counterpart for surfaces of the main global result of
Cassou-Nogu�es and Taylor in [2].

It is remarkable that the �-factor class �s0(Y)�1 arising in Theorem 6.4 is the same class appearing
in the main result proved via the Arakelov approach to metrizing Euler characteristics in [7]. We
see no direct reason for this to be true, e.g. because the metrics on cohomology in the Arakelov
approach are positive de�nite while the pairings on cohomology we use in this paper will not in
general be so.
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Our second result concerning surfaces, Theorem 6.7, relates the image in Ad HCl(ZG) of the
discriminant �H(X ; G) to �-factors. We show that this image is the sum of a global symplectic root
number term and a term associated to root numbers over the branch locus of � : X ! X=G. This
mirrors the decompositions of the de Rham Euler characteristics proved in [3, 4, 6]. One interesting
feature of this result is that while �H(X ; G)(0) de�nes a rational class, in the sense of [2] and x5,
we do not expect this to be true in general of �H(X ; G).

We end this introduction with a sketch of the proofs of Theorems 6.4 and 6.7 and with a
summary of the structure of this paper.

The �rst step towards proving the main theorems is to reduce to considering characters of degree
0. One shows this reduction is equivalent to proving the theorems when G is the trivial group. In
this case, the theorems follow from work of Saito [22] on �0 factors and of Bloch [1] on the relation
between conductors and de Rham discriminants. To treat characters of degree 0, the strategy (as in
[4]) is to reduce to the case of rings of integers by a judicious choice of e�ective horizontal divisors
D and J on Y = X=G. The algebraic problem is to show that

~�H(X ; G)(0) = ~d(H0(OD0); trD0) � ~d(H0(OJ 0); trJ 0)�2 (1.1)

where ~c is the restriction to characters of degree 0 of a class c, D0 = ��1(D), J 0 = ��1(J ) and
trD0 and trJ 0 are the trace forms on the generic �bers D0 and J 0 of D0 and J 0, respectively. This
requires establishing various exact sequences in cohomology and comparing via these sequences the
pairings involved in the de�nition of the discriminants appearing in (1.1). The step of comparing
pairings is the main additional complication beyond the work in [4, 6], and it is the main di�culty
now in treating schemes of arbitrary dimension.

In x7 we prove the expected result about how discriminants behave when one has a triangle
of complexes of OX -G-modules in which one term is supported on a �nite number of �nite �bers.
The reduction to characters of degree 0 mentioned above is carried out in x8 and x9. We collect in
Appendices A and B the facts about discriminants needed to treat virtual characters of degree 0
in the case of surfaces. In x10 we show that one can make certain base changes to prove Theorem
6.4 which are needed to construct the divisors D and J in x11. In x11 we make the computations
of trace pairings necessary to establish (1.1). The proof of Theorem 6.4 is then completed in x12
using the main result of Cassou-Nogu�es and Taylor in [2] to relate the right hand side of (1.1) to
root numbers associated to D0 and J 0, and the comparison of these root numbers to those going
into the de�nition of ~�s(Y)�1 which was made in [4; x9]. We prove Theorem 6.7 using Theorem 6.4,
x7 and the �bral calculations in [4, x8].

2 Symmetric morphisms of modules and complexes

Let G be a �nite group, and suppose M is a �nitely generated left QG-module. De�ne ~M =

HomQ(M;Q). We may identify M with ~~M via the map m ! ff ! f(m)g. A G-morphism

� : M ! ~M will be called symmetric if the dual morphism ~� : ~~M = M ! ~M is equal to �. Thus
� is symmetric if and only if the G-invariant bilinear form h; i� de�ned by hm;m0i� = �(m)(m0) is
symmetric, in the sense that hm;m0i� = hm0;mi� for all m;m0 2M . We will call � non-degenerate
if it is an isomorphism, in which case h; i� is a non-degenerate bilinear form.
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Lemma 2.1 De�ne a biadditive form

h; i�;G :M �M 7! QG

by
hm;m0i�;G =

X
g2G

hm; gm0i� g�1:

The form h; i�;G is QG-linear in the second variable. If � is symmetric then

hm;m0i�;G = hm0;mi�;G
where the anti-involution �! � of QG is the unique Q-linear homomorphism for which g = g�1 for
g 2 G. Thus if M is a free �nitely generated QG-module and � is symmetric and non-degenerate,
the form h; i�;G is a non-degenerate Hermitian form on M in the sense of ([13], p. 25). Conversely,
any such form is equal to h; i�;G for a unique symmetric non-degenerate �.

Proof: See [13, p. 25, 164].

Suppose M� is a complex of �nitely generated QG-modules. Let gM� be the complex which

results from applying the functor M ! ~M to M�. The ith term of gM� is gM�i.
Let � : M� ! gM� be a morphism of complexes of �nitely generated QG-modules. We have a

canonical identi�cation of
ggM� with M�. Using this identi�cation, let ~� : M� =

ggM� ! gM� be the
morphism of complexes which results from applying the functor M 7! ~M to �.

De�nition 2.2 The morphism � : M� ! gM� is symmetric if ~� = �. If for each i 2 Z, �i :

M i ! (gM�)i = gM�i is an isomorphism, we will call � non-degenerate. If � is both symmetric and
non-degenerate, � will be called perfect. A perfect Hermitian complex is a pair (P �; �) consisting of
a perfect complex P � of ZG modules and a perfect morphism � : P �Q !gP �Q, where P �Q = P � 
ZQ.

De�nition 2.3 Suppose (P �; �) is a perfect Hermitian complex. De�ne P even =
L

i even P
i and

P odd =
L
i odd P

i. We have G-homomorphisms

�even =
X
i even

�i : P evenQ ! P evenQ

and
�odd =

X
i odd

�i : P oddQ ! P oddQ :

These G-homomorphisms are symmetric and non-degenerate because (~�)i : P iQ ! g
P�iQ equals g��i

and because �i is an isomorphism. Let heven and hodd be the Hermitian forms on P evenQ and P oddQ

associated to �even and �odd.
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De�nition 2.4 A Hermitian module [13, p. 25] is a pair (M;h) consisting of a locally free �nitely
generated ZG-module M together with a non-degenerate Hermitian pairing h : MQ �MQ ! QG,
where MQ = M 
Z Q. Let d(M;h) be the discriminant of (M;h) in the Hermitian classgroup
HCl(ZG) (see [13, Theorem 3, p. 50], or x4 below). With the notations of De�nition 2.3, let

d(P �; �) = d(P even; heven)=d(P odd; hodd)

We will show in Appendix D the following result:

Theorem 2.5 The discriminant d(P �; �) depends only on the homotopy class of the perfect mor-
phism � : P �Q !gP �Q.
De�nition 2.6 Suppose P � is a perfect complex of ZG-modules. A perfect pairing h; i on the
cohomology H�(P �Q) is de�ned to be a collection fh; itgt of perfect G-equivariant pairings

h; it : Ht(P �Q)�H�t(P �Q)! Q

such that
hx; yit = hy; xi�t (2.1)

for all t 2 Z, x 2 Ht(P �Q) and y 2 H�t(P �Q).

Proposition 2.7 Let P � be a perfect complex of ZG-modules.

a. Suppose � : P �Q !gP �Q is a perfect morphism. Then � induces isomorphisms �i : Ht(P �Q) !
Ht(gP �Q) = gH�t(P �Q). The resulting pairings h; it : Ht(P �Q) �H�t(P �Q) ! Q de�ne a perfect
pairing h; i on H�(P �Q).

b. Conversely, suppose h; i = fh; itgt is a perfect pairing on H�(P �Q). There is is an acyclic perfect
complex K� of ZG-modules so that the following is true of the complex S� = P � �K�: there
is a perfect morphism � = �(h; i) : S�Q !gS�Q which induces the pairings h; it via the natural

isomorphisms Hi(S�Q)! Hi(P �Q) for all i. The morphism � is unique up to homotopy.

Proof: The only thing to show regarding part (a) is that the symmetry condition (2.1) holds, and
this is a consequence of the fact that �t = e��t by assumption. We now assume the hypotheses of
part (b).

By summing complexes of the form Fm
z�!Fm+1 to P �, in which F j is a �nitely generated free

module in degree j and z is an isomorphism, we can construct an acyclic bounded complex K�

of �nitely generated free ZG-modules such that when S� = P � �K�, the ranks of Siand S�i as
locally free ZG-modules are equal if i 6= 0. This is also true if i = 0.

For each i, choose a non-canonical splitting

SiQ = Bi �Hi � U i
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in which Hi = Hi(S�Q) and U i is a QG-module which maps isomorphically under the boundary

homomorphism �i : SiQ ! Si+1Q to Bi = Bi+1(S�). We have a QG-module isomorphism

SiQ =
g
S�iQ (2.2)

since Si and S�i are locally free of the same rank as ZG-modules. Let

�iH : Hi ! gH�i (2.3)

be the isomorphism induced by h; ii. Clearly Bi and U�i are f0g if i is su�ciently negative. We
conclude by induction, using (2.2) and (2.3), that for all i � 0 there is a QG-module isomorphism

�iB : Bi ! gU�i:
The boundary isomorphisms U i�1 ! Bi and U�i ! B�i+1 together with �iB induce isomorphisms

�i�1U : U i�1 ! gB�i+1

for i � 0. De�ne �iU : U i ! fBi to be
g
��iB for i � 0, and de�ne �iB : Bi ! gU�i to be

g
��iU for i > 0.

De�ne �i by

�i = �iB � �iH � �iU : SiQ = Bi �Hi � U i ! g
S�iQ = gU�i � gH�i � gB�i:

By construction, the �i �t together to give a morphism of complexes � : S�Q ! S�Q. Furthermore,

�iB = ~��iU and �iU = ~��iB for all i. Property (2.1) implies �iH = ~��iH for all i, so we conclude
�i = ~��i, i.e. that � is a symmetric morphism in the sense of De�nition 2.2. Since each �i was
constructed to be an isomorphism, we also see that � is non-degenerate, so � is perfect. Because
QG is semi-simple, two morphisms from S�Q togS�Q which induce the same morphism on cohomology
must be homotopic. Hence � is unique up to homotopy.

Theorem 2.8 Suppose P � is a perfect complex of ZG-modules, and that h; i = fh; itgt is a perfect
pairing on the cohomology H�(P �Q). We will say that two pairs (P �; h; i) and (P 0�; h; i0) of this kind
are quasi-isomorphic if there is an isomorphism between P � and P 0� in the derived category which
identi�es h; i with h; i0. Let K�, S� = P � �K� and � = �(h; i) : S�Q ! gS�Q be as in Proposition
2.7(b). The discriminant d(S�; �) depends only on the quasi-isomorphism class of (P �; h; i), and
will be denoted d(P �; h; i).

Proof: Suppose that S0� = P 0� �K 0� and �0 : S0�Q !gS0�Q are constructed for P 0� in the same way
S� and � were for P �. There is then an isomorphism � : S� ! S0� in the derived category which
identi�es the cohomology groups of these complexes and the given pairings on these cohomology
groups after they are tensored with Q. Since S� is a complex of projective ZG-modules, we have
from [20, Lemma VI.8.17] that we can take � to be a morphism of complexes. Suppose now that
T is a �nitely generated free ZG-module. We add to S� complexes F i

��!F i+1 and F�i�1
�̂�!F�i
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in which i < 0, F i and F i+1 are isomorphic to T and � is an isomorphism, and F�i and F�i�1 are
isomorphic to T̂ = HomZ(T;Z) and �̂ is the Z-dual of �. We extend � to these complexes summed
to S� using the canonical isomorphisms F i ! F̂�i and F i+1 ! F̂�i�1. This does not change
d(S�; �), and enables us to extend � : S� ! S0� in such a way that each homomorphism Si ! S0i

is surjective. Again using [20, Lemma VI.8.17], we get a morphism of complexes � : S0� ! S�

which is a section of �. Thus if T � = ker(�), then we have a morphism T � � S0� ! S� which is a
term-by-term isomorphism. Furthermore, T � is acyclic and perfect, since � is a quasi-isomorphism.
Note that since Si and S�i have the same rank as locally ZG-modules, and the same is true of S0i

and S0�i, we know that T i and T�i have the same rank as locally free ZG-modules.
Now T � is an acyclic perfect complex. By increasing induction on i, we �nd that T i = Bi(T �)�

U iZ, where B
i(T �) and U iZ(T

�) are projective ZG-modules, and the boundary homomorphism gives
an isomorphism between U iZ(T

�) and Bi+1
Z . We now employ the construction of the proof of

Proposition 2.7 to construct a perfect morphism �T : T �Q ! fT �Q. With the notations of Proposition

2.7, we �nd that for i 6= 0, T i � T�i is the perpendicular sum of Bi(T �)� U�iZ (T �) and U iZ(T
�)�

B�i(T �) with respect to the Hermitian form induced by �. Furthermore, Bi(T �)�U�iZ is isogenous

to a hyperbolic plane of the form A � Â, where A is a free ZG-module contained in Bi(T �) with
�nite index. The discriminants of such hyperbolic planes are equal to 1 by [13, p. 53]. By using
the isomorphisms U i�1Z ! Bi(T �) and U�iZ ! B�i+1

Z , we can compare the hyperbolic planes and
isogenies corresponding to U iZ �B�i(T �) and Bi+1(T �)�U�i�1Z Taking into account also the case
i = 0, we see that the factors associated to the isogenies cancel one another in the formula

d(T �; �T ) = d(T 0; h) �
Y
i<0

d(T i � T�i; h)(�1)
i

where on the right, h stands for the Hermitian form induced by �T on the appropriate module.
This, and the fact that hyperbolic planes have discriminant 1, shows

d(T �; �T ) = 1:

The sum �T � �0 is a perfect morphism from T �Q � S0�Q = S�Q to gS�Q which induces the same
cohomology pairings as �0, and hence also the same cohomology pairings as �. Thus �T � �0 must
be homotopic to �, so

d(S�; �T � �0) = d(S�; �)

by Theorem 2.5. But clearly

d(S�; �T � �0) = d(T � � S0�; �T � �0) = d(T �; �T ) � d(S0�; �0) = d(S0�; �0):

Combining these last two equalities shows d(S�; �) = d(S0�; �0), so Theorem 2.8 is proved.

3 Hermitian de Rham discriminants.

In this section we describe an arithmetic application of the results of x2.
LetW be a regular scheme which is projective over a Noetherian ringA. Suppose the �nite group

G acts onW over A. By an OW -G module we will mean a coherent OW -module having an action of
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G compatible with the action of G on OW . De�ne G0(G;W) (resp. K0(G;W)) to the Grothendieck
group of the category Coh(G;W) (resp. P(G;W)) of OW -G modules (resp. OW -G which are locally
free as OW -modules). For each i � 0, one has a lambda operator �i : K0(G;W) ! K0(G;W)
which sends the class of a vector bundle E to the class of �iOWE . Since W is regular, the forgetful
homomorphism K0(G;W)! G0(G;W) is an isomorphism by [27, x1.3, Remark 1.9(a)], and using
this homomorphism we will identify these two groups. We will let D(G;W) be the derived category
of the homotopy category of bounded complexes L� of OW -G-modules.

If G is a �nite group acting tamely on W, in the sense of [5], then it follows from the results
of [5, x8] that the hypercohomology R�(W; L�) is represented by a bounded complex of �nitely
generated AG-modules which are cohomologically trivial for G. There is then an Euler character-
istic �A(R�(W; L�)) in the Grothendieck group CT (AG) of all such AG-modules. If A has �nite
projective dimension (e.g. if A is a �eld or a Dedekind ring), we can (and will) take R�(W; L�)
to be a perfect complex of AG-modules, and �A(R�(W; L�)) to be an element of K0(AG). When
there is no danger of confusion, we will write R�(L�) for R�(W; L�) and Hj(L�) for Hj(W; L�).

Suppose now that X is a regular projective scheme which is 
at over Z and equidimensional
of dimension d + 1. Let G be a �nite group acting tamely on X , in the sense of [5]. Choose a
G-equivariant embedding X ! P of X into a scheme P which is smooth and projective over Z,
and let I be the ideal sheaf of this embedding. This gives a G-equivariant exact sequence

0! T ! E ! 
1
X=Z ! 0:

in which T = I=I2 and E = 
1
P=ZjX are coherent locally free OX -G-modules. The above exact

sequence gives a quasi-isomorphism between the complex K� = [T ! E] having T in degree �1
and E in degree 0 and the complex 
1

X=Z[0] which has 
1
X=Z in degree 0.

For p � 0 we will denote by L^p the p-th left derived exterior power functor as de�ned on
perfect complexes of OX -modules by Dold-Puppe [10] (see also Illusie [15] and [21, x5.4 - 5.9]). The
construction of L�pK� for all K� = [T ! E] supported at �1 and 0 is described in [23, x1.1]. We
now recall this construction.

We �rst de�ne a p{complex as follows: If a = (a1; : : : ; ap) 2 Zp we set jaj = Pp
i=1 ai and

jaj0 = jaj � ap. If ai = 0 or 1 for all 1 � i � p, let m1 < � � � < mjaj0 be the integers 1 � m < p such
that am = 1 and put ni = mi �mi�1 for 1 � i � jaj0 + 1, where m0 = 0 and mjaj0+1 = p. The a
component of the p{complex is

(L ^pK�)a =

8>>>><>>>>:
^n1T 
 � � � 
 ^njaj0+1T; if ai = 0 or 1 for 1 � i < p and ap = 1

^n1T 
 � � � 
 ^njaj0T 
 ^njaj0+1E; if ai = 0 or 1 for 1 � i < p and ap = 0

0; otherwise.

The boundary morphisms are all given by natural morphisms obtained from ^nT 
 ^mT �!
^n+mT , ^nT 
 ^mE �! ^n+mE etc. Notice that for all a we have n1 + � � �+ njaj0+1 = p.

The complex L ^p K� is now de�ned to be the associated simple complex. Its terms are:

(L ^p K�)q = �a2Zp;jaj=�q(L ^p K�)a:

9



For example, if p = 1, L ^1 K� = K�; if p = 2, L ^2 K� is the complex

T 
 T �! (^2T )� (T 
E) �! ^2E:

at �2, �1, 0. All the morphisms are natural and therefore G{equivariant.
The complex L ^pK� is a bounded complex of coherent locally free OX -G{modules. If F � is a

bounded complex of coherent OX -G-modules, set H(F �) =
P
i(�1)i[F i] 2 G0(G;X ).

Proposition 3.1 The isomorphism class of L^pK� in the derived category D(G;X ) is independent
of the choice of P and of the G-equivariant embedding X ! P. There is an isomorphism in
D(G;X) between the restriction of L ^p K� to the general �ber X = XQ of X and 
pX=Q[0]. In

G0(G;X ) = K0(G;X ) one has H(L ^pK�) = �p(
1
X=Z).

Proof: Suppose that X �! P 0 is a second G{equivariant embedding which produces the complex
K 0� = [T 0 �! E0]. Consider the product embedding X �! P 00 := P � P 0 which gives K 00� :=
[T 00 �! E00]. We have


1
P�P 0=Z = p�
1

P=Z � p0�
1
P 0=Z

and so E00 = E�E0. There are G{morphisms of complexes K 00� �! K� andK 00� �! K 0� which are
quasi{isomorphisms. The corresponding morphisms L^pK 00� �! L^pK� and L^pK 00� �! L^pK 0�

are G{equivariant. Since L^p is a functor on the derived category of OX {modules they are also
quasi{isomorphisms. (This is also explained in [23, Lemma (1.2), Corollary].) Hence L ^p K� is
isomorphic to L ^p K 0� in D(G;X ). Because X = XQ is smooth over Q, we can use the identity
map on X as a G-equivariant embedding of X into a smooth scheme over Q. The above reasoning
applied over X now leads to an isomorphism in D(G;X) between the restriction of L ^p K� and

pX=Q[0].

To prove H(L ^p K�) = �p(
1
X=Z) by induction on p, note �rst that this is true if p = 0, when

H(L^0K�) = 1 = �0(
1
X=Z), and if p = 1, when H(L^1K�) = E � T = 
1

X=Z. Suppose now that

p > 1. If n1 + � � � + nl = p, ni � 1, then P = (n1; : : : ; nl) is a partition of p of length l. By the
explicit description of L ^pK� given above we have:

H(L ^p K�) =
X
P

(�1)l(P )(^n1T 
 � � � 
 ^nl(P )T � ^n1T 
 � � � 
 ^nl(P )�1T 
 ^nl(P )E)

where the sum is over all partitions P of p; when l(P ) = 1 the second summand in the parenthesis
is equal to ^nl(P )E. It follows that we have

H(L ^p K�) = ^pE �
X

r+s=p;r�1

^rT 
H(L ^sK�): (3.1)

On the other hand, by 
1
X=Z = E � T and standard properties of the lambda operators we have

�p(
1
X=Z) = ^pE �

X
r+s=p;r�1

^rT 
 �s(
1
X=Z) (3.2)

10



where both equalities are in K0(G;X ) = G0(G;X ). The Lemma follows by (3:1), (3:2) and the
induction hypothesis.

Let M�[m] be image of a complex M� under the mth power of the shift operator ([19], p. 26),
so that M�[m] has jth term M j+m.

Corollary 3.2 De�ne ��d(
1
X=Z) to be the direct sum for 0 � p � d of the complexes L^pK�[�p].

The isomorphism class of L^pK� in D(G;X ) is independent of the choice of P and of the embedding
X ! P. The restriction ��d(
1

X=Z)Q of ��d(
1
X=Z) to X = XQ is isomorphic in D(G;X) to

the complex having 
pX=Q in degree p for all p and trivial boundary homomorphisms. One has

H(��d(
1
X=Z)) =

Pd
p=0(�1)p � �p(
1

X=Z).

As before, let R�(��d(
1
X=Z)[d]) be a perfect complex of ZG-modules representing the hyperco-

homology of ��d(
1
X=Z)[d] over X . Corollary 3.2 and 
at base change from X to X give canonical

isomorphisms

Ht(R�(��d(
1
X=Z)[d])Q) = Ht(R�(��d(
1

X=Z)Q[d]))

= Ht(R�(
dM
p=0


pX=Q[d� p])) (3.3)

=
M

i+p=t+d

Hi(X;
pX)

for all t, where R�(��d(
1
X=Z)[d])Q = R�(��d(
1

X=Z)[d])
ZQ, and the left and and right sides of

(3.3) are 0 if t < �d or t > d.
>From [18, III,x7] we have canonical perfect G-equivariant duality pairings

h; ii;j : Hi(X;
jX)�Hd�i(X;
d�jX )! Q

for 0 � i; j � d. De�ne
h; i0i;j : Hi(X;
jX)�Hd�i(X;
d�jX )! Q

by
hx; yi0i;j = hy; xij;i: (3.4)

By comparing h; ii;j to the intersection pairing on Betti-cohomology (c.f. [14]), we see that

hx; yi0i;j = (�1)(i+j)hx; yij;i (3.5)

since i+ j and 2d� (i+ j) have the same parity.

De�nition 3.3 De�ne a G-equivariant non-degenerate pairing

h; it : Ht(R�(��d(
1
X=Z)[d])Q)�H�t(R�(��d(
1

X=Z)[d])Q)! Q

11



in the following way: if t < 0, let
h; it = L

i+j=t+d
h; ii;j

relative to the canonical direct sum decomposition in (3.3) for t and �t. If t > 0, de�ne

hx; yit = hy; xi�t = L
i+j=t+d

h; i0i;j = (�1)t+d � L
i+j=t+d

h; ii;j :

Finally, if t = 0, let
h; i0 =

L
i<d=2

h; ii;d�i � h; id=2;d=2
L

i>d=2
h; i0i;d�i:

Here the term h; id=2;d=2 appears only if d is even, and in this case h; id=2;d=2 = h; i0d=2;d=2 is a

symmetric pairing on Hd=2(X;

d=2
X ) because of (3.5). Thus

hx; yit = hy; xi�t
for all t, x 2 Ht(R�(��d(
1

X=Z)[d])Q) and y 2 H�t(R�(��d(
1
X=Z)[d])Q).

Theorem 3.4 There is a perfect Hermitian complexes (P �; �) with the following properties:

a. P � is isomorphic to R�(��d(
1
X=Z)[d]) in the derived category of the homotopy category of

bounded complexes ZG-modules.

b. Identify Ht(P �Q) with H
t(R�(��d(
1

X=Z)[d])Q) via the isomorphism in part (a). The isomor-

phism � : P �Q ! gP �Q induces on cohomology the pairing h; it : Ht(P �Q) � H�t(P �Q) ! Q of
De�nition 3.3 for all t. This property determines � uniquely up to homotopy.

Proof: By [5], R�(��d(
1
X=Z)[d]) and R�(
�X=Z) are isomorphic to perfect complexes of ZG-

modules in the derived category. Theorem 3.4 now follows from Proposition 2.7(b)

Corollary 3.5 The discriminant d(P �; �) depends only on X and the action of G on X , and will
be called the Hermitian de Rham invariant �H(X ; G) 2 HCl(ZG) of this G action. The image of
�H(X ; G) in Cl(ZG) is (�1)d times the de Rham invariant

�(X ; G) =
X
i

(�1)i � �P (�i(
1
X=Z))

considered in [4].

Proof: This follows from Theorem 2.8.
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4 Discriminants of Hermitian modules

We recall in x4 and x5 some de�nitions and results concerning Hermitian class groups. These are
needed in order to state in x6 two results relating Hermitian de Rham discriminants to �-factors.

It will be useful later to work over an arbitrary number �eld F . Let OF be the ring of integers
of F . SupposeM is a �nitely generated locally free OFG-module. De�ne MF = F 
OF

M . Let hF
be a non-degenerate Hermitian pairing hF :MF �MF ! FG. Thus

hF (v2; v1) = hF (v1; v2) and hF (v1; �v2) = � � hF (v1; v2) (4.1)

for v1; v2 2 MF and � =
P
g2G agg 2 FG, where � =

P
g2G agg

�1. The pair (M;hF ) is called a
Hermitian module. (We should point out that in [13], all modules are right modules; the fact that
we work with left modules will not cause di�culty.)

Fix an embedding of F into Q. A representation T : G ! GLn(Q) is symplectic if it leaves
invariant an alternating non-degenerate bilinear form � : Q

n � Q
n ! Q , in the sense that

�(T (g)x; T (g)y) = �(x; y) for all g 2 G and x; y 2 Q
n
. We will let T also stand for the induced

algebra homomorphism FG! Matn(Q). The adjoint P J of a matrix P 2Matn(Q) with respect
to � is de�ned by requiring �(P Jx; y) = �(x; Py) for all x; y 2 Q

n
. Thus T leaves � invariant if

and only if
T (�)J = T (�) (4.2)

for � 2 FG.
Let fvigqi=1 be a basis over FG of the free FG-moduleMF . We then have a matrix fhF (vi; vj)gqi;j=1

in Matq(FG). Extend T to an algebra homomorphism Matq(FG) ! Matnq(Q) in the natu-
ral way. A matrix in Matnq(Q) may be viewed as a block matrix B = fbr;sgqr;s=1 with entries

br;s 2 Matn(Q). We extend the adjoint map P ! P J to Matnq(Q) by letting BJ = fbJs;rgqr;s=1.
This extension corresponds to the adjoint for the bilinear form on the orthogonal sum of q copies
of (Q

n
; �).

A matrix S 2Matnq(Q) is called J -symmetric if SJ = S. The matrix T (H) = fT (hF (vi; vj))gqi;j=1
is a J-symmetric element of Matnq(Q) because (4.1) and (4.2) imply

fT (hF (vj ; vi))Jgqi;j=1 = fT (hF (vi; vj))Jgqi;j=1 = fT (hF (vi; vj))gqi;j=1:

Proposition 4.1 If S is a J-symmetric element of Matnq(Q) there exists a matrix P 2Matnq(Q)
such that P JP = S. The determinant PfJ(S) = det(P ) depends only on S, and has the following
properties:

a. det(S) = PfJ(S)2.

b. If R 2 GLnq(Q) then RJSR is J-symmetric and PfJ(RJSR) = det(R)PfJ(S).

Proof: See [13, p. 28 - 29].

Proposition 4.2 Suppose � = f�i;jgi;j 2 GLq(QG). De�ne � = f�j;igi;j. If � = � the Pfa�an
PfJ(T (�)) depends only on the character � of the symplectic representation T . Hence we may
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de�ne Pf�(�) = PfJ(T (�)). The homomorphism Pf(�) : � ! Pf�(�) de�nes an element of
Hom
F

(RsG;Q
�
), where 
F = Gal(Q=F ) acts on the Grothendieck group RsG of symplectic Q-

valued virtual characters of G via its action on Q. The homomorphism Pf : �! Pf(�) sends the
symmetric elements of GLq(FG) to Hom
F

(RsG;Q
�
).

Proof: See [13, Prop. 4.2 and Prop. 4.3].

De�nition 4.3 Let J(FG) ( resp. U(OFG) ) be the idele group ( resp. the group of integral unit
ideles ) of FG. Let RG be the group of Q-valued virtual characters of G, and let J(Q) be the group
of ideles of Q. We then have determinant homomorphisms Det : J(FG)! Hom
F

(RG; J(Q)) and
Det : FG� ! Hom
F

(RG;Q
�
) as in ([13], p. 14 - 15). The Hermitian class group HCl(OFG) is

de�ned to be the cokernel of the homomorphism

� : Det(FG�)! Det(J(FG))
Det(U(OFG))

�Hom
F
(RsG;Q

�
)

de�ned by
�(a) = (a�1 mod Det(U(OFG)) ; as)

where as is the restriction of a from RG to RsG.

De�nition 4.4 Suppose that the basis fvigqi=1 for the free FG-module MF = F 
OF
M lies in

M . Let Ad(F ) be the adele ring of F . If v is a �nite place of F , let Ov be the ring of integers
of the completion Fv. If v an in�nite place of F , let Ov = Fv. Because M is locally free, there is
an element � = (�v)v of GLq(Ad(F ) 
F FG) such that for all places v of F , multiplication by �v
carries

Lq
i=1OvGvi isomorphically onto Ov 
OF

M . The discriminant d(M;hF ) of the Hermitian
module (M;hF ) is de�ned to be the class in HCl(OFG) given by

(Det(�) ; P f((hF (vi; vj))i;j) mod Image(�)

5 The Adelic Hermitian classgroup and rational classes

With the notations of the x4, let Dets(U(OFG)) be the subgroup of Hom
F
(RsG; J(F )) formed by

the restrictions to RsG of elements of Det(U(OFG)). The adelic Hermitian classgroupAd HCl(OFG)
is de�ned by

Ad HCl(OFG) =
Hom
F

(RsG; J(Q))
Dets(U(OFG)

:

There is a natural homomorphism

HCl(OFG)! Ad HCl(OFG)

induced by the homomorphism

Det(J(FG))
Det(U(OFG)

�Hom
F
(RsG;Q

�
)! Hom
F

(RsG; J(Q))
Dets(U(OFG)
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de�ned by
(h mod Det(U(OFG)); f)! hs � f:

De�ne (�1)f to be the idele in J(F ) whose �nite components at �1 and whose in�nite compo-
nents are 1. Fix an embedding �f : Q

� = f�1g�Q>0 ! J(Q) by requiring that �f (�1) = (�1)f
and that �f (r) have component r at all places of Q (including the in�nite one) if 0 < r 2 Q�.
Note that �f agrees with the usual diagonal embedding Q� ! J(Q) only on the positive elements
of Q�.

Proposition 5.1 (Cassou-Nogu�es - Taylor [13, p. 190]) Suppose F is at most tamely rami�ed over
the prime 2. In Hom
F

(RsG; J(Q)) one has

Hom
F
(RsG; f(�1)fg) \Dets(U(OFG)) = f1g:

Therefore when F = Q, the embedding �f induces an embedding

�f;� : Hom
Q(R
s
G;Q

�)! Ad HCl(ZG) =
Hom
Q(R

s
G; J(Q))

Dets(U(ZG))
:

Call the image of �f;� the rational classes in Ad HCl(ZG).

Note that while the rational classes are naturally isomorphic to Hom
Q(R
s
G;Q

�), this isomor-
phism does not come about from the diagonal embedding of Q� into J(Q) but rather from �f .

Example 5.2 Suppose F = Q and that G is the trivial group. The trivial character �0 (resp.
2 � �0) generates RG (resp. RsG) as an abelian group. The homomorphism � in De�nition 4.3 is
thus naturally identi�ed with the homomorphism

� : Q� ! (Q�=f�1g) �Q� (5.1)

de�ned by
�(a) = (a�1 mod f�1g ; a2)

where the diagonal inclusion Q� ! J(Q) induces isomorphisms

Q�=f�1g = J(Q)=U(Q) = Det(J(Q))=Det(U(Q))

and evaluation on 2 ��0 gives an isomorphism Hom(RsG;Q
�
)! Q�. From this we have an isomor-

phism
HCl(Z)! Q� (5.2)

de�ned by (b; c) ! b2c relative to the right side of (5.1). We �nd similarly that evaluation of
character functions on 2 � �0 gives isomorphisms

Ad HCl(Z) = J(Q)=U(Q)2 = Q� �
Y
p<1

Z�p=(Z
�
p)

2: (5.3)
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The rational classes in Ad HCl(Z) relative to those description are those of the form r � [(�1)f ],
where 0 < r 2 Q>0 and [(�1)f ] is the image of (�1)f 2 Qp<1Z�p in the quotient on the far right in
(5.3). Suppose L is a �nite extension of Q, and let tL : L� L! Q be the trace pairing. The ring
of integers OL of L is a Hermitian module with respect to tL. In De�nition 4.4, we can chose global
and local bases to be all equal to a single basis for OL as a Z-module. >From this de�nition we now
�nd that the isomorphism in (5.2) identi�es the discriminant d(OL; tL) with the usual numerical
discriminant dL=Q of L.

6 Epsilon Constants

We will continue to use the notations of x3.
Let V be a virtual representation of G with trivial determinant. Suppose v is a place of Q,

and that l is a prime of Q which is not associated to v if v is �nite. Let dxv be the standard Haar
measure on Zv and let  v be the Tate-Iwasawa additive character of Qv, as de�ned in [25, p. 316
- 319], where Zv is de�ned to be Qv if v is archimedean. Thus dxv is self-dual with respect to
 v. In x2.4 of [4] we recall the de�nition of the local epsilon constants �v(X 
G V;  v ; dxv; l) and
�v;0(X 
G V;  v ; dxv; l). These de�nitions involve the virtual representation 0hv;l(V ) of the Weil-
Deligne group 0Wv at v which is associated to the V -part of the Euler characteristic of the l-adic
cohomology of X (resp. the Hodge realization of the cohomology of X) if v is �nite (resp. in�nite).
If v is a �nite place of Q such that the �ber Xv of X at v is smooth, then 0hv;l(V ) is unrami�ed.
If v is in�nite, �v(X 
G V;  v ; dxv; l) and �v;0(X 
G V;  v; dxv ; l) do not depend on the choice of
l, and this is also conjectured to be the case if v is �nite (c.f. [4, Remark 2.3.1(b)]). If v is �nite,
dim(V ) = 0 and 0hv;l(V ) is unrami�ed, then if follows from [9, x5] that �v;0(X 
G V;  v ; dxv ; l) = 1
since we have assumed det(V ) = 1G. We refer the reader to [4, x2 - x3] for further details.

We now return to V of arbitrary dimension (but trivial determinant). If Z is a quasi-projective
scheme over Fp = Z=p which supports a right action of G, we have an epsilon factor �(Z=G; V )
de�ned in [6, x2.5]. The function �(Z=G) de�ned by �V ! �(Z=G; V �) lies in Hom
Q(RG;Q

�
),

where V � is the contragredient of V . Let �s(Z=G) be the restriction of this function to RsG.
Modifying slightly the notations of [6, Def. 3.1.1], we set

�v(X 
G V;  v ; dxv; l) = �v;0(X 
G V;  v ; dxv; l) � �(Xv=G; V ) (6.1)

if v = p is a �nite place of Q, and �1(X ; V;  v ; dxv ; l) = �1;0(X 
G V;  v ; dxv; l) if v is the in�nite
place 1 of Q.

Suppressing the dependence of �v;0(X
GV;  v ; dxvl) on  v, dxv and l, we will use the notations
�v;0(Y; V ) = �v;0(X 
G V;  v ; dxv ; l) and �v(Y; V ) = �v(X 
G V;  v; dxv ; l): (6.2)

As in x8, if f is a function on RG, we will write ~f for the function de�ned by ~f(V ) = f(V �
dim(V ) � 1G). Let S be a �nite set of �nite places of Q. Fix a rational prime l 62 S over which X
and Y are smooth and X ! Y is �etale. Let

~�0(Y; V ) =
Y
v 6=l

~�v;0(Y; V ) and ~�(Y; V ) =
Y
v 6=l

~�v(Y; V ) (6.3)
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and

�S;0(Y; V ) = ~�0(Y; V ) �
Y
v2S

�v;0(Y;dim(V ) � 1G)

=
Y
v2S

�v;0(Y; V ) �
Y
v=2S

~�v;0(Y; V ): (6.4)

De�ne
�(Y; V ) =

Y
v

�v(Y; V ): (6.5)

Almost all terms in the above products are equal to 1. The values of the products are conjectured
to be independent of the choice of l.

By [6, Cor. 1 to Thm. 1], if V is symplectic, then ~�v;0(Y; V ) is a non-zero rational number. It
is shown in [3, Thm 5.2] that if V is symplectic, and v = p is a �nite place of Q, then ~�(Xv=G; V ) is
a totally real algebraic number and there is an integer m such that all the �nite absolute values of
~�(Xv=G; V )=pm equal 1. It follows that ~�(Xv=G; V ) = �pm. By the arguments just after Theorem
7.9 in [7], if p is a rational prime then �p;0(Y; 2 � 1G;  p; dxp) is �1 times an integral power of p.
Because �(Xv=G) 2 Hom
Q(RG;Q

�
), the number �(Xv=G)(2 � 1G) = �(Xv=G)(1G)2 is the square

of a rational number. Since the dimension of every symplectic representation of G is even, we can
therefore make the following de�nition.

De�nition 6.1 Let �sS;0(Y), �s(Y) be the elements of Hom
Q(R
s
G;Q

�) de�ned by the functions
�V ! �sS;0(Y; V ) and �V ! �(Y; V ), respectively. We will view these character functions as
rational classes in the adelic Hermitian classgroup Ad HCl(ZG) via the embedding �f;� de�ned in
Proposition 5.1.

For the remainder of this section, we will make the following assumptions:

Hypothesis 6.2 The scheme X is regular and equidimensional of dimension 2. The quotient
Y = X=G is regular, and for every prime p, the �ber Yp = Y 
Z Fp of Y at p has the following
properties:

a. The irreducible components of Yp have multiplicity prime to p, and

b. The reduction Yredp is a divisor with strictly normal crossings on Y.
This implies that the �bers of X also have properties (i) and (ii), since the action of G on X has
been assumed to be tame.

Let S be the �nite set of primes l over which Y is not smooth or the natural projection � : X ! Y
is not �etale. De�ne XS to be the disjoint union of the �bers of Xp = X 
Z Fp as p ranges over
S. De�ne !�X ;S(0)[1] to be the complex [OX 0�!!X (X red

S )] having terms in degree �1 and 0 and
trivial boundary homomorphism. The restriction to the general �ber X of X of !�X ;S(0)[1] is

quasi-isomorphic to [OX ! 
1
X=Q], which is quasi-isomorphic to the restriction of ��d(
1

X=Z)[d].
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De�nition 6.3 Let R�(!�X ;S(0)[1]) be a perfect complex of ZG-modules representing the hyperco-
homology of !�X ;S(0)[1]. Let h; i be the perfect pairing on H�(R�(!�X ;S(0)[1])Q) which results from
the pairings of De�nition 3.3 and the above quasi-isomorphism between the restrictions to X of
!�X ;S(0)[1] and �

�d(
1
X=Z)[d]. Let

�H(X ; G)(0) = d(R�(!�X ;S(0)[1]); h; i) (6.6)

be the associated discriminant in HCl(ZG); this depends only on X and the action of G on X .

Theorem 6.4 Under hypothesis 6.2, the image of �H(X ; G)(0) 2 HCl(ZG) in the adelic Hermi-
tian classgroup Ad HCl(ZG) is the rational class �sS;0(Y)�1.
Remark 6.5 For X of arbitrary dimension, it is shown in [7] that the class �sS;0(Y)�1 equals a
metrized Euler characteristic de�ned via Arakelov theory. This Euler characteristic is quite di�erent
from the one we consider in this paper, however, since it arises from Hermitian metrics on vector
bundles and positive de�nite pairings on cohomology. In dimension 1, the equality of the two kinds
of Euler characteristics amounts to the fact that one arrives at the same Hermitian discriminant
by considering either the trace form or the Hecke form on rings of integers (c.f. [7, x5.B]).

We now turn to the class �H(X ; G) 2 HCl(ZG) de�ned in Corollary 3.5. As in [6, x2.5], for
each place v of Q we let �v : Q

� ! (Q)�v = (Q 
Q Qv)
� and iv : (Q)�v ! J(Q) be the natural

embeddings. If Z is as above a quasi-projective scheme over Fp which supports a right action of G,
let ~�v(Z=G) be the function in Hom(R(G); J(Q)) de�ned by �V ! iv � �v(�(Z=G; V ��dim(V ) �1)).
As in [6, Def. 2.5.3], ~�v(Z=G) lies in Hom
Q(R(G); J(Q)).

If q = r=s is a rational number with r and s coprime integers and s > 0, set N(r=s) = r. For p a
rational prime, let j~�p(Z=G)jp(�V ) be the idele in J(Q) whose components at places not over p are
1, and whose component in (Q)�v = (Q
Q Qv)

� � J(Q) corresponding to the place w of Q over p
is p��w where �w = N(valw(~�(Z=G; V

��dim(V )1))). Here valw is normalized so that valw(p) = 1.
By [6, Prop. 2.5.1], the resulting character function j~�p(Z=G)jp lies in Hom
Q(R(G); J(Q)). Let
j~�sp(Z=G)jp be the restriction of this function to symplectic characters.

For each rational prime p, let b � Y be the reduced branch locus of � : X ! Y. If Z is the
reduction of ��1(b), then b = Z=G. Let bp be the �ber of b over Fp. By assumption, bp is empty
for all but �nitely many p.

De�nition 6.6 The Hermitian rami�cation class HRX is the image in Ad HCl(ZG) of the char-
acter function

Q
p(~�

s(bp)j~�sp(bp)jp), where the product is over all rational primes p, and all but �nitely
many factors in this product are identically 1.

Note that the values of ~�s(bp) lie in Q
�
diagonally embedded into J(Q), while the values of

j~�sp(bp)jp are ideles with component 1 outside p. We do not expect in general that HRX should be
a rational class in Ad HCl(ZG).

Theorem 6.7 Under hypothesis 6.2, the image of �H(X ; G) 2 HCl(ZG) in Ad HCl(ZG) is
�s(Y)�1 �HRX .

This result parallels the result in Cl(ZG) proved in [4]. Note, though, that the image of HRX
in Cl(ZG) will not in general be exactly the rami�cation class used RX used in [4].
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7 Torsion classes

We will use the notations of Section 3. Thus X is a 
at regular projective scheme over Z supporting
a tame right action by the �nite group G. Thus the general �ber X = X 
ZQ is smooth, and that
G acts freely on X. Let Y = X=G and Y = Y 
Z Q.

Let p be a rational prime, and let Z = X red
p be the reduced special �ber of X over p. Suppose

T � is a bounded complex of coherent OX -G modules which is supported on X red
p . The action of

G on X red
p is tame. Let I = Iredp be the ideal sheaf of X red

p . Then fIjT �g1j=0 is �ltration of T �

having �nitely many non-zero terms, and each successive quotient IjT �=(Ij+1T �) is a bounded
complex of coherent OZ -modules. By [3, 5], we have for all j a projective Euler characteristic
�p(I

jT �=Ij+1T �) 2 K0(FpG). In this way we can associate to T � the Euler characteristic

�p(T
�) =

1X
j=0

�p(I
jT �=(Ij+1T �))

in K0(FpG). The image of this Euler characteristic in K0(ZG) is the usual projective Euler char-
acteristic of T �.

A result of Nakajima (c.f. [4, Thm. 1.3.2]) shows

Proposition 7.1 (Nakajima) If the action of G on X red
p is free, then �p(T

�) is the class of a free
FpG-module in K0(FpG).

Let K0T (ZG) be the Grothendieck group of all �nite ZG-modules of �nite projective dimen-
sion. We have a natural homomorphism K0(FpG) ! K0T (ZG), and also from [13] a homomor-
phism K0T (ZG) ! HCl(ZG). Let tp : K0(FpG) ! HCl(ZG) be the composition of these two
homomorphisms.

Now suppose that L�1 and L
�
2 are bounded complexes of coherent OX -G-modules for which there

is a distinguished triangle
L�1 ! L�2 ! T � (7.1)

in the derived category D(X ; G). The resulting distinguished triangle in cohomology

R�(L�1)! R�(L�2)! R�(T �) (7.2)

induces an isomorphism R�(L�1)Q ! R�(L�2)Q in the derived category D(QG). This isomorphism
allows us to identify perfect pairings h; i (in the sense of De�nition 2.6) on R�(L�1)Q and R�(L�2)Q.

Proposition 7.2 With the above notation we have an equality of discriminants

d(L�2; h; i) = d(L�1; h; i) � tp(�p(T �)): (7.3)

The same equality holds if one has has a distinguished triangle

T � ! L�2 ! L�1 (7.4)

instead of (7.1).
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Proof: By induction, it is enough to consider the case in which T � is a complex of coherent
OZ -G-modules. We can �nd bounded complexes P � (resp. R�) of �nitely generated projective ZG-
modules (resp. FpG-modules) representing R�(L

�
2) (resp. R�(T

�)). The projectivity of the terms
of P � implies that we can �nd a morphism of complexes � : P � ! R� representing the morphism
in the derived category appearing in (7.2). Adding a suitable bounded acyclic complex of �nitely
generated free modules to P �, we can adjust � so that it gives surjections �i : P

i ! Ri between the
terms of P � and R�. The complex C� formed by the kernels of the �i now gives a distinguished
triangle C� ! P � ! R� in D(ZG), and this triangle is isomorphic to (7.2). The terms of C� are
projective ZG-modules since

0! Ci ! P i ! Ri ! 0 (7.5)

is exact for all i. Since R�Q is the zero complex, C�Q ! P �Q is an isomorphism. Using the procedure
in Proposition 2.7, we can now simultaneously adjust C� and P � so that there is a perfect morphism
� : P �Q ! gP �Q giving rise to the perfect pairing h; i. We now use the isomorphism C�Q = P �Q to
compute the discriminants d(C�; h; i) = d(C�; �) and d(P �; h; i) = d(P �; �). Global QG-bases for
the terms of C�Q give such bases for the terms of P �Q. Hence the recipe for computing Hermitian
discriminants via choices of global and local bases, together with the exact sequences (7.5) show
(7.3), since �p(T

�) =
P
i(�1)i[Ri]. If one assumes (7.1) rather than (7.4), one proceeds similarly,

using the distinguished triangle

R�(L�2)! R�(L�1)! R�(T �)[�1] (7.6)

instead of (7.2). In this case one takes P � to represent R�(L�1), and uses the morphism P � ! R�[�1]
associated to (7.6).

8 Hermitian classes of degree 0.

Let F be a number �eld. We will use the following conventions from [7, x4.E] concerning functions
on the character group RG of a group G. If A is an abelian group and f 2 Hom(RG; A), write
~f 2 Hom(RG; A) for the homomorphism de�ned by ~f(�) = f(�� �(1) � 1). We will use the same
convention for elements f of Hom(RsG; A). As noted in [7, x4.E], the map f ! ~f induced a well
de�ned endomorphism c ! ~c of HCl(OFG) and Ad HCl(OFG). Clearly c ! ~c sends a rational
class in Ad HCl(ZG) to a rational class (c.f. x5).

We have a homomorphisms

Ind : HCl(OF )! HCl(OFG) and Coinf : HCl(OFG)! HCl(OF )

given in terms of character functions by

Ind(f)( ) = f(ReseG ) = f( (e) � 1feg) and Coinf(f)( 0) = f(In
Gfeg 
0)

for  2 RG and  0 2 Rfeg. Here 1G denotes the trivial character of G,  0 =  0(e) � 1feg and

In
Gfeg 
0 =  0(e) � 1G.
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Suppose (P �; �) is a perfect Hermitian complex of ZG-modules, and that h; i = fh; itgt is
the perfect pairing on the cohomology H�(P �Q) corresponding to �. Let (P �)G (resp. (P �)G) be
the complex of Z-modules formed by the G-invariants (resp. G-covariants) of the terms of P �.
The natural morphisms (P �)G ! P � and P � ! (P �)G induce identi�cations Ht((P �)G)Q) =
Ht((P �)Q)

G and Ht((P �)Q)G = Ht(((P �)G)Q).
The morphism � : P �Q ! ~P �Q = HomQ(P

�
Q;Q) induces a morphism of complexes �G : (P �Q)

G !
HomQ(P

�
Q;Q)G = HomQ((P

�
Q)G;Q). The norm map in the group ring ZG gives an isomorphism

((P �)G)Q ! ((P �)G)Q. Using this norm map, we will view �G as a morphism

�G : ((P �)G)Q ! g((P �)G)Q = HomQ(((P
�)G)Q;Q)

of complexes of vector spaces over Q. Since (P �; �) is a perfect Hermitian complex of ZG-modules,
((P �)G; �G) is a perfect Hermitian complex of Z-modules. Let

h; iGt : Ht((P �)G)Q)�Ht((P �)G)Q)! Q

be the pairing induced by �G. Then h; iG = fh; iGt gt is a perfect pairing for the action of the trivial
group feg on the cohomology H�((P �)G)Q). We have a Hermitian discriminant d((P �)G; �G) =
d((P �)G; h; iG) in the Hermitian class group HCl(Z).

Suppose m 2 Ht(((P �)G)Q) = Ht(P �Q)
G and m0 2 H�t(((P �)G)Q) = H�t(P �Q)

G. Since the

norm in the group ring of QG acts by multiplication by #G on H�t(P �Q)
G, we �nd via the above

identi�cations that
#G� < m;m0 >Gt =< m;m0 >t : (8.1)

Proposition 8.1 Let c = d(P �; h; i) and c0 = d((P �)G; h; iG). Then
Coinf(c) = c0 and c = ~c � Ind(c0):

Proof: We consider the case in which P � has a single non-zero term M = P0 in degree 0, the
general case being similar. Let F = Q in De�nition 4.4, and let h = hQ :MQ �MQ ! QG be the
Hermitian pairing resulting from h; i0. Thus

h(m;m0) =
X
g2G

hm; gm0i0 g�1

form;m0 2MQ. Let h
G :MG

Q�MG
Q ! Q be the pairing resulting from h; iG0 . Then form;m0 2MG

Q ,
we �nd from (8.1) that

hG(m;m0)eG = hm;m0iG0 eG = 1
#G

X
g2G

hm; gm0iG0 g�1 = 1
(#G)2h(m;m

0) (8.2)

where eG is the idempotent of the trivial representation of G.
As in De�nition 4.4, let fvigqi=1 be a basis for MQ as a free QG-module, and let � = (�v)v be

an element of GLq(Ad(Q) 
Q QG) such that �v takes fvigqi=1 to a basis for Zv 
Z M as a free
ZvG-module for each �nite place v of Q. Then c = d(M;h) in HCl(ZG) is represented by the class

(Det(�) ; P f((h(vi; vj))i;j) 2 Det(J(QG))
Det(U(ZG))

�Hom
Q(R
s
G;Q

�
): (8.3)
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We can choose f#GeGvigqi=1 as our basis for MG
Q as free Q-module. Since

Zv 
ZMG = #GeG(Zv 
ZM)

we �nd that eG� 2 GLq(Ad(Q)) takes f#GeGvigqi=1 to local bases for Zv
ZMG at all �nite places
v of Q. Thus c0 is represented by the class

(Det(eG�) ; P f((hG(#Gvi;#Gvj))i;j) 2 Det(J(Q))
Det(U(Q))

�Hom(Rsfeg;Q
�
): (8.4)

Viewing eG�, as above, as an element of GLq(Ad(Q)), we have

Det(�)(1G) = Det(eG�)(1feg): (8.5)

Since the group of symplectic characters of the trivial group is generated by 2 � 1feg, we see from
(8.3),(8.4) and (8.5) that Proposition 8.1 will hold if we can show

Pf((h(vi; vj))i;j)(2 � 1G) = Pf((hG(#GeGvi;#GeGvj))i;j)(2 � 1feg): (8.6)

In view of [13, Prop. 4.6], this equality is equivalent to

det((ci;j)i;j) = det((hG(#GeGvi;#GeGvj))i;j) (8.7)

where ci;j 2 Q and ci;jeG = eGh(vi; vj). Formula (8.2) shows

hG(#GeGvi;#GeGvj)eG = 1
(#G)2h(#GeGvi;#GeGvj) = h(vi; vj)eG

where the last equality follows from the fact that h is a Hermitian form. This implies (8.7), so
Proposition 8.1 is proved.

9 Reduction to degree 0.

For the rest of this paper we will assume Hypothesis 6.2, and we let S be a �nite set of rational
primes chosen as in x6. Our goal in this section is to prove:

Proposition 9.1 The following statements are equivalent to Theorem 6.4 and Theorem 6.7, re-
spectively:

a. The image of the degree 0 class ~�H(X ; G)(0) 2 HCl(ZG) in the adelic Hermitian classgroup
Ad HCl(ZG) is the rational class ~�sS;0(Y)�1.

b. The image of the degree 0 class ~�H(X ; G) 2 HCl(ZG) in Ad HCl(ZG) is ~�s(Y)�1 �HRX .

Lemma 9.2 Let �Q : X ! Y be the morphism on generic �bers induced by � : X ! Y. We have
an isomorphism of sheaves ��Q


1
Y=Q ! 
1

X=Q which results from the inclusion �Q induces of the

function ring of Y into that of X. This isomorphism induces an isomorphism between ��!Y(YredS )
and !X (X red

S ).
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Proof: By [7, Lemma 7.10], the sheaf of relative degree one logarithmic di�erentials

1
X=Z(log X red

S =log S) is canonically isomorphic to !X (X red
S � XS). Since � : X ! Y is log-�etale,

we �nd
��
1

Y=Z(log YredS =log S) = 
1
X=Z(log X red

S =log S):

Since ��OY(YS) = OX (XS), this implies ��!Y(YredS ) = !X (X red
S ).

Lemma 9.3 The natural morphism from the complex !�Y;S(0)[1] = [OY ! !Y(YredS )] of OY-
modules to the complex !�X ;S(0)[1]

G = [OG
X ! !X (X red

S )G] formed by the G-invariants of the terms
of !�X ;S(0)[1] is an isomorphism.

Proof: This is clear from the fact that X is 
at over Y and !�X ;S(0)[1] = OX 
OY !�Y;S(0)[1].

Lemma 9.4 Let R�(!�X ;S(0)[1]) (resp. R�(!
�
Y;S(0)[1])) be a perfect complex of ZG-modules (resp.

Z-modules) representing the hypercohomology of !�X ;S(0)[1] (resp. !
�
Y;S(0)[1]). Let h; i be the per-

fect pairing on R�(!�X ;S(0)[1])Q speci�ed in De�nition 6.3, and let h; iY be the corresponding pair-
ing on R�(!�Y;S(0)[1])Q for the trivial group action on Y. There is a quasi-isomorphism between

(R�(!�X ;S(0)[1]))
G and R�(!�Y;S(0)[1]) which identi�es perfect pairing h; iG de�ned by (8.1) with

the pairing h; iY .

Proof By computing cohomology via aG-equivariant Cech complex, one sees that (R�(!�X ;S(0)[1]))
G

is quasi-isomorphic to R�(!�X ;S(0)[1]
G), and thus to R�(!�Y;S(0)[1]) by Lemma 9.3 (compare [7,

Lemma 7.6]). We must now show the following for all integers t: suppose m 2 Ht(Y; !�Y;S(0)[1])
Z
Q and m0 2 H�t(Y; !�Y;S(0)[1]) 
Z Q. Let h; it;Y be the duality pairing for Y (with trivial group
action) de�ned just after Hypothesis 6.2. View m and m0 as elements of H�t(X ; !�X ;S(0)[1]) 
ZQ
via the isomorphism H�t(Y; !�Y;S(0)[1])
ZQ = (H�t(X ; !�X ;S(0)[1])
ZQ)G induced by the above

quasi-isomorphism between R�(!�X ;S(0)[1])
G and R�(!�Y;S(0)[1]). Then by (8.1), it will su�ce to

show
#G � hm;m0it;Y = hm;m0it: (9.1)

This property follows by computing each pairing via residues (c.f. see [18, p. 247 - 248]) and using
the fact that X ! Y is an �etale G-cover. The factor of #G on the left in (9.1) results from the
fact that the residues of di�erentials of Y at points of X over a given point of Y are equal. For
more details on the computation of the pairings via residues, see x11.

Lemma 9.5 Let !�Y [1] be the complex [OY ! !Y ] having terms in degrees �1 and 0. Give
R�(!�Y [1])Q the perfect pairing h; i0Y resulting from h; iY and from the natural isomorphism be-
tween the restrictions to the general �ber Y of Y of !�Y [1] and !

�
Y;S(0)[1]. Then in HCl(Z) = Q�

(c.f. Example 5.2) we have d(!�Y [1]; h; i0Y ) = 1.

Proof: The cohomology group Hj(!�Y [1]) is naturally isomorphic to H
0(OY) if j = �1, to

H1(OY )
M

H0(!Y)
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if j = 0, to H1(!Y) if j = 1 and to 0 for all other j. By duality (c.f. [1, p. 302]) the natural pairings

Hi(OY )�H1�i(!Y)! H1(!Y) = Z

are perfect pairings of �nitely generated free abelian groups, where H1(!Y) = Z is the trace
isomorphism. It follows that we can take R�(Y; !�Y [1]) to be represented by the perfect complex
[H0(OY) ! H1(OY )LH0(!Y) ! H1(!Y)](1) of free Z-modules, with the pairing h; i0Y as above.
Thus d(!�Y [1]; h; i) is a product of discriminants of hyperbolic free Z-modules (c.f. [13, p. 52]), and
such discriminants are trivial by [13, Prop. II.5.5].

Proof of Proposition 9.1:

To prove part (i) of Proposition 9.1, it will su�ce by Proposition 8.1 to show �H(X ; G)(0)
and �sS;0(Y)�1 have the same image under the homomorphism Coinf : HCl(ZG)! HCl(Z) which
results from in
ating characters from the trivial quotient group of G to G. By Proposition 8.1
and Lemma 9.4, Coinf(�H(X ; G)(0)) is the class �H(Y; feg)(0) in HCl(Z), where feg is the trivial
group acting on Y. This class is the discriminant d(!�Y;S(0)[1]; h; iY ), where h; iY is induced by
duality on the general �ber of Y. Thus we need to show

d(!�Y;S(0)[1]; h; iY ) = Coinf(�sS;0(Y)�1) (9.2)

in Ad HCl(Z).
By the adjunction formula, we have an exact sequence of sheaves on Y

0! !Y ! !Y(YredS )! !Yred
S

! 0

in which !Yred
S

is the relative dualizing sheaf of YredS over Z. The complexes !�Y;S(0)[1] and !
�
Y [1]

di�er by having !Y(YredS ) and !Y in degree 0, respectively. Since !Yred
S

is supported on YS , we �nd
from Proposition 7.2 that

d(!�Y;S(0)[1]; h; i) = d(!�Y [1]; h; i) �
Y
p2S

tp(�p(!Yred
p

)) (9.3)

where �p(!Yred
p

) 2 K0(Fp) is the Euler characteristic relative to Fp of !Yred
p

and tp : K0(Fp) !
HCl(Z) is the homomorphism described in x7. Since Yredp is a reduced �bral divisor on Y with
normal crossings, we have �p(!Yred

p
) = ��p(OYred

p
) by duality. This, together with Lemma 9.5 and

(9.3), gives
d(!�Y ;S(0)[1]; h; i) =

Y
p2S

tp(�p(OYred
p

))�1: (9.4)

The class Coinf(�sS;0(Y)) is in the group Hom(Rsfeg;Q�) of rational classes in Ad HCl(Z), where

the group Rsfeg of symplectic characters of the trivial group feg is generated by 2 � 1feg when 1feg is

the trivial character. By [7, Thm. 7.9], �sS;0(Y; 2 � 1feg) is a positive rational number, and we have

Coinf(�sS;0(Y)�1)(2 � 1feg) =
Y
p2S

p
�(Y )+

P
i2Ip

(1�mi)�c(Y�p;i) (9.5)
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where fYp;igi2Ip is the set of irreducible components of the special �ber Yp, mi is the multiplicity of
Yp;i in Yp, Y�p;i is the complement in Yp;i of the intersection of Yp;i with other irreducible components
of Yp, �c(Y�p;i) is the �etale Euler characteristic of Yp;i with compact supports, and �(Y ) is the Euler
characteristic of the general �ber Y = Y 
Z Q. We have assumed that the special �bers of Y
are divisors on Y with strict normal crossing and multiplicities prime to p. Hence there the Swan
conductor associated to Y is trivial, and we have from [22, Cor. 2, p. 407] that for each p,

�(Y ) =
X
i2Ip

mi�c(Y�p;i): (9.6)

Combining (9.5) and (9.6) gives

Coinf(�sS;0(Y)�1)(2 � 1feg) =
Y
p2S

p

P
i2Ip

�c(Y�p;i): (9.7)

We claim that
2 � �p(OYred

p
) =

X
i2Ip

�c(Y�p;i) (9.8)

when we identify K0(Fp) with Z by sending the class of Fp to 1. Recall that Yredp was assumed to
be a divisor with strict normal crossings on Y. Let Fqi be �eld of constants of Yp;i. Let gi be the
genus of Yp;i. Then

�c(Y�p;i) = (2� 2gi)[Fqi : Fp]�
X
j 6=i

X
x2Yp;j\Yp;i

[k(x) : Fp]: (9.9)

The normalization Yred;#p of Yredp is the disjoint union of the smooth projective curves fYp;igi. The
quotient of the direct image on Yredp of the structure sheaf of Yred;#p by the subsheaf formed by the

structure sheaf of Yredp is the direct sum over the singular points of Yredp of the direct images of the
structure sheaves of these singular points. On taking Euler characteristics, we �ndX

i2Ip

(1� gi)[Fqi : Fp] = �p(OYred;#
p

) = �p(OYred
p

) + s (9.10)

where s is the sum of the degrees over Fp of the singular points of Yredp . Since

2s =
X

j 6=i2Ip

X
x2Yp;j\Yp;i

[k(x) : Fp] (9.11)

we deduce (9.8) from (9.9), (9.10) and (9.11).
Our normalization of the homomorphism tp : K0(Fp) ! HCl(Z) implies that tp(Fp) is the

di�erence of the Hermitian classes (Z; h0) and (pZ; h0), where h0 is the Hermitian pairing on Z

de�ned by h(1; 1) = 1. One �nds that in Ad HCl(Z), tp(Fp) is the rational class in Hom(Rsfeg;Q
�)

which sends 2 � 1feg to p�2. Combining this with (9.8) and (9.7) shows

Coinf(�s0(Y)�1)) =
Y
p2S

tp(�p(OYred
p

))�1 (9.12)
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in HCl(Z). Combining (9.12) and (9.4) shows the equality (9.2), which completes the proof of part
(i) of Proposition 9.1.

Part (ii) of Proposition 9.1 is proved in a similar way, so we will only sketch this. By Proposition
9.1 it will su�ce to show

Coinf(�H(X ; G)) = Coinf(�s(Y)�1 �HRX ) = Coinf(�s(Y)�1) (9.13)

in HCl(ZG), where the second equality holds by because the character function de�ning HRX in
De�nition 6.6 is the identity on the trivial character. The calculations of the proof of [7, Thm.
8.5] show that the natural homomorphism of coherent sheaves 
1

Y=Z ! ��(

1
X=Z)

G on Y is an
isomorphism. It follows, on considering duality pairings, that

Coinf(�H(X ; G)) = �H(Y; feg)

where feg is the trivial group acting on Y. In this way, we can reduce to proving (9.13) when
X = Y and G is the trivial group.

The natural homomorphism 
1
Y=Z ! !Y=Z is an isomorphism on the general �ber of Y. Let

CY be the complex in degrees �1 and 0 de�ned by this homomorphism. Then CY has an Euler
characteristic in the Grothendieck group K0T (Z) of all �nite Z-modules. By [1, Thm. 2.3], this
Euler characteristic is equal to the class of Z=A(Y)Z, where A(Y) > 0 is the conductor of Y. The
complex !�Y [1] has OY in degree �1 and !Y in degree 0. It follows from Proposition 7.2 that in
Ad HCl(Z) we have

d(!�Y [1]; h; i)=�H (Y; feg) = t(Z=A(Y)Z) (9.14)

where t : K0T (Z)! Ad HCl(Z) is the homomorphism de�ned in x7. We know by Lemma 9.5 that
d(!�Y [1]; h; i) = 1, while t(Z=A(Y)Z) is the rational class in Ad HCl(Z) de�ned by the character
function sending 2 � 1feg to A(Y)�2. These facts and (9.14) reduce the proof of (9.13) to showing

�(Y; 1feg)�2 = Coinf(�s(Y)�1)(2 � 1feg) = A(Y)�2

which holds by [9] (see also [8, x2]) since Y has dimension 2 and general �ber of dimension 1.

10 Harmless base changes

Lemma 10.1 Let r be an odd prime not in S, and let N1 be the cyclotomic Zr extension of Q.
For each prime p 2 S, there are �nitely many primes over p in N1, and each has in�nite residue
�eld. We will say that Proposition 9.1(i) is true after a harmless base change at r if it is true when
X is replaced by X 0 = X 
Z ON for some sub�eld N of N1, where ON is the ring of integers of
N . Then Proposition 9.1(i) holds if it is true after a harmless base change at two distinct primes
not in S, and this implies Theorem 6.4.

Proof: The statements about the decomposition of p in N1 are clear from class �eld theory. To
establish the rest of the Lemma, let N be a sub�eld of N1. Since ON is unrami�ed over S, one sees
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that X 0 = X 
Z ON satis�es all the hypotheses of Theorem 6.4. Since X is 
at over Z, Y 0 = X 0=G
is isomorphic to Y 
Z ON . We claim that

�v;0(Y 0; V ) = �v;0(Y; V )[N :Q]: (10.1)

if V is symplectic of dimension 0. If v is �nite, this follows from the Hasse Davenport Theorem
and the formulas for �v;0(Y 0; V ) in terms of Gauss sums which are proved by Saito in [22, Theorem
2] (see also [4, x9.4]). If v is the in�nite place of Q, the completions of N above v are real. From
this one sees that the virtual representation 0hv;l(X

0; V ) of the Weil-Deligne group 0Wv which is
associated in [4, x2.3] to the V part of the Hodge realization of the motive of X 0 = Q 
Z X 0 is
isomorphic to the sum of [N : Q] copies of the corresponding motive for X = Q
Z X . Therefore
(10.1) when v is the in�nite place follows from the multiplicativity of �-constants.

By 
at base change, R�(X 0; ON 
Z !�X ;S(0)[1]) = ON 
Z R�(!�X ;S(0)[1]). On X 0 we have an
exact sequence of complexes

0! ON 
Z !�X ;S(0)[1]! !�X 0;0(0)[1] ! T ! 0

in which T is a complex of coherent OX 0-G-modules supported on the �ber X 0
r of X 0 over r. By

our choice of r, the action of G on the reduction of X 0
r is free. Hence Propositions 7.1 and 7.2 show

that
�H(X 0; G)(0) = d(ON 
Z R�(!�X ;S(0)[1]); h; i0) � tp(F ) (10.2)

where F is a free FpG-module and h; i0 is the perfect pairing on
R�(X 0; !�X 0;0(0)[1])Q = R�(X 0; ON 
Z !�X ;S(0)[1])Q = N 
Q R�(!�X ;S(0)[1])Q (10.3)

which is used to compute �H(X 0; G)(0). Passing to characters of degree 0, we see

~tp(F ) = 0: (10.4)

The pairing h; i0 appearing in (10.2) is by duality and the isomorphisms in (10.3) the composition
of 1 
 (h; i) on N 
Q R�(!�X ;S(0)[1])Q with the trace homomorphism trN=Q : N ! Q. Therefore,
Corollary A.6 show that on characters of degree 0 we have

~d(ON 
Z R�(!�X ;S(0)[1]; h; i0) = ~d(R�(!�X ;S(0)[1]; h; i)[N :Q]: (10.5)

Now combining (10.2), (10.4) and (10.5) with the de�nition of �H(X ; G)(0) gives
~�H(X 0; G)(0) = (~�H(X ; G)(0))[N :Q]: (10.6)

Putting together (10.1) and (10.6) shows that if Theorem 6.4 is true after a harmless base change
at r, then

~�H(X ; G)(0)[N :Q] = ~�s0(Y)[N :Q]

in Ad HCl(ZG) where [N : Q] is power of r. This shows Proposition 9.1(i) is true if is is true after
harmless base changes by two di�erent primes r. It was shown in Proposition 9.1 that this will
then imply Theorem 6.4

Remark 10.2 A harmless base change at r will in general add r to the set S, since the base change
ON 
Y will not in general have smooth �ber over r. However, the �ber of ON 
Y over the unique
prime of ON above r will be smooth over the residue �eld of this prime.
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11 Some constructions on surfaces.

In this section we will suppose Hypothesis 6.2. We �rst need to generalize the discriminant
�H(X ; G)(0) de�ned in (6.6).

Suppose J is a Weil divisor on Y, and let J 0 = ��1(J ). De�ne !�X ;S(J 0)[1] to be the complex

[OX (�J 0)! !X (X red
S +J 0)] having terms in degree �1 and 0 and trivial boundary homomorphism.

One has

Hj(!�X ;S(J 0)[1]) =

8>>><>>>:
H0(OX (�J 0)) if j = �1

H1(OX (�J 0))
L
H0(!X (X red

S + J 0)) if j = 0
H1(!X (X red

S + J 0)) if j = 1
0 otherwise

(11.1)

Let J (resp. J 0) be the intersection of J (resp. J 0) with the general �ber Y (resp. X) of Y (resp.
X ). The restriction !�X ;S(J 0)[1]Q of !�X ;S(J 0)[1] to X is the complex [OX(�J 0)! 
1

X=Q(J
0)] with

terms in degree �1 and 0 and trivial boundary homomorphism.
De�ne G-equivariant non-degenerate pairings

h; it : Ht(R�(!�X ;S(J 0)[1])Q)�H�t(R�(!�X ;S(J 0)[1])Q)! Q (11.2)

in the following way. If t = 0, thenH0(R�(!�X ;S(J 0)[1])Q) = H1(X;OX (�J 0))LH0(X;
1
X=Q(J

0)).
Let

h; i0 = h; i1;0 + h; i0;1 (11.3)

where h; ii;1�i is the duality pairing

h; ii;j : Hi(X;
jX((2j � 1)J 0)))�H1�i(X;
1�j
X ((1� 2j)J 0)))! Q:

If t = �1, then
H�1(R�(!�X ;S(J 0)[1])Q) = H0(X;OX (�J 0))

and
H1(R�(!�X ;S(J 0)[1])Q) = H1(X;
1

X=Q(J
0)):

De�ne the pairing h; i�1 to be the duality pairing h; i0;0, and let h; i1 = h; i1;1. If t < �1 or t > 1,
let h; it be the trivial pairing. The resulting system of pairings h; i = fh; itgt is perfect in the sense
of De�nition 2.6 (see also De�nition 3.3). Let

�H(X ; G)(J 0) = d(R�(!�X ;S(J 0)[1]); h; i) (11.4)

be the associated discriminant. When J 0 = 0, this is the discriminant de�ned in (6.6).
The following result is proved in much the same way as [4, Proposition 9.1.3], so we will omit

the proof.

Lemma 11.1 Let J be a very ample divisor on Y which is a positive integral combination of
horizontal divisors; such J exist by [17]. After making a harmless base change and replacing J by
a divisor linear equivalent to a positive integral multiple of J , we can assume that there are divisors
D and F on Y with the following properties.
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a. The divisor F is an integral combination of irreducible components of �bers of Y over p =2 S.
b. There is a canonical divisor KY on Y such that

KY + YredS + 2J + F = D
where YredS is the sum of the reductions Yredp of the �bers of Y over the primes p in S.

c. The divisors J and D are e�ective, very ample and positive integral combinations of horizontal
divisors.

d. For p 2 S, let E = D + J . Then E intersects Yredp transversely at distinct smooth points of

Yredp . Suppose y is such a point. Then y is a regular point of E. The scheme-theoretic inverse
image ��1(E) of E with respect to the quotient morphism � : X ! Y is a sum of distinct
irreducible horizontal divisors on X , and ��1(E) intersects the reduced �ber X red

p at smooth
points and this intersection is transversal. Each point of x of ��1(y) is regular on ��1(E),
and O��1(E);x=OE;y is a tame extension of discrete valuation rings.

De�nition 11.2 With the notations of Lemma 11.1, let s be a global section of the line bundle
!Y(YredS + 2J + F) having divisor D.

On Y we have an exact sequence

0�!OY �s�!!Y(YredS + 2J + F)�!!Y(YredS + 2J + F)jD�!0: (11.5)

By Lemma 9.2 we have

OX 
OY !Y(YredS ) = ��(!Y(YredS )) = !X (X red
S ):

De�ne D0 = ��1(D), J 0 = ��1(J ) and F 0 = ��1(F). On tensoring (11.5) with OX we arrive at
an exact sequence

0�!OX �s�!!X (X red
S + 2J 0 +F 0)�!!X (X red

S + 2J 0 + F 0)jD0�!0:

Twisting by ��1OY(�J ) = OX (�J 0) now gives an exact sequence

0�!OX (�J 0)
�s�!!X (X red

S + J 0 + F 0)�!!X (X red
S + J 0 + F 0)jD0�!0: (11.6)

Lemma 11.3 After a harmless base change, we can assume without loss of generality that

H0(OX (�J 0)) = 0 = H1(!X (J 0)) = H1(!X (X red
S + J 0 + F 0)) (11.7)

and that the long exact cohomology sequence of (11.6) gives a short exact sequence

0! H0(!X (X red
S + J 0 + F 0))! H0(!X (X red

S + J 0 + F 0)jD0)! H1(OX (�J 0))! 0 (11.8)

of �nitely generated projective ZG-modules. The modules

H0(!X (X red
S + J 0)) and H0(!X (X red

S + J 0 + F 0))

are projective ZG-modules of maximal rank inside H0(!X(J
0)), and their generalized index in

K0T (ZG) is in the image of the induction homomorphism K0T (Z)! K0T (ZG).
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Proof: Since J is a non-zero horizontal e�ective divisor on Y, one has H0(OX (�J 0)) = 0. Since
� : X ! Y is �nite, we have for L = !X and L = !X (X red

S ) that

H1(L(J 0)) = H1(��(L(J 0))) = H1(��(L)
OY(J )):
We were free in Lemma 11.1 to initially pick J initially to be a very ample e�ective horizontal
divisor on Y. By theorem of Serre (c.f. [18, Thm. III.5.2]) for each such J there is an integer n0
so H1(��(L)
OY(nJ )) = 0 for L = !X and L = !X (X red

S ) and all n � n0. Replacing J by n0J ,
we can assume n0 = 1. Lemma 11.1 now involves a harmless base change and a replacement of J
by a divisor linearly equivalent to a positive integral multiple of J . This base change may change
S as in Remark 10.2, and the pullback of !X via the base change may need to be adjusted by a
divisor over the prime r involved in the base change. However, after the base change, we will have

H0(OX (�J 0)) = 0 = H1(!X (J 0 + T 01 )) = H1(!X (J 0 + X red
S + T 02 )) (11.9)

for some �bral divisors T 01 and T
0
2 supported over the prime r. We wish to show that this implies

H1(!X (J 0)) = H1(!X (J 0 + X red
S + F 0)) = 0: (11.10)

Since Y is regular and equidimensional, we can reduce to the case in which Y is irreducible. Let
OK be the integral closure of Z in the function �eld of Y, so that Y is a 
at scheme over OK .
Suppose T is any integral combination of irreducible components of smooth �bers of Y over OK ,
and that E is a line bundle on X which is an OX -G-module. Then OX (��1(T )) = (� � �)�1(L) for
some line bundle L on Spec(OK), where � : Y ! Spec(OK) is the natural morphism. Hence

Hj(E 
OX (�
�1(T ))) = Hj(E)
OK

H0(L) (11.11)

for all j by 
at base change. Letting E = !X (J 0) and E = !X (J 0 + X red
S ) we now deduce (11.10)

from (11.9) and (11.11).
The exact sequence (11.8) is now clear from (11.6) and (11.7). Since the action of G on X is

tame, we know that R�(!X (X red
S + J 0 +F 0)), R�(!X (X red

S + J 0 +F 0)jD0) and R�(OX (�J 0)) are
perfect complexes of ZG-modules. Since we have shown these sheaves to have at most one non-zero
cohomology group, it follows that this cohomology group must be of �nite projective dimension
for ZG. Since H0(!X (X red

S + J 0 + F 0)) has no Z-torsion because X is 
at over Z, we see that
H0(!X (X red

S + J 0 + F 0)) must be a projective ZG-module. We now show that H1(OX (�J 0)) has
no non-trivialZ-torsion, since thenH1(OX (�J 0)) will be forced to be projective, andH0(!X (X red

S +
J 0 + F 0)jD0) will be as well by the exactness of (11.8).

The duality theorem for X (c.f. [19, Theorem 11.1]) implies that the Z-torsion in the �nitely
generated abelian group H1(OX (�J 0)) is Pontryagin dual to the Z-torsion in H1(!X (J 0)). This
is not a misprint; the co-torsion of H1(OX (�J 0)) is Z-dual to the torsion-free group H0(!X (J 0)).
Since we have arranged in (11.7) that H1(!X (J 0)) = 0, we conclude that H1(OX (�J 0)) has no
non-trivial Z-torsion.

All that remains to be shown is the last assertion of the Lemma concerning H0(!X (X red
S +J 0))

and H0(!X (X red
S +J 0+F 0)). We have shown H0(!X (X red

S +J 0+F 0)) is a projective ZG-module,
and this module is a Z-lattice of maximal rank in the Q vector space H0(!X(J

0)). Hence the last
assertion of Lemma 11.3 follows from (11.11) after reducing to the case in which Y is irreducible.
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Corollary 11.4 If T is a scheme over Z, let T in Roman type denote Q 
Z T . The sequence
(11.6) determines on X the exact sequence

0�!OX(�J 0) �s�!!X(J
0)�!!X(J

0)jD0�!0 (11.12)

where !X = 
1
X=Q. The long exact cohomology sequence associated to (11.12) is the following exact

sequence of free QG-modules:

0�!H0(!X(J
0))

��!H0(!X(J
0)jD0) ��!H1(OX(�J 0))�!0: (11.13)

This sequence results from tensoring (11.8) with Q.

Our goal now is to de�ne a symmetric bilinear G-equivariant non-degenerate bilinear form on
the middle term H0(!X(J

0)jD0) in (11.13). The scheme D0 is a sum of closed points on X; let !D0

be the relative dualizing sheaf of D0 over Q. We will need to make explicit the following sequence
of isomorphisms:

(!X(J
0)jD0)
2 = (!X(J

0)jD0)
OX(KX + J 0)jD0 (11.14)

= !X(KX + 2 � J 0)jD0 (11.15)

= !X(D
0)jD0 (11.16)

= !D0 (11.17)

The canonical divisor KX is

KX = Q
Z(KX+X red
S +F 0) = Q
Z��1(KY+YredS +F) = Q
Z��1(D�2J ) = D0�2J 0: (11.18)

Thus KX + J 0 = D0 � J 0. From [14, p. 136] we have an isomorphism

OX(KX + J 0)! !X(J
0) (11.19)

sending a meromorphic section � of OX(KX + J 0) to � � s, where

s 2 �(Y; !Y(YredS + 2J + F)) � �(Y; !Y (2J)) � �(X;!X(2J
0))

is the global section speci�ed in De�nition 11.2. We thus have an isomorphism

(!X(J
0))
2 ! !X(J

0)
OX(KX + J 0) = !X(KX + 2 � J 0) (11.20)

in which (�1s)
 (�2s) goes to �1 ��2 � s. Note that this isomorphism is symmetric, in the sense that
(�2s)
 (�1s) also has image �1 � �2 � s. It is also G-equivariant, in the sense that g(�1s)
 g(�2s) =
(g(�1)s)
 (g(�2)s) goes to g(�1 ��2) � s for g 2 G, since s is �xed by G. The isomorphism in (11.20)
gives (11.14) and (11.15), while (11.16) comes from (11.18). Finally, (11.17) is the adjunction
formula.
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Proposition 11.5 The isomorphisms in (11.14) - (11.17) and the canonical trace homomorphism
Tr : H0(D0; !D0)! Q give a non-degenerate symmetric G-equivariant bilinear form

h; i : H0(!X(J
0)jD0)�H0(!X(J

0)jD0)! Q: (11.21)

Suppose a 2 H0(!X(J
0)), b 2 H0(!X(J

0)jD0) and that � and � are the homomorphisms in
(11.13). Let [ : H0(!X(J

0)) � H1(OX(�J 0)) ! H1(!X) be the tensor product pairing, and let
tr : H1(!X)�!Q be the trace isomorphism. Then

h�(a); bi = ha; �(b)i0 (11.22)

where
h; i0 : H0(!X(J

0))�H1(OX(�J 0))! Q (11.23)

is the perfect G-equivariant duality pairing de�ned by ha;mi0 = tr(a [m) for a 2 H0(!X(J
0)) and

m 2 H1(OX(�J 0)).

Proof: The pairing (11.21) is symmetric and G-equivariant because the pairing in (11.20) has
these properties. Suppose we show that (11.22) holds. Then since h; i0 in (11.23) is perfect and
G-equivariant by Serre duality, it will follow that h; i is non-degenerate.

Observe �rst that we have a commutative diagram

0 �! OX(�J 0) i�! OX(KX + J 0) �! OX(KX + J 0)jD0 �! 0??y ??y�s

??y 

0 �! OX(�J 0) �s�! !X(J
0) �! !X(J

0)jD0 �! 0

(11.24)

in which the left downward arrow is the identity map, the middle down arrow is the isomorphism
given by multiplication by s, and the right down arrow is the induced isomorphism. The map i in
the top row is the natural injection coming from the fact that D0 = KX + 2J 0 is e�ective.

To compute h�(a); bi we now unravel (11.14) - (11.17). From (11.19), a 2 H0(!X(J
0)) has the

form a = a0 �s for some a0 2 H0(OX(KX +J 0)). Let Fx be the stalk at x 2 X of a coherent sheaf F
on X. Choose ux 2 OX(KX + J 0)x for x 2 D0 so  (

P
x2D0 ux) = b in the right column of (11.24).

Fix x 2 D0. In (11.20) we need to �nd

a0 � ux � s 2 !X(KX + 2 � J 0)x = !X(D
0)x:

The adjunction formula comes about from the residue homomorphism

resx : !X(D
0)x ! Q(x)

whereQ(x) is the residue �eld of the point x 2 D0. We have a trace homomorphism trx : Q(x)! Q.
Putting together all these ingredients and the de�nition of h; i in (11.21) gives the formula

h�(a); bi =
X
x2D0

trx(resx(a
0 � ux � s)): (11.25)
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We now have to compute the cup product pairing tr(a [ �(b)). Let j : � ! X be the inclusion
of the generic point � of X into X. The top row of (11.24) �ts into a diagram

0 �! OX(�J 0) i�! OX(KX + J 0) �! OX(KX + J 0)jD0 �! 0??y ??y ??y
0 �! OX(�J 0) �! j�OX;� �! L

x2X0

j�OX;�
OX(�J 0)x �! 0

(11.26)

in which X0 is the set of closed points of X, and all the homomorphisms are the obvious inclusions.
The tensor product of this diagram with !X(J

0) is a diagram

0 �! !X �! !X(D
0) �! L

x2D0
!X(D

0)x

!X;x
�! 0

??y ??y ??y
0 �! !X �! j�!X;� �! L

x2X0

j�!X;�

!X;x
�! 0

: (11.27)

The bottom row of (11.27) is used to compute the trace isomorphism tr : H1(!X) ! Q in the
following way (c.f. [18, p. 248]). The cohomology of the bottom row of (11.27) gives an exact
sequence

!X;��!
M
x2X0

!X;�

!X;x

��!H1(!X)�!0: (11.28)

Given a set of elements zx 2 !X;� such that zx 2 !X;x for all but �nitely many x, one has

tr(�(
X
x2X0

[zx]) =
X
x2X0

trx(resx(zx)) (11.29)

where [zx] is the image of zx in !X;�=!X;x.
We now put this together to compute tr(a[ �(b)). Recall that ux 2 OX(KX + J 0)x was chosen

so that
L
x2D0 ux has image b 2 !X(J 0)jD0 under the right downwards homomorphism  in (11.24).

Since a 2 H0(!X(J
0)), and tensoring with !X(J

0) takes (11.26) to (11.27), we see that

�(
M
x2D0

[ux � a]) = a [ �(b) in H1(!X) (11.30)

where � is the boundary homomorphism in (11.28). Accordingly, (11.29) gives

tr(a [ �(b)) =
X
x2X0

trx(resx(ux � a)): (11.31)

The fact that (11.31) has the same value as (11.25) now results from a = a0 � s.
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Corollary 11.6 The projective ZG-module H0(!X (X red
S + J 0 + F 0)jD0) together with the pairing

h; i de�ned in Proposition 11.5 de�nes Hermitian ZG-module. For n 2 Z, let (Mn(J 0); h; i0) be the
Hermitian module

Mn(J 0) = H1(OX (�J 0))
M

H0(!X (X red
S + J 0 + nF 0)) (11.32)

with h; i0 the pairing on Mn(J 0)Q described in (11.2) and (11.3) of x6. We then have an equality
of discriminants

d(H0(!X (X red
S + J 0 + F 0)jD0); h; i) = d(M1(J 0); h; i0) = d(R�(!�X ;S(J 0)[1]); h; i) (11.33)

where the last term is de�ned in (11.4). We have an equality of degree 0 discriminants

~d(M1(J 0); h; i0) = ~d(M0(J 0); h; i0): (11.34)

Proof: To show the �rst equality in (11.33) we apply Lemma B.1 to the sequence (11.13) and we
use the relation 11.22. The second equality in (11.33) is clear from the calculation of the pairing
h; i just before (11.4) and from the fact that Hj(!�X ;S(J 0)[1]) = 0 if j 6= 0. Finally, (11.34) results

from the comparison of H0(!X (X red
S + J 0 + F 0)) and H0(!X (X red

S + J 0)) at the end of Lemma
11.3. This is because the restriction to characters of degree 0 of a class in HCl(ZG) which is the
image of class in the image of the induction homomorphism K0T (Z)! K0T (ZG) is trivial.

Our goal now is to compute d(H0(!X (X red
S +J 0 +F 0)jD0); h; i) in HCl(ZG) in a di�erent way,

via symplectic root numbers.
Fix y 2 D. By Lemma 11.1(d), D and J are disjoint and reduced, since they have disjoint

reduced specializations to a �nite �ber of Y. Hence a uniformizing parameter zy at y on Y is a
local equation for D, and 1 is a local equation for J . We �x an isomorphism of stalks �y : !Y (J)y =
!Y;y ! OY;y by requiring �y(d(zy)) = 1, where d(zy) is the di�erential of zy. Tensoring with the
residue �eld k(y) of y over OY;y gives an induced isomorphism �y : !Y (J)jy ! k(y). Then tensoring
with OX over OY then gives an isomorphism �y : !X(J

0)j��1(y) ! O��1(y). Here ��1(y) is a �nite
union of closed points; let x be a point of X over y. Because � : X ! Y is �etale, zy is a uniformizer
in OX;x, and 1 and zy are local equations in OX;x for J 0 and D0, respectively. Summing over y 2 D
gives an isomorphism

� =
X
y2D

�y : H
0(!X(J

0)jD0) =
M
y2D

!X(J
0)j��1(y) ! H0(OD0) =

M
y2D

O��1(y): (11.35)

Recall that s 2 H0(Y; !Y (2J)) has divisor D = KY + 2J . Therefore there is a unit vy 2 O�
Y;y

such that
z�1y s = vy � d(zy) in !Y;y = !Y (2J)y : (11.36)

Lemma 11.7 There is a direct sum decomposition

H0(!X(J
0)jD0) =

M
y2D

H0(!X(J
0)j��1(y)): (11.37)
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Let h; iy be the restriction to the summand indexed by y on the right of the pairing h; i de�ned in
Proposition 11.5. Then (11.37) gives an orthogonal direct sum decomposition of H0(!X(J

0)jD0) as
an Hermitian QG-module. Let h; iyy : H0(O��1(y))�H0(O��1(y))! Q be the natural trace pairing.
Then for a; b 2 H0(!X(J

0)j��1(y)) one has

hvya; biy = h�y(a); �y(b)iyy (11.38)

where vy is the image in k(y) � O��1(y) =
L

x2��1(y) k(x) of vy 2 OY;y.

Proof: We �rst compute ha; bi by the method used in (11.25). Choose tx; ux 2 OX(KX + J 0)x
so that  (

L
x2D0 tx) = a and  (

L
x2D0 ux) = b in the right column of (11.24). Then the same

argument used to show (11.25) proves

ha; bi =
X
x2D0

trx(resx(tx � ux � s)): (11.39)

To analyze the right hand side of (11.39), recall thatKX+J
0 = ��1(KY+2J�J) = ��1(D�J) =

D0 � J 0. For x 2 D0, the component ax of a 2 H0(!X(J
0)jD0) =

L
x2D0 !X(J

0)jx at the summand
corresponding to x is the image of tx � s 2 !X(J 0)x under the natural isomorphism

!X(J
0)x

MX;x!X(J
0)x

! !X(J
0)jx

where MX;x is the maximal ideal of OX;x. In view of (11.36), we have

tx � s = tx � zy � vy � d(zy) (11.40)

where y = �(x). Similarly,
ux � s = ux � zy � vy � d(zy): (11.41)

Since resx(z
�1
y d(zy)) = 1, we �nd from (11.39) that

ha; bi =
X
x2D0

trx(resx(tx � ux � zy � vy � d(zy))) =
X
x2D0

trx(rx(tx � ux � z2y � vy)) (11.42)

where rx : OX;x ! k(x) is the reduction homomorphism. Observe that since tx; ux 2 OX(D0�J 0)x,
zy is a uniformizer in OX;x, vy 2 O�

Y;y and 1 is a local equation for J 0, the right hand side of (11.42)
is well de�ned. Formula (11.42) shows that h; i is the orthogonal sum over y 2 D of h; iy.

We must now compute the right hand side of (11.38). Fix y 2 D, and suppose a and b
are in the summand H0(!X(J

0)j��1(y)) of H0(!X(J
0)jD0). We �xed an isomorphism of stalks

�y : !Y (J)y = !Y;y ! OY;y de�ned by �y(d(zy)) = 1. Since x 2 ��1(y) andX ! Y is �etale, this gives
an isomorphism of stalks �x : !X(J

0)x = !X;x ! OX;x with �x(d(zy)) = 1. Let �x : !X(J
0)x ! k(x)

be the reduction of �x modulo MX;x. Under �y : !X(J
0)j��1(y) ! O��1(y) the class

L
x2��1(y) ax

goes to
L

x2��1(y) �x(tx � s). In view of (11.40), we �nd that

�x(tx � s) = �x(tx � zy � vy � d(zy)) = rx(tx � zy � vy) (11.43)

35



where rx : OX;x ! k(x) is, as before, the reduction homomorphism. Accordingly,

h�y(a); �y(b)iyy =
X

x2��1(y)

trx(rx(tx � zy � vy) � rx(ux � zy � vy))

=
X

x2��1(y)

trx(rx(tx � ux � z2y � v2y)) (11.44)

Since rx(vy) = vy for all x 2 ��1(y), the equality (11.38) follows from (11.42) and (11.44).

Corollary 11.8 The trace pairing trD0 : H
0(OD0) � H0(OD0) ! Q de�nes a symmetric non-

degenerate G-invariant bilinear form, where H0(OD0)Q = H0(OD0) =
P
x2D0 k(x). On characters

of degree 0 we have an equality of discriminants

~d(H0(!X (X red
S + J 0 + F 0)jD0); h; i) = ~d(H0(OD0); trD0) = ~d(H0(!X (X red

S + J 0)jD0); h; i): (11.45)

Proof: With the notations of Lemma 11.7, let y be a point of D. De�ne F = k(y), and let My =
H0(O��1(y)). Then My is a free FG-module, and there is a natural G-invariant non-degenerate

symmetric trace pairing ty : My �My ! F = k(y). The pairing h; iyy appearing in Lemma 11.7 is
simply tF=Q�ty. Let vy be the element of F � = k(y)� de�ned in Lemma 11.7. We then have another
non-degenerate pairing t0y : My �My ! F de�ned by t0y(m;m

0) = ty(cym;m
0) when cy = (vy)

�1.
This gives a non-degenerate pairing h; i0y :My�My ! Q via h; i0y = tF=Q � t0y . Lemma 11.7 gives an
isometry between (My; h; i0y) and the Hermitian module (H0(!X(J

0)j��1(y)); h; iy). This Lemma also
shows that the orthogonal sum over y 2 D of the latter modules is isometric to (H0(!X(J

0)jD0); h; i).
Because (H0(OD0); trD0) is the orthogonal sum over y 2 D0 of (My; h; i0y), Corollary A.3 shows

~d(H0(!X (X red
S + J 0 + F 0)jD0); h; i) = ~d(�(H0(!X (X red

S + J 0 + F 0)jD0)); trD0) (11.46)

where
� : H0(!X(J

0)jD0) = H0(!X (X red
S + J 0 +F 0)jD0)Q ! H0(OD0)

is the homomorphism de�ned in (11.35). Now, since ��1(!Y(YredS +J +F)) = !X (X red
S +J 0+F 0),

we see from the de�nition of � that �(H0(!X (X red
S +J 0 +F 0)jD0))) = OD0 
OD L for some locally

free rank one OD-module L inside OD0 . Thus as OD0-G modules, L and OD0 are the pull backs
of OD-modules having isomorphic general �bers. A repeated application of Proposition 7.2 then
shows

d(�(H0(!X (X red
S + J 0 + F 0)jD0)); trD0) = d(H0(OD0); trD0) � c (11.47)

where c is an integral combination of classes in HCl(ZG) of �nite ZG-modules of the form
OD0 
OD m with m a �nite OD-module. However, the tameness of the action of G on D0 im-
plies all of the latter classes are integral combinations of classes of the form (Z=r)G with r a
rational prime. The restriction of such classes to degree 0 characters is trivial, so we conclude from
(11.47) that

~d(�(H0(!X (X red
S + J 0 + F 0)jD0))); trD0) = ~d(H0(OD0); trD0): (11.48)

Combining (11.46) and (11.48) shows the �rst equality in (11.45), and the second equality is proved
in exactly the same way.
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Lemma 11.9 In the derived category D(G;Spec(Z)), R�(!X (X red
S )) is isomorphic to a complex

of projective ZG-modules

[H0(!X (X red
S + J 0))

�0�!H0(!X (X red
S + J 0)jJ 0)] (11.49)

whose terms are in degrees 0 and 1, respectively. The homomorphism �0 in this complex is induced
by the homomorphism � in the complex of sheaves

0�!!X (X red
S )�!!X (X red

S + J 0)
��!!X (X red

S + J 0)jJ 0 ! 0: (11.50)

Similarly, R�(OX )[1] is isomorphic to the complex of projective ZG-modules

[H0(OJ 0) ��1�!H1(OX (�J 0))] (11.51)

whose terms are in degrees �1 and 0, respectively. The homomorphism ��1 in this complex is
induced by the �rst boundary map in the long exact cohomology sequence associated to the exact
sequence of sheaves

0! OX (�J 0)! OX ! OJ 0 ! 0: (11.52)

Proof: The cohomology of !X (X red
S ) is trivial outside dimensions 0 and 1. Since the terms of

(11.49) are projective, we �nd from the cohomology of (11.50) that there is a quasi-isomorphism
between (11.49) and R�(!X (X red

S )). The assertion about (11.51) is proved similarly.

Corollary 11.10 The hypercohomology R�(!�X ;S(0)[1]) appearing in Theorem 6.4 is quasi-isomorphic
to the direct sum

[ H0(OJ 0)! H1(OX (�J 0))
M

H0(!X (X red
S + J 0))! H0(!X (X red

S + J 0)jJ 0) ] (11.53)

of the complexes in (11.49) and (11.51), whose terms are in dimensions �1, 0 and 1. The perfect
pairing h; i on R�(!�X ;S(0)[1])Q in Theorem 6.4 is induced by the pairing h; i0 on

H1(OX(�J 0))
M

H0(!X(J
0)) (11.54)

together with the pairing h; iJ on

H0(OJ 0)
M

H0(!X(J
0)jJ 0) (11.55)

which associated to the adjunction isomorphism !X(J
0)jJ 0 ! !J 0 and the trace homomorphism

H0(!J 0)! Q.

Proof: In view of Lemma 11.9, we have only to show the assertions made about h; i. Note that
(11.54) is the tensor product of the middle term of (11.53) withQ over Z, while (11.55) is the tensor
product of the sum of the degree �1 and degree 1 terms of (11.53) with Q over Z. The cohomology
pairings de�ning h; i in (11.2) were speci�ed using the duality pairings on the cohomology of OX and
!X = 
1

X=Q. Thus the fact that these pairings result in the way described in Corollary 11.10 follows
from the fact that duality isomorphisms are de�ned in the derived category and are compatible
with adjunction. Alternately, one could give a more explicit proof along the lines of the proof of
Proposition 11.5.
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Corollary 11.11 Let (ZJ ; h; iJ ) be the Hermitian module

ZJ = H0(OJ 0)
M

H0(!X (X red
S + J 0)jJ 0)

with the pairing h; iJ speci�ed in Corollary 11.10. One has

�H(X ; G)(0) = d(R�(!�X ;S(0)[1]); h; i) (11.56)

= d(M0(J 0); h; i0) � d(ZJ ; h; iJ )�1 (11.57)

with the notations of Corollary 11.6. Hence (11.56), (11.33) and (11.34) imply that on characters
of degree 0, one has

~�H(X ; G)(0) = ~d(R�(!�X ;S(J 0)[1]); h; i) � ~d(ZJ ; h; iJ )�1: (11.58)

Proof: The equality in (11.56) is the de�nition of �H(X ; G)(0). The equality (11.57) follows from
Corollary 11.10 and the de�nition of the discriminant of a perfect Hermitian complex; recall that
M0(J 0) = H1(OX (�J 0))

L
H0(!X (X red

S + J 0)). The implication (11.58) is now clear.

Lemma 11.12 Let trJ 0 : H
0(OJ 0)�H0(OJ 0)! Q be the natural trace pairing. One has

~d(ZJ ; h; iJ ) = ~d(H0(OJ 0); trJ 0)2:
Proof: Since J is a sum of reduced closed points on the general �ber Y of Y, there is an isomorphism
!J ! OJ which identi�es the trace homomorphismH0(!J)! Q with the trace trJ : H

0(OJ)! Q.
This isomorphism induces by tensor product with OJ 0 an isomorphism �J 0 : !J 0 ! OJ 0 which
identi�es the trace H0(!J 0) ! Q with trJ 0 : H

0(OJ 0) ! Q. De�ne h; i0J to be the pairing on
H0(OJ 0)

L
H0(OJ 0) for which

ha� b; a0 � b0i0J 0 = trJ 0(a; b
0) + trJ 0(a

0; b): (11.59)

>From the de�nition of h; iJ we see that

d(ZJ ; h; iJ ) = d(H0(OJ 0)
M

�J 0(H
0(!X (X red

S + J 0)jJ 0)); h; i0J ):

Since !X (X red
S +J 0) is the pull back of a line bundle on Y, we �nd, as in the proof of (11.47), that

~d(H0(OJ 0)
M

�J 0(H
0(!X (X red

S + J 0)jJ 0)); h; i0J ) = ~d(H0(OJ 0)
M

H0(OJ 0); h; i0J ): (11.60)

By Lemma B.2, one has

~d(H0(OJ 0)
M

H0(OJ 0); h; i0J ) = ~d(H0(OJ 0); trJ 0)2 (11.61)

so Lemma 11.12 follows on combining (11.59), (11.60) and (11.61).

Corollary 11.13

~�H(X ; G)(0) = ~d(H0(OD0); trD0) � ~d(H0(OJ 0); trJ 0)�2:
Proof: Combine Corollaries 11.11, 11.6 and 11.8 with Lemma 11.12.
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12 Proof of Theorem 6.4

Let D0] (resp. J 0]) be the normalization of D0 (resp. J 0). By the construction of D and J in
Lemma 11.1, the natural morphisms �D : D0] ! D0 and �J : J 0] ! J 0 are isomorphisms over a
non-empty open neighborhood of the branch locus of the morphisms D0 ! D and J 0 ! J induced
by � : X ! Y. Therefore the action of G on D0] and J 0] is tame, and the quotient D0]=G (resp.
J 0]=G) is the normalization of D (resp. J ). Furthermore, the OD0 -module �D;�(OD0])=OD0 is the
pullback of a �nite OD-module. It follows that the Euler characteristic of �D;�(OD0])=OD0 in the
Grothendieck group of all �nite ZG-modules (c.f. x7) is an integral combination of classes of the
form FpG as p ranges over rational primes. Since D0] has general �ber D0, we now �nd from
Proposition 7.2 that

~d(H0(OD0]); hD0) = ~d(H0(OD0); hD0):
Similarly,

~d(H0(OJ 0]); hJ 0) = ~d(H0(OJ 0); hJ 0):
The scheme D0] is the disjoint union of the spectra of rings of integers on which G acts tamely,

and hD0 corresponds to the orthogonal sum of the trace forms on these rings of integers. We now
describe the main result of Cassou-Nogu�es and Taylor in [2] concerning the image of d(H0(O]

D0 ; hD0))
in Ad HCl(ZG)).

Let �s1(D]) be the element of Hom(RsG; J(Q)) such that �s1(D])(�V ) for �V 2 RsG have trivial
components at all �nite places, and component at the archimedean place v1 of Q given by the
archimedean local constant �v1(D]; V ). By [4, Cor. 5.2.3], �sv1(D]; V ) = �1 for �V 2 RsG, and
�s1(D]) is 
Q-equivariant. Thus we may view �s1(D]) as de�ning a class in Ad HCl(ZG). By

restricting the main result of [2] concerning d(H0(O]
D0); hD0) to characters of degree 0, we have an

equality
~d(H0(OD0]); hD0) = ~�s0(D]) � ~�s1(D]) in Ad HCl(ZG):

In deducing this from [2], it is important to use the fact proved in [13, Theorem IV.29(i)] that
the non-rami�ed characteristic associated to symplectic representation of Galois extension of local
�elds is equal to 1. This allows one to compare �s0(D]) to the symplectic root numbers appearing
in [2].

In a similar way, one has

~d(H0(OJ 0]); hJ 0) = ~�s0(J ]) � ~�s1(J ]) in Ad HCl(ZG):

Thus Corollary 11.13 shows

Corollary 12.1

~�H(X ; G)(0) = ~�s0(D]) � ~�s0(J ])�2 � ~�s1(D]) � ~�s1(J ])�2 in Ad HCl(ZG): (12.1)

Recall that in Lemma 11.1, D and J were chosen so that

KY + YredS + F = D � 2J : (12.2)

39



We now use the comparison of symplectic root numbers appearing in the proof of Theorem [4,
Theorem 7.1.3] to conclude from (12.2) that

~�s0(Y)�1 = ~�s0(D]) � ~�s0(J ])�2: (12.3)

Note that the exponent �1 on the left arises from the computation of the degree of the restriction
of OY(KY +YredS ) to the irreducible components of the �nite �bers of Y given in [4, x7.1] together
with the formulas for �-factors proved by Saito and used in the proof of [4, Thm. 7.1.3]. Part (c)
of [4, Theorem 7.1.3] shows in a similar way that for all �V 2 RsG of dimension 0, we have

�v1;0(Y; V ) = �v1;0(D; V ) � �v1;0(J ; V )�2: (12.4)

However, since the general �ber of Y is of odd dimension, we have from [4, Lemma 5.1.1(b)] that
�v1;0(Y; V ) = 1 for all �V 2 RsG. Thus (12.4) shows

~�s1(D]) � ~�s1(J ])�2 = 1 in Ad HCl(ZG): (12.5)

Combining (12.1), (12.3) and (12.5) proves Theorem 6.4 in view of Proposition 9.1(i).

13 Proof of Theorem 6.7

The complex ��1(
1
X=Z)[1] used to de�ne �H(X ; G) is quasi-isomorphic to (OX ! 
1

X=Z)[1], while

!�X ;S(0)[1] is the complex (OX ! !X (X red
S ))[1]. Here 
1

X=Z and !X (X red
S ) are isomorphic on the

general �ber of X . In [6, x8.1] it was shown how to de�ne and compute an Euler characteristic
�tor(


1
X=Z ! !X (X red

S )) in the Grothendieck group K0T (ZG) of all �nite ZG-modules of �nite

projective dimension which is associated to the natural morphism 
1
X=Z ! !X (X red

S ). (As in the

proof of Proposition 9.1(ii) in x9, one can view this morphism as de�ning a two term complex CX
in degrees �1 and 0.) By applying Proposition 7.2 we now deduce that

�H(X ; G) = �H(X ; G)(0) � t(�tor(
1
X=Z ! !X (X red

S )))�1 (13.1)

where t : K0T (ZG) ! HCl(ZG) is the homomorphism discussed in x7. It follows from [6, x8.1]
that on taking images in Ad HCl(ZG) and then passing to characters of degree 0, we have

~t(�tor(

1
X=Z ! !X (X red

S )))�1 =
Y
p

j~�sp(Yp)jp (13.2)

where the product on the right is over all rational primes p, Yp is the �ber of Y over p, and
the character function j~�sp(Yp)jp de�ned in x6 de�nes a class in Ad HCl(ZG). (Note that be-
cause �-constants do not change on passing to the reduction of a subscheme, we have j~�sp(Yp)jp =
j~�sp(Yredp )jp = j~�sp(X red

p =G)jp.) Combining (13.1), (13.2) and Theorem 6.4 now shows

~�H(X ; G) = ~�sS;0(Y)�1 �
Y
p

j~�sp(Yp)jp: (13.3)
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Let bp � Yp be the �ber at p of the branch locus of X ! Y, and let Up = Yp � bp. With the
notations of x6, we have

j~�sp(Yp)jp � ~�s(Yp) = j~�sp(Yp)jp � ~�sp(Yp) �
Y
v 6=p

~�sv(Yp)

= j~�sp(Up)jp � ~�sp(Up) � j~�sp(bp)jp � ~�sp(bp)
Y
v 6=p

(~�sv(Up) � ~�sv(bp))

(13.4)

where the product is over all places v of Q (including the in�nite place) which are not equal to p.
For each place v of Q, let Dets(ZvG)

� be the restriction to symplectic characters of the determinant
subgroup Det((ZvG)

�). By [3, Thm. 5.12, 5.13], j~�sp(Up)jp � ~�p(Up) lies in Dets(ZpG)
�, while ~�sv(Up)

lies in Dets((ZvG)
�) for v 6= p. Hence these terms in (13.4) have trivial class in Ad HCl(ZG). Thus

(13.4) gives

j~�sp(Yp)jp = ~�s(Yp)�1 � j~�sp(bp)jp � ~�sp(bp) �
Y
v 6=p

~�sv(bp) in Ad HCl(ZG): (13.5)

>From x6 we have
~�s(Y) = ~�sS;0(Y)

Y
p

~�s(Yp): (13.6)

Furthermore,
~�s(bp) = ~�sp(bp) �

Y
v 6=p

~�sv(bp) (13.7)

by de�nition. Therefore combining (13.3), (13.5), (13.6) and (13.7) shows

~�H(X ; G) = ~�s(Y)�1 �
Y
p

(~�s(bp) � j~�sp(bp)jp) in Ad HCl(ZG):

By Proposition 9.1(ii), this implies Theorem 6.7.

A Appendix: Behavior of discriminants under base changes.

With the notations of x4 and 5, let tF=Q : F ! Q be the trace function associated to a number �eld
F . We will also use tF=Q for the induced trace homomorphism FG! QG. We can view a locally
free OFG-module M also as a locally free ZG-module. We �x a non-degenerate Hermitian pairing
h : MF �MF ! FG, where MF = F 
OF

M . On MQ = Q 
Z M we have the Hermitian QG-
module pairing hQ : MQ �MQ ! QG be de�ned by h(m;m0) = tF=Q(hF (m;m

0)) for m;m0 2 M
and then extended to all m;m0 2MQ by Q-bilinearity.

Choose a (�nite) left transversal f�g� for 
F inside 
Q. For an arbitrary abelian 
Q-module
A, one has a norm map

NF=Q : Hom
F
(RG; A)! Hom
Q(RG; A) (A.1)

de�ned by
NF=Q(f)(�) =

Y
�

�(f(��1(�)))
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for f 2 Hom
F
(RG; A) and � 2 RsG. Recall that a =

P
g2G agg

�1 if a =
P
g2G agg 2 FG. The

following result is proved in [13, Thm. IV.11].

Lemma A.1 (Fr�ohlich) The pairing hQ is non-degenerate. The map NF=Q in (A.1) induces a
homomorphism �F=Q : HCl(OFG)! HCl(ZG). We have

�F=Q(d(M;hF )) = d(M;hQ) � d(OFG; �)�r

where r = rankOFG(M) and � : FG � FG ! QG is the Hermitian pairing de�ned by �(a; a0) =
tF=Q(a � a0) for a; a0 2 FG.

Lemma A.2 Suppose c 2 F �, and that we de�ne a new Hermitian pairing h0F : MF �MF ! FG
by

h0F (m;m
0) = c � hF (m;m0) for m;m0 2MF :

The dimension dim(�) of each � 2 RsG is even. De�ne f(c) 2 Hom
F
(RsG;Q

�
) by f(c)(�) =

cdim(�)=2 for � 2 RsG. Then

Pf((h0F (xi; xj))i;j) = f(c) � Pf((hF (xi; xj))i;j) (A.2)

in Hom
F
(RsG;Q

�
).

Proof: Since dim(�) is even if � 2 RsG, f(c) is well de�ned. Clearly

(h0F (vi; vj))i;j = c � (hF (vi; vj))i;j :

Since Pfa�ans do not change on extending hF from F to Q, we �nd from [13, Prop. II.4.5] that

Pf((h0F (xi; xj))i;j)(�) = Det�(
p
c � In) � Pf((hF (xi; xj))i;j)(�)

for each symplectic character � 2 RsG, where
p
c is a any choice of square root of c in Q. Since

dim(�) is even, this implies (A.2).

Corollary A.3 Let c, f(c), hF and h0F be as in Lemma A.2. As in Lemma A.1, let hQ =
tF=Q � hF and h0Q = tF=Q � h0F be the induced Hermitian forms on MQ. The function N (f(c)) 2
Hom
Q(R

s
G;Q

�
) then sends � 2 RsG to

N (f(c))(�) = NormF=Q(c)
dim(�)=2: (A.3)

Let [1�N (f(c))] be the image of

1�N (f(c)) 2 Det(J(QG))
Det(U(ZG))

�Hom
F
(RsG;Q

�
)

in HCl(ZG). Then
d(M;h0Q) = [1�N (f(c))] � d(M;hQ): (A.4)
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Proof: Since h0F and hF are pairings on the same FG-module, Lemmas A.1 and A.2 show that
(A.4) holds. The only thing we need to check is that (A.3) holds. However, by de�nition

N (f(c))(�) =
Y
�

�(f(��1(�)))

=
Y
�

�(cdim(��1(�))=2)

=
Y
�

�(c)dim(�)=2 (A.5)

= NormF=Q(c)
dim(�)=2

(A.6)

since � is a transversal for 
F in 
Q.

Corollary A.4 With the notations of Corollary A.3, the degree 0 classes ~d(M;hQ) and ~d(M;h0Q)
are equal.

Lemma A.5 Suppose F 0 is a �nite extension of F with ring of integers OF 0 . De�ne M
0 =M 
OF

OF 0. One has a natural isomorphism M 0
F 0 =MF 
F F 0, The pairing hF :MF �MF ! FG induces

a Hermitian pairing hF 0 :M
0
F 0�M 0

F 0 ! F 0G via this isomorphism. Let h00Q be the pairing tF 0=Q�hF 0
on M 0

Q =M 0 
Z Q. Let n = rankFG(M), and let � = dF 0=Q � d�[F
0:F ]

F=Q 2 Q. De�ne

z = 1� zs 2 Det(J(QG))
Det(U(ZG))

�Hom
F
(RsG;Q

�
)

by letting zs(�) equal �
n�dim(�)=2) for all � 2 RsG. Let [z] be the image of z in HCl(ZG). Then

d(M 0; h00Q) = d(M;hQ)
[F 0:F ] � [z]: (A.7)

Proof: IfA is an 
F -module, the relative norm operatorNF 0=F : Hom
F 0
(RG; A)! Hom
F

(RG; A)
acts as multiplication by [F 0 : F ] on the subgroup Hom
F

(RG; A) of Hom
F 0
(RG; A). Hence com-

bining the going-up result of [13, Theorem IV.9] with the going down result in [13, Theorem IV.11]
shows

d(M 0; tF 0=F � hF 0) = d(M;hF )
[F 0:F ] � d(OF 0G; �F 0=F )n: (A.8)

in HCl(OFG), where �F 0=F : F 0G � F 0G ! FG is the Hermitian form resulting from the trace
tF 0=F . Another application of the going down result shows

d(M 0; h00Q) = NF=Q(d(M
0; tF 0=F � hF 0)) � d(OFG; �F=Q)n�[F

0:F ] (A.9)

and
d(M;hQ) = NF=Q(d(M;hF )) � d(OFG; �F=Q)n (A.10)

where N : HCl(OFG)! HCl(ZG) is the norm map. Combining (A.8), (A.9) and (A.10) gives

d(M 0; h00Q)=d(M;hQ)
[F 0:F ] = NF=Q(d(OF 0G; �F 0=F )

n): (A.11)
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The right hand side of (A.11) is the image of NF=Q(d(OF 0 ; tF 0=F )
n) in HCl(ZG) under the going

up homomorphism HCl(Z) ! HCl(ZG) induced by the ring inclusion of Z into ZG. In HCl(Z)
we have the usual relative discriminant formula

d(OF 0 ; tF 0=Q) = NF=Q(d(OF 0 ; tF 0=F )) � d(OF ; tF=Q)[F 0:F ]: (A.12)

Thus 5.2 shows that NF=Q(d(OF 0 ; tF 0=F )) is identi�ed with � under the isomorphism HCl(Z) = Q�

in (5.2). By [13, Theorem IV.11], the going up homomorphism HCl(Z) ! HCl(ZG) above is
induced by the homomorphism RG ! Ke = Z which sends a character to its dimension. Hence the
right hand side of (A.11) is equal to [z], and (A.7) is proved.

Corollary A.6 With the notations of Lemma A.5, the degree 0 classes ~d(M 0; h00Q) and
~d(M;hQ)

[F 0:F ]

are equal.

B Appendix: Exact sequences of Hermitian modules.

With the notations of Appendix A, let h; i :MF�MF ! F be a symmetric G-equivariant F -bilinear
non-degenerate form. By Lemma 2.1, such h; i correspond bijectively to non-degenerate Hermitian
forms h; iG :MF �MF ! FG via the usual formula

hm;m0iG =
X
g2G

hm; gm0ig�1:

Lemma B.1 Suppose 0�!W
��!M

��!T�!0 is an exact sequence of locally free OFG-modules.
Suppose also that there is a G-equivariant perfect bilinear pairing h; i0 :WF � TF ! F such that

h�(w);mi = hw; �(m)i0 for w 2WF ;m 2MF :

Then (MF ; h; iG) is a hyperbolic space in the sense of [13, p. 164, 52]. We have an equality of
discriminants

d(M; h; iG) = d(W
M

T; h; i00G) (B.1)

where h; i00 : (W L
T )F � (W

L
T )F ! F is the symmetric G-equivariant bilinear form de�ned by

hw
M

t; w0
M

t0i00 = hw; t0i+ hw0; ti:

Proof: Since TF is a free FG-module, we can �nd a G-equivariant section � : TF !MF of �
OF
F .

Fix t 2 TF . Since � is F -linear and h; i is F -bilinear, the function ft : TF ! F de�ned by

ft(t
0) = �h�(t); �(t0)i=2

for t0 2 TF lies in HomF (TF ; F ). Because h; i0 is perfect and G-equivariant, it de�nes a G-
isomorphism between WF and HomF (TF ; F ). Hence there is a unique �(t) 2WF such that

�h�(t); �(t0)i=2 = h�(t); t0i0 for t0 2 TF :
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A straightforward computation shows that the function � : TF ! WF sending t to �(t) lies in
HomFG(TF ;WF ).

We can now de�ne a new section �0 : TF !MF by �0 = �+(� � �). Let � :WF
L
TF !MF be

the QG-isomorphism de�ned by �(w� t) = �(w) + �0(t). Another easy calculation shows � de�nes
an isometry between the hyperbolic pairing h; i00G on (W

L
T )F and (MF ; h; iG).

It remains to prove the equality of discriminants (B.1). Following the recipe in De�nition 4.4,
we choose the basis fvigi for MF over FG so that a subset fvjgj of this basis is a basis for WF

over FG, the complement fv0lgl of this subset in fvigi projects to a basis for TF over FG, and
the matrix hvi; vi0ii;i0 is a block matrix with diagonal blocks having all entries equal to 0. We can
choose local bases of M in such a way that the transition matrix between fvigi and each local
basis is a block upper triangular matrix, with the diagonal blocks coming from transition matrices
associated to T and W . The equality d(T; h; iG) = d(M

L
W; h; i00G) now follows from De�nition

4.4, since our choice of global bases makes the appropriate Pfa�an character functions equal for
these two discriminants, and the determinant of a block upper triangular matrix is the product of
the determinants of the diagonal blocks.

We will later need to consider the following special case:

Lemma B.2 Suppose that W = T in Lemma B.1, so that h; i0 de�nes a symmetric G-equivariant
non-degenerate bilinear form on WF . Then

~d(M; h; iG) = ~d(W
M

T; h; i00G) = ~d(W; h; i0G)2: (B.2)

Proof: Choose local and global bases for W as a locally free OFG-module, and then use copies
of these bases for T . Applying the recipe for computing Pfa�ans, we see that the local transition
matrices between the resulting global and the local bases for W

L
T are block diagonal, with two

diagonal blocks both equal to the corresponding matrices for W and two o� diagonal blocks equal
to 0. The determinant of such a matrix is the square of the determinant of one of the diagonal
blocks. The Pfa�an matrix for W

L
T has, on the other hand, two diagonal blocks equal to 0,

and two o� diagonal blocks each equal to the (symmetric) Pfa�an matrix for W . On applying to
this block matrix the matrix representation associated to a symplectic character �, we see that we
must compute the Pfa�an Pf(B) of a 2� 2 block matrix B having diagonal blocks equal to 0 and
o� diagonal blocks each equal to a matrix A which is symmetric with respect to the appropriate
involution j. Thus as in [13, Prop. II.3.1], A = P � P j for some matrix P , with Pf(A) = det(P ).
To compute Pf(B), we use the trick of [13, p. 43]. Thus

B =

 
0 A
A 0

!
=

 
0 PP j

PP j 0

!
= R � Rj

when

R =
p
2
�1
 
P �p�1P
P

p�1P

!
Thus

Pf(B) = det(R) =
p�1dim(�)

det(P )2 = (�1)dim(�)=2det(P )2 = (�1)dim(�)=2Pf(A)2
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where dim(�) is even since � is symplectic. Taking into account what we have already shown con-
cerning determinants of transition matrices at �nite places, we get (B.2) on restriction to characters
of degree 0.

C Appendix: Computing Pfa�ans

The object of this section is to describe another way of computing the Pfa�an function Pf((h(vi; vj))i;j)
appearing in De�nition 4.4. This will be needed to complete the proof of Theorem 2.5 in Appendix
D.

As before, let MF be a free FG-module, and let h : MF �MF ! FG be a non-degenerate
Hermitian pairing. There is a unique non-degenerate G-invariant bilinear form h1 :MF �MF ! F
such that

h(m;m0) =
X
g2G

h1(m; gm
0) g�1

for all m;m0 2MF .
Let V be a symplectic representation of G over F , with alternating non-degenerate G-invariant

bilinear form h2 : V � V ! F . By ([16, xXIV.9]) dimF (V ) = 2n is even, and V has a symplectic
basis fwig2ni=1 relative to the form h2 such that h2(wi; wi0) = 0 unless fi; i0g = f2j � 1; 2jg for some
integer j, and h2(w2j�1; w2j) = �h2(w2j ; w2j�1) = 1. Let T : G!Mat2n(F ) be the representation
of G on V relative to the basis fwigi, and extend T as before to an algebra homomorphism
T : FG!Mat2n(Q).

Let fyigqi=1 be a basis for (Q)q. We �x the symplectic basis fyi
wjgi;j for the orthogonal sum
V ?q = (Q)q 


Q
V of q copies of V . Let H =

� 0 1
�1 0

�
, and let H = diag(H; : : : ;H) be the block

matrix in Mat2nq(Q) having nq diagonal blocks equal to H and all other 2 � 2 blocks equal to 0.

Then H is the matrix of the orthogonal sum h?q2 of q copies of h2 relative to the basis fyi 
wjgi;j
of V q = Q

2nq
, in the sense that

h?q2 (x; y) = xtr H y

if x and y are column vectors representing elements of V q relative to this basis, where xtr is the
transpose of x. One has Htr = �H = H�1. The symplectic involution J associated to h?q2 sends
P 2Mat2nq(Q) to P J = H�1P trH, since

h?q2 (P Jx; y) = h?q2 (H�1P trHx ; y) = xtr HtrP (H�1)trHy = xtrHPy = h?q2 (x; Py):

Let fvigqi=1 be a basis over FG for MF . Then as in the x4, A = fh(vi; vj)gqi;j=1 is a matrix in

Matq(FG), and T (A) = fT (h(vi; vj))gqi;j=1 is a matrix in Mat2nq(Q). Here T (A) is the matrix of

the action of A on the orthogonal sum V ?q. Since h is a Hermitian pairing, we �nd, as in x4, that
T (A) is symmetric with respect to the involution J de�ned above for h?q2 . Thus

T (A)J = H�1T (A)trH = T (A):
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By de�nition, if � is the character of the representation V , then

Pf((h(vi; vj))i;j)(�) = PfJT (A):

Our goal is to compute PfJT (A) using an alternating bilinear form on (M 
F V )G.

Lemma C.1 There is an unique isomorphism of Q-vector spaces  : V q ! (M 
F V )G such that
 (yi 
 wj) = TrG(vi 
wj) for all i; j, where TrG =

P
g2G g is the trace operator.

Proof: Let (M
F V )G be the G-covariants ofM
F V . Since V is a representation of G over a �eld
of characteristic 0, the trace homomorphism TrG : (M 
F V )G ! (M 
F V )G is an isomorphism.
Because M =

Lq
i=1 FGvi is free on the vi, the images of the elements of fvi
wjgi;j in (M 
F V )G

are distinct and form a basis of (M 
F V )G, and the Lemma is now clear.

De�nition C.2 Let h3 : (M
F V )�(M
F V )! F be the unique alternating bilinear form de�ned
by

h3(m
 v;m0 
 v0) = h1(m;m
0) � h2(v; v0)

for m;m 2M and v; v0 2 V . Let hG3 be the restriction of h3 to (M 
F V )G � (M 
F V )G.

Proposition C.3 Let B be the matrix (hG3 (TrG(vi 
 wj); T rG(vi0 
 wj0)))i;i0;j;j0 in Mat2nq(Q),
where i and i0 range over f1; : : : ; qg and j and j0 range over f1; : : : ; 2ng. Then Btr = �B, and

�#G � H � T (A) = B: (C.1)

Proof: Fix i and j, and consider the block of T (A) of size 2n� 2n given by

T (h(vi; vj)) =
X
g2G

h1(xi; gxj)T (g
�1):

For 1 � k; l � 2n, the entry at position k; l in this block is

T (h(vi; vj))k;l =
X
g2G

h1(xi; gxj)T (g
�1)k;l (C.2)

where

g�1wk = T (g�1)wk =
2nX
u=1

T (g�1)u;k wu: (C.3)

We now compute

hG3 (TrG(vi 
 wk); T rG(vj 
wl)) =
X
�;�2G

h3(�vi 
 �wk; �vj 
 �wl)

= #G �
X
g2G

h3(vi 
 wk; gvj 
 gwl) (C.4)

= #G �
X
g2G

h1(vi; gvj) � h2(wk; gwl)
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Now from (C.3) and the fact that fwjg2nj=1 is a symplectic basis one has

h2(wk; gwl) = h2(g
�1wk; wl) (C.5)

=
2nX
u=1

T (g�1)u;k h2(wu; wl)

= (�1)lT (g�1)l�(�1)l;k
Substituting (C.5) into (C.4) and then using (C.2) shows

hG3 (TrG(vi 
 wk); T rG(vj 
 wl)) = (�1)l �#G � T (h(vi; vj))l�(�1)l;k: (C.6)

The �nal equality in (C.6) gives (C.1).

Corollary C.4 De�ne  �hG3 to be the alternating bilinear form on V ?q which is the pull back via
the isomorphism  : V q ! (M 
F V )G of Lemma C.1 of the bilinear form hG3 on (M 
F V )G
de�ned in De�nition C.2. For x; y 2 V ?q one has

 �hG3 (x; y) = h?q2 (x; (�#G) � T (A)y)

where (�#G) � T (A) is J-symmetric. The forms  �hG3 and h?q2 are isometric (since they are alter-
nating non-degenerate bilinear forms on the same vector space). Thus there is linear automorphism
P 0 : V ?q ! V ?q such that

P 0J � P 0 = (�#G) � T (A):
Let � be the character of V . Then

Pf((h(vi; vj))i;j)(�) = PfJ(T (A)) = (�#G)�qdim(V )=2PfJ((�#G)�T (A)) = (�#G)�qdim(V )=2det(P 0)

for all such P 0.

Proof: This is clear from Proposition C.3 and the de�nition of Pfa�ans, together with the fact
proved in [13, p. 40] that PfJ(a � I) = aqdim(V )=2 if a 2 Q and I : V ?q 7! V ?q is the identity map.
(Note that V has even dimension because it is symplectic.)

Remark C.5 The signi�cance of Corollary C.4 is that it makes it possible to compute Pfa�ans
using two natural alternating bilinear forms on (M 
F V )G. This will be useful later when the
forms on (M 
F V )G can be written in a natural way as orthogonal sums.

D Appendix: Homotopies of perfect morphisms.

The object of this section is to prove Theorem 2.5, namely that d(P �; �) = d(P �; �0) if � and �0

are homotopic perfect morphisms from P �Q to gP �Q.
For simplicity of notation, let M� = P �Q = P � 
Z Q. All morphisms M� ! gM� which induce

the same homomorphism on cohomology are homotopic. Hence it will su�ce to prove Theorem 2.5
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when � is constructed as in the proof of Proposition 2.7(b) for S�Q =M�. Thus relative to a �xed
G-direct sum decomposition

M i = Bi(M�)
M

Hi(M�)
M

U i

we can describe the pairings induced by � in the following way. Suppose i 6= 0. Then the symmetric
non-degenerate bilinear form h; ii;�i : (M i � M�i) � (M i � M�i) ! Q induced by �i � ��i :

M i�M�i ! gM�i�gM i is the orthogonal sum of three hyperbolic forms hiH , h
i
B;U and h�iB;U , where

hiH is a form on Hi(M�)�H�i(M�) and hiB;U is a form on Bi(M�)� U�i. When i = 0, the form

h; i0;0 onM0 induced by �0 :M0 ! gM0 is the orthogonal sum of h0H and the hyperbolic form h0B;U .

De�nition D.1 Suppose V is a symplectic representation of G, with alternating non-degenerate
G-invariant bilinear form h2 : V � V ! Q. If L is a QG-module, let LGV = (L 
Q V )G. If
f : L � L ! Q is a symmetric bilinear form, let fGV : LGV � LGV ! Q be the alternating bilinear
form which is the restriction of f 
 h2 from L
Q V to LGV .

In view of our description of the pairing h; ii;�i as an orthogonal sum, we have the following
result:

Lemma D.2 Let V is an in De�nition D.1, and . If i 6= 0 then (h; ii;�i)GV is the orthogonal sum

((hH)
i)GV ? (hiB;U )

G
V ? (h�iB;U )

G
V :

If i = 0, then (h; i0;0)GV is the orthogonal sum

((hH)
0)GV ? (h0B;U )

G
V :

Proposition D.3 Suppose �0 : M� ! gM� is a perfect morphism homotopic to �. Let �i : M i !
M i+1 be the i-th boundary homomorphism of M�. There are is are morphisms si+1 : M

i+1 ! M i

such that
zi = 1 + si+1 � �i + �i�1 � si (D.1)

is an automorphism of M i, and
�0iQ = �iQ � zi: (D.2)

Proof: By de�nition, there are morphisms ki+1 :M
i+1 ! gM�

i
such that

�0i � �i = ki+1 � �i + �0i�1 � ki

where ~�i�1 : gM�
i�1 ! gM�

i
is the (i � 1)-st boundary homomorphism. Because �i : M i ! gM�

i
is

an isomorphism, we can lift ki+1 to a homomorphism si+1 :M
i+1 !M i such that ki+1 = �i � si+1.

This gives formula (D.2), and zi must be an isomorphism because �0i and �0i are.
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Proposition D.4 De�ne M =M iLM�i if i 6= 0, and let M =M0 if i = 0. Let J be the adjoint
involution of End

Q
(MG

V ) which is associated to the alternating bilinear form (h; ii;�i)GV described in

Lemma D.2. Thus for P 2 End
Q
(MG

V ) and x; y 2 MG
V we have hP Jx; yiGV = hx; PyiGV . For i 6= 0

(resp. for i = 0) let z = (zi � z�i)
G
V (resp. z = (z0)

G
V ) be the element of End

Q
(MG

V ) induced by

zi � z�i :M
i �M�i !M i �M�i (resp. z0 : M

0 !M0), where zi is de�ned in (D.1). Then z is
J-symmetric, i.e. zJ = z.

Proof: Suppose i 6= 0. Let the quadratic form

h; i0 = h; i0i;�i : (M i �M�i)� (M i �M�i)! Q

be induced by �0i � �0�i :M i �M�i ! (M�i)� � (M i)�. We have

�0i � �0�i = (�i � ��i) � (zi � z�i)

This gives
hx; yi0GV = ((�i � ��i)GV � (zi � z�i)

G
V (x))(y) = h(zi � z�i)

G
V (x); y; iGV

Now both h; i0GV and h; iGV are alternating, so

h(zi � z�i)
G
V (x); yiGV = hx; yi0GV

= �hy; xi0GV (D.3)

= �h(zi � z�i)
G
V (y); xiGV

= hx; (zi � z�i)
G
V (y)iGV

Since h; iGV is non-degenerate, this shows z = (zi� z�i)GV is J-symmetric. The argument when i = 0
is similar.

Corollary D.5 Suppose fvlgql=1 is a basis for the free QG-module M . Let � and �0 be as in
Proposition D.3. Then � de�nes a Hermitian form hM :M�M ! QG, and �0 de�nes a Hermitian
form h0 :M �M ! QG. With the notations of Proposition D.4, one has

PfJ(z) =
Pf((h0(vl; vj))l;j)(�)

Pf((h(vl; vj))l;j)(�)
(D.4)

where � is the character of V .

Proof: We use Corollary C.4 to compute Pf((h0(vl; vj))l;j)(�) and Pf((h(vl; vj))l;j)(�) by means
of the alternating forms (h; ii;�i)GV and (h; i0i;�i)GV on MG

V . The matrix of the form h; i0GV is equal

to the matrix of the form h; iGV multiplied by the matrix of zGV . We now have (D.4) from the
multiplicative properties of Pfa�ans (c.f. [13, Prop. I.3.6]).

Proposition D.6 Suppose L =?ni=1 Li is the orthogonal direct sum of hyperbolic spaces Li =
Li;1

L
Li;2 over Q. Thus Li;1 and Li;2 are isotropic, and the alternating form on Li identi�es Li;2

with gLi;1 = HomQ(Li;1;Q). Suppose � is a symmetric automorphism of L which preserves the
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spaces Wk =
Ln
i=1 Li;k for k = 1; 2. We may then write the restriction �k of � to Wk as a block

matrix (�i;jk ), where �i;jk 2 HomQ(Lj;k; Li;k) and �kjLj;k =
Pn
i=1 �

i;j
k . Then �2 is the transpose f�1

of �1, so �
j;i
2 =

g
�i;j1 . Let P : L ! L be the direct sum of �1 : W1 ! W1 and the identity map

W2 !W2. Then P
J � P = �, where J is the symplectic involution of L. Thus

Pf(�) = det(P ) = det(�1) = det(P J) = det(�2):

Suppose �nally that �1 is upper triangular, in the sense that �i;j1 = 0 if i > j. Then �2 is lower
triangular. One has

det(P ) =
nY
i=1

det(�i;i1 )

where

det(�i;i1 ) = det(
g
�i;i1 ) = det(�i;i2 ) = Pf(�i)

when �i = �i;i1
L
�i;i2 is the symmetric automorphism of Li = Li;1

L
Li;2 which results from re-

stricting � to Li and then projecting onto Li.

Proof: This is clear from the fact that if h; i is the alternating form on L, then h�x1; x2i = hx1; �x2i
for x1 2 L1 and x2 2 L2.

Corollary D.7 With the notation of Propositions D.4, let Bi = Bi(M�)GV , Ui = (U i)GV and let Ti
be the summand BiLU�i of M

G
V . Let z(T ) be the endomorphism of a summand T of MG

V which
is induced by restricting zGV to T and then projecting from MG

V to T . If i 6= 0, then

Pf(z) = Pf(z(Ti)) � Pf(z(T�i))

where
Pf(z(Tj)) = det(z(Bj)) = det(z(U�j)):

If i = 0, then
Pf(z) = Pf(z(T0)) = det(z(B0) = det(z(U0)):

Proof De�ne Ci = Hi(M�)GV
L
Hi(M�)GV if i 6= 0 and C0 = H0(M�)GV . By Proposition D.6, we

may write L = MG
V as the orthogonal sum of L1 = Ti, L2 = Ci and L3 = T�i (resp. L1 = T0

and L2 = C0) if i 6= 0 Each of these Lj is given as a hyperbolic space except for C0, and in that
case we simply choose any hyperbolic basis for C0. The formula for z in (D.1) of Proposition D.3
shows the hypotheses of Proposition D.6 are satis�ed since si+1 � �i is 0 on Bi(M�)�Hi(M�) and
�i�1 � si has image in Bi(M�). In particular, z induces the identity map on Bi(M�)GV �Hi(M�)GV
modulo Bi(M�)GV , so z(H

i(M�)GV ) is the identity. Hence Pf(z(H
i(M�)GV )) = 1, and the statements

in Corollary D.7 now follow from Proposition D.6.

Proof of Theorem 2.5.

51



Suppose �0 is a perfect morphism from M� to gM� which is homotopic to our �xed �. Following
the recipe for computing d(P �; �) and d(P �; �0) which is given in De�nitions 2.4 and 4.4, we see that
to prove d(P �; �) = d(P �; �0) if will su�ce to show that the Pfa�ans associated to a �xed choice of
local and global bases for the terms of P � do not change when one replaces � by �0. Corollaries D.5
and D.7 show that if V is a given symplectic representation of G, the factor by which the Pfa�ans
change when one replaces � by �0 can be written as a product of the form

det(z(B0)) �
Y
i<0

(det(z(Bi)) � det(z(Ui)))(�1)i (D.5)

where the terms in this expression are de�ned in Corollary D.7. The boundary homomorphism �i :
M i !M i+1 induces an isomorphism between U i and Bi+1(M�) which identi�es the automorphism
z(Ui) of Ui with the automorphism z(Bi+1) of Bi+1. Thus the product in (D.5) telescopes to equal
1. This completes the proof.
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