MATH 702: HOMEWORK #1

DUE FRIDAY, SEPT. 28, 2012 IN TED CHINBURG’S MAILBOX

1. REVIEW OF SOME ALGEBRA

There problems review some ideas from first year graduate algebra.

1. Suppose R is a commutative ring. Show that the polynomial ring R[X] is a principal ideal
domain if and only if R is a field.

2. If R is a Noetherian ring, is every subring of R Noetherian? Prove this, or give a counterex-
ample.

3. Suppose R is a Noetherian integral domain with fraction field K. A fractional ideal of R
is defined to be a non-zero finitely generated R-submodule of K. The generic rank of an
R-module M is defined to be the dimension over K of the K vector space K ® g M. The
torsion of M is the kernel of the homomorphism M — K ® M defined by a — 1 ® a.
3a. Show that the fractional ideals of R have the form z~'I for some € R — {0} and
some non-zero ideal I C R.

3b. Show that a finitely generated R-module M has torsion {0} and rank 1 if and only if
M is isomorphic to a fractional ideal. Is this true if we drop the condition that M be
finitely generated as an R-module?

2. TRANSCENDENCE

This problem has to do with a counterpart for Laurent series of Liouville’s Theorem. Recall that
the classical version of Liouville’s theorem is:

Theorem 2.1. Suppose a € R is an algebraic number of degree < n, in the sense that
(2.1) Q"+ a, 10" M+ 4ap=0

for some integer n > 1 and some rationals a; € Q. Then for all constants c,e > 0, there are only
finitely many rationals % with p,q € Z and q # 0 such that
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The proof of this Theorem proceeds by first clearing the denominators of the a; in (2.1) to
produce a polynomial

(2.3) F(z) = bpa™ +bp 12" 4+ b

with integer coefficients b; such that b, # 0 and F'(a) = 0. If £ is a rational number which is not
one of the (finitely many) roots of F(z), we get the estimate
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since b,p"™ + b,_1p" 'q + --- + byg™ is a non-zero integer. On the other hand, if |§ —a] <¢, we
have from the Mean Value Theorem that there is a number A between « and % such that
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where
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M =sup{|F'(N)] : a—c<A<a+c}.

Combining (2.4) and (2.5) gives
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and this leads to the conclusion of Liouville’s Theorem, since M depends only on F(z), a and c.
We now develop a counterpart of Liouville’s Theorem for the field k((x)) of formal Laurent series
in one variable over a field k. Recall that k((x)) is the field of all formal series

(2.6)

fz) = Z anz"
n=N

in which N is a (possibly negative) integer, the a,, are in k, and addition and multiplication are
done formally. The set all such f(x) for which N > 0 forms the power series ring k[[z]]. (You should
think through why k((z)) is a field which contains the field k(z) of all rational functions in x over

k.)

4. Suppose r is a real number and 0 < r < 1. Define a function | | : k((z)) — R by setting

|0] = 0 and by letting
|f()| ="
when f(z) is as in (2.6) and ay # 0. Show this is a non-archimedean norm, in the sense
that for all f(z),g(x) € k((x)),
da. |f(x) - g(z)| = [f(2)] - |g(x)]
4b. [f(z) + g(x)| < max(|f(x)],|g(x)])

. Observe that k() is the same as the field k(z~1) of rational functions in z~!. In the

arguments in later parts of this problem, the ring k[z~!] plays the same role relative to the
field k((z)) as Z does relative to R in the classical version of Liouville’s Theorem. To begin
with, show that if 0 # f(z) € k[z~!] then |f(z)| > 1.

. The counterpart of Liouville’s Theorem we will prove is the following. Suppose that u =

u(z) € k((z)) is algebraic over k(x) of degree < N, in the sense that it satisfies an equation
uN +an_uN T 4+ 4 ag =0

for some integer N > 1 and some rational functions a; = a;(x) € k(z) C k((z)).

Theorem 2.2. For all constants ¢,e > 0 there is a constant 6 = §(c,e,u) > 0 depending

on ¢, e and u for which the following is true. If p,q € k[z—1], ¢ # 0 and
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then |g| <6 oru==E.

Assuming this result for the moment, use it to prove that u(z) =7, 2™ is an element
of k((z)) which is transcendental over k(z) = k(z~!). Can one say strengthen the Theorem
to say that there are only finitely many § for which (2.8) holds?

. As a first step toward proving Theorem 2.2, write each a; = a;(z) as a ratio of s;/r; of

elements s;,r; € k[z~1]. Show that u is a root of a polynomial
F(X)=byXN 4+ +b

in which the b; are in k[z~!] and by # 0. Now adjust the classical proof of Liouville’s
theorem using the properties of | | shown in problem # 6. The key step is to prove that
there is a real number M which depends only on |u|, ¢, N and on the b; such that
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if |§ —u| < cand p,q € k[z~]. To prove this bound, expand

using by using the partial geometric series identity for (2! — 3%)/(x — y) when z and y are
indeterminates and by then applying problem # 4.

3. MUSIC AND SIMULTANEOUS DIOPHANTINE APPROXIMATION

In class we talked about the fact if the frequency of middle C on a keyboard is given, the frequency
of the E, G, A# and C notes above this C would be, in an ideal world, obtained by multiplying
5/4,3/2, 7/4 and 2. If one splits the octave from middle C to the C above this into ¢ tones, then
each successive tone should be obtained by multiplying the frequency of the preceding tone by 21/4.
Therefore if E, G and A# are p1, p2 and p3 tones above C, we would like 5/4, 3/2 and 7/4 to be very
close to 2P1/4, 2P2/4 and 2P3/4. Equivalently, one would like the rational numbers p;/q, pa /q and
p3/q to be good approximations to a; = In(5/4)/1n(2), az = In(3/2)/In(2) and a3 = In(7/4)/ In(2).

8.

10.

One measure of how well the p;/q approximate the a; is

3

E= > (ai—pi/a:)*

i=1
Explain why this pertains to how a major 7-th chord sounds, this being the result of
playing C, E, G and A# simultaneously. Use Maple to show that when ¢ = 12, the triple
(p1,p2,p3) = (4,7,10) gives

E =0.028418

Find E when ¢ = 10 and (p1,p2,p3) = (3,6,8). Is a 10 note scale better or worse than using
a 12 tone scale when trying to play a major 7" chord by the measure represented by E?

. A regular major chord consists of playing C, E and G. Explain why a natural measure of

how well a g-tone scale plays such a chord is the minimum of

E =

(a; — pi/aqi)?.

i=1

over all choices of integers p; and ps between 0 and q. Which of ¢ = 12 and ¢ = 10 should
give better sounding major chords by the criterion associated to E’?

Extra Credit: Show that the smallest ¢ which improves on ¢ = 12 for both a major chord
and a major 7" chord is ¢ = 19.

We talked in class about how the golden ratio
0=(1+V5)/2=1618..

is has a maximal Lagrange measure among all irrational real numbers. It is thus as hard or
harder to approximate by rationals as any other irrational number. Suppose that the notes
above C' which are most pleasing to the ear are those whose frequency equals the frequency
of C times a rational number with small denominator. One would then think that a note
whose frequency is 0 times that of C' would be particularly unpleasant to the ear. On a 12
tone scale, where would this note land? Is it is the same as the famous “ tritone” or “chord
of evil’, which according to google is F#? Try playing a C and each of the above notes
together on an instrument of your choice. Which musical interval sounds worse?
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4. INTEGRAL ELEMENTS

11. Suppose R is a possibly non-commutative ring. Suppose A is a subring of the center of R,
so that every element of A commutes with every element of R. One can then say that x € R
is integral over A if there is an integer n > 1 and a; € A such that

"+ ap 12" 4. +ag=0.

11a. Show that if R is finitely generated as an A-module, every x € R is integral over A.
(Hint: Review the proof when R is commutative.)

11b. Show that if z € R is integral over A, then uzu~! is also integral for all units u € R*.

11c. Must it be the case that the set R’ of x € R which are integral over A forms a subring
of R? Prove this or give a counterexample.

12. Suppose A is an integral domain which is integrally closed in its fraction field K in the
sense that A is its own integral closure in K. Suppose ¢ € A is not a square in K, so that
L = K(\/q) = K + K,/q is a quadratic extension of K. Describe the conditions on r,s € K
which are necessary and sufficient for a = r +s,/q € L to be in the integral closure A" of A
in L. Check that this gives the description discussed in class of the ring A’ = O, of integers
of L = Q(,/q) when A = Z.



