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ABSTRACT. Let Ry be a complete discrete valuation ring of mixed characteristic, X be a p-divisible group over Ry,
and X be the closed fiber of X. We say a subgroup G of X is potentially liftable, if after a finite base change G lifts
to a finite locally free subgroup scheme of Xz, where R/R, is a finite extension. In this article, we compute the
complete list of potentially liftable subgroups in a first non-trivial example, where X is a CM p-divisible group with
height 4 and dimension 2. As an application, we obtain a new type of counterexamples to the question of strong
CM lifting.

1. INTRODUCTION

This is a continued work of [5] on strong CM lifting problem (sCML). The question (SCML) for abelian
varieties asks whether every g-dimensional abelian variety over a finite field F, with an action by the whole
ring of integers in a CM field L of degree 2g admits an L-linear CM lifting to characteristic 0. This problem
can be reduced to a question on lifting subgroups of CM p-divisible groups. Namely, if F is a p-adic local field
and X is an Op-linear CM p-divisible group over a complete discrete valuation ring R of characteristic 0 with
residue field Fp, which Op-stable subgroup of the closed fiber XFp is liftable into a finite locally free subgroup
scheme of X? In §6 of [S] we gave a condition on p-adic CM type of X such that every Op-stable subgroups
of X@p is liftable into a finite locally free subgroup scheme of the base change of X to a finite extension of
R. In these examples, the p-adic CM type is induced from an unramified extension of Q,. As a corollary we
proved that the answer to question (SCML) for abelian varieties is affirmative when every place v above p in the
maximal totally real subfield Ly is inert in L.

A complete answer to the question on lifting Op-stable subgroups of the closed fiber XF}» to characteristic
0 requires us to consider all finite subgroups of the geometric generic fiber of X, and compute the reduction
over Fp of their scheme-theoretic closures. We do not know any such attempts in the past except for some very
special cases, e.g., when dim X or codim X is 1. In this article, we will study an example of Op-linear CM
p-divisible group X with dimension 2 and height 4 over a complete discrete valuation ring with residue field
Fp, where F is a p-adic local field of degree 4. The answer is surprising to us: whether a finite subgroup of
the geometric generic fiber of X has an Op-stable reduction is completely determined by its order. Namely, if
the order is p*", then the reduction is equal to XE, [7], i.e., the kernel of multiplication on XE) by 5, where 7o
is a uniformizer of Op; if the order is p?**!, then the reduction is a certain subgroup G between XE) [75] and
XFp [ng”], and we have a description on its embedding in XFp [ng”]; see (Theorem 2.3). This result indicates
that the subgroups of the geometric generic fiber of X seem to “try very hard” to have an Op-stable reduction,
though in characteristic 0 they may be far from being Op-stable.

Based on this observation, we can ask the following question. Let @ be a primitive p-adic CM type for
F. Is there a general condition on the p-adic CM type @, such that there exists an integer d(®) (equal to 1 in
the example above) which only depends on ®, satisfying that for any finite locally free subgroup scheme G of
an Op-linear CM p-divisible group with p-adic CM type ® over a complete discrete valuation ring in mixed

characteristic, the closed fiber of G contains an Op-stable subgroup with index uniformly bounded by p#®?
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This is true when #® = 1 or [F : Q,] — 1. In these cases, an Op-linear CM p-divisible group with p-adic CM
type ® in mixed characteristic has dimension or codimension 1, and all finite locally free subgroup schemes
have Op-stable reductions; in other words, d(®) = 0 in these cases. The main example we study in this article
is the first example that does not belong to these cases. We do not know any further examples or necessary
conditions on ® so far.

We use the theory of Kisin modules from integral p-adic Hodge theory as the main tool. A Kisin module is a
W(x)[[u]]-module satisfying certain additional conditions, where « is a perfect field of characteristic p and W (k)
is the ring of Witt vectors over k. There is a p-divisible group or a finite locally free subgroup scheme in mixed
characteristic associated to a Kisin module, and roughly speaking the Dieudonne module of the closed fiber
is the quotient module by “modulo u”’; for a precise statement, see [2] (B.4.17) or [5] (3.2.2). The localized
W(x)((u))-module of the Kisin module carries the information on the generic fiber. In [5] (5.2.7), via the theory
of Lubin-Tate formal group law we have computed elements in Kisin modules such that they correspond to the
torsion points on the geometric generic fiber of the p-divisible group. Such elements generate the W (x)((u))-
module attached to a finite locally free subgroup scheme. After that, the computation of the closed fiber of a
finite locally free subgroup scheme is reduced to a computation of the W(«)[[«]]-module before inverting u; see
(3.7.1) and (3.7.2). This computation is possible because of our knowledge on the torsion points, based on the
explicit information on their coordinates given by the Lubin-Tate theory; see (3.6.2) and (3.6.3).

In the example of the Op-linear CM p-divisible group X with dimension 2 and height 4, as a corollary of the
computation on the reductions of its finite locally free subgroup schemes, we obtain a complete list of the closed
fibers of all F-linear CM p-divisible groups in mixed characteristic with the same p-adic CM type as X. This
leads to a counterexample of (SCML). In §2 and §4 of [5], we studied the counterexamples of (SCML) coming
from an extra symmetry on the Lie type of the closed fiber. That symmetry is caused by “small” residue fields
of the reflex fields of the p-adic CM types in the sense of [5] (4.1). In the new counterexample in this article,
however, the reflex field is equal to F and hence its residue field is not “small”. Therefore this counterexample
does not fall in the framework of §4 of [5].

Besides that, we also study the F-linear CM lifting for Op-linear CM p-divisible groups over Fp, such that the
p-adic CM type @ of the lifting cannot be induced from an unramified extension of Q,. Let F be the minimal
subfield of F such that @ is induced by a p-adic CM type for Fy. In the case when the ramification index of Fy
is small, we can prove a property similar to the one we proved in §6 of [5]: if X is an Op-linear CM p-divisible
group with p-adic CM type @ over a complete discrete valuation ring R of characteristic 0 with residue field F,,
then every Op-stable subgroup of XE) lifts to a finite locally free subgroup scheme of the base change of X to
a finite extension of R. This property on lifting Op-stable subgroups of XF,, is stronger than saying that every
Op-linear CM p-divisible group isogeneous to XE) admits an F-linear CM lifting with p-adic CM type ®; for
the precise statement and an explanation on the property, see (3.1). As a corollary, we prove that the answer
to question (sCML) is affirmative under the following broader condition on the CM field L: for every place v
above p in the maximal totally real subfield Ly, either v is inert in L, or v splits in L and the ramification index
e(v) < p—1;see (2.3.2). On the other hand, this strong lifting property on Op-stable subgroups of X@p may fail
to hold if the ramification index of Fy is high; see Example (3.1.2). This observation indicates the subtlety in
F-linear CM lifting with p-adic CM type ® that cannot be induced from an unramified extension of Q,,.

Acknowledgement. This work is part of the author’s doctorial dissertation. Many thanks to C.-L. Chai for
introducing the question to me and for many discussions and encouragement. I also thank F. Oort for his
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2. REDUCTIONS OF FINITE LOCALLY FREE SUBGROUP SCHEMES

Throughout this article, let p be a prime number, g be a power of p, and k := Fp. For a perfect field « of
characteristic p, let W(k) be the ring of Witt vectors over «, and let B(k) := W(K)[%]. Denote the Frobenius
automorphism on B(k) by o. For a p-adic local field F, we denote its maximal unramified subextension of Q,
by F'Y, and its residue field by «p.

Definition 2.1. Let Ry be a complete discrete valuation ring of characteristic 0 and residue characteristic p.
Let ko be the residue field of Ry. Let X be a p-divisible group over Ry. A finite subgroup G of X, is said to
be potentially liftable, if there exists a finite extension R over Ry with residue field «, and a finite locally free
subgroup scheme G of X, such that G, = G,.

Let F be a p-adic local field, ® be a primitive p-adic CM type for F, F’ be the reflex field. Let X be
the (unique) Op-linear CM p-divisible group over Ry := Opr.px) with p-adic CM type ®. A complete list of
potentially liftable subgroups of X would allow us to identify which F-linear CM p-divisible groups admit an
F-linear CM lifting with p-adic CM type ®@. In [5] (Thm. 6.1), for a class of p-adic CM types @, we proved that
every Op-stable subgroup of X} is potentially liftable. We will prove the same property for a broader class of
p-adic CM types in (3.2), and give examples of other p-adic CM types such that not every Op-stable subgroup
of Xy is potentially liftable in (3.1).

In general to give a complete list of potentially liftable subgroups of Xj, we need to let R run over all the
finite extensions of Ry, and compute the reductions of all finite locally free subgroup schemes of Xz. When
dimX = 1 or codimX = 1, as we will explain in (2.5.1 (b)), the computation is trivial simply because the
closed fiber X “does not have many subgroups”. In this section, we will compute a first non-trivial example.

2.2. The main theorem. we first set up the example and make some definitions to state the main theorem and
its corollaries. Let p > 2, F = B(F 2)[mol/ (7r(2) — €p), where € € W(sz)>< is a Teichmuller lift and is not a
square. The degree 4 extension F/Q), is Galois, and Gal(F/Q)) is a cyclic group of order 4 generated by the

p-1

automorphism 7 : F — F, such that 7| BF,) = O and 7(mp) = e%no. Throughout this section, we denote €
by A for simplicity.

A primitive p-adic CM type for F has the form of {iy, iy o 7}, where iy is an embedding of F into (QT,,. We
identify F with its image in QTP by ip when there is no danger of confusion. Take an identification between
Hom(F™,Q,) and {1, 2} as Gal(F""/Q,) = Z/2-torsors such that io|pw = 1.

The reflex field F’ of (F,®) is equal to F. Let X be the Op-linear CM p-divisible group over Ry =
W(k)[mol/ (ﬂ'g — €p). The closed fiber X := X} is an Op-linear CM p-divisible group over k. The Grothendieck
group Ri(OF) of the category of finitely generated O ®z k-modules is isomorphic to Ri(Of ®0,u,1 k) X
Ri(OF ®0,u 2 k) = Z x Z. The Lie type of X is defined to be [Lie(X)] = (1, 1) in Ry(OF). Define a Dieudonne
module M as follows: (a) M = W(k)[n]/(n*> — ep)e; ® W(k)[x]/(7*> — € p)es; (b) there is an Op-action on M
defined by: @ -e; = aej, @ -e; = a%¢; for a € W(sz), and 71g - e; = me;; (¢) the Op-linear Frobenius and
Verschiebung maps on M are defined by:

Fe| = —6_1/1_17re2,Fez = —6_171'61, Ve, = —mep, Ve, = -1 “mey

The p-divisible group attached to M is Op-linear with Lie type (1, 1), hence is Op-linearly isomorphic to X.
Therefore M is Op-linearly isomorphic to the Dieudonne module attached to X. We say an Op-basis e, e; of M
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is “good”, if the conditions (a), (b), (c) above are satisfied. If e}, €/ is another good Op-basis of M, then there
exists £ € OF such that e} = ley, e) = (7e;.

One can check dimy M/(FM+V M) = 2, so the a-number of X is equal to 2. The set of @, embedded in X is in
bijective correspondence with Pl(k), i.e., the set of lines in 7161 M/M = ke|+ke;. Define the following equivalent
relation ~ on P'(k): [ay, b1] ~ [a2, bo] if and only if there exists ¢ € ]F;z such that [a;c, bic?] = [aa, by] in P! (k).
Denote the equivalent classes on P!(k) by €. The set € can be naturally identified with {0, co} [ J{k*/ (F;z)p‘l}
by considering a/b for [a,b] € P'(k). For each subgroup G of X with order p, as an @, embedded in X, we
can associate to G an element 9o(G) in £. By our definition, 6o(G) does not depend on the choice of the good
Op-basis ey, e, in M, so it is a well-defined invariant for subgroups G of X with order p. Similarly, suppose G
is a subgroup of X such that X[7j] C G for some integer n, and [G : X[7{]] = p, then the Dieudonne module N
attached to G is between ;" M/M and 7, (4 D) pg /M. Thus we can also associate to G a well-defined invariant
0,(G) € £ by looking at the direction of the k-line N/(r," M/M) in 716(”+1)M /7" M.

Now we are ready to state the main results of this section:

Theorem 2.3. Notations are as above.

(1) Suppose R is a finite extension of Ry and G is a finite locally free subgroup scheme of Xg with order p',
where t is an integer. Then we have the following descriptions on the closed fiber G := Gy as a subgroup of X:

(a) If t = 2n is even, then G = X[m;].

(b) If t = 2n + 1 is odd, then X[n(] is contained in G with index p, and the invariant 6,(G) is equal to either
[1]or [A] in L.

(2) Conversely, for each subgroup H of X such that X[p"] ¢ H with index p and 6,(H) = [1] or [A], there
exists a finite extension R of Ry and a finite locally free subgroup scheme H of Xg such that H;, = H.

In particular, the closed fiber G is Op-stable if and only if the order of G is an even power of p.

Theorem (2.3) has the following consequences:

Corollary 2.4. Let X be the Op-linear CM p-divisible group over k with Lie type (1,1). If Y is an F-linear CM
p-divisible group over k, then Y admits an F-linear CM lifting with p-adic CM type compatible with t° if and
only if:

either (a) Y is F-linearly isomorphic to X;

or (b) Y is F-linearly isomorphic to X|/G, where G is a subgroup of X with order p, and 5o(G) = [1] or [A].

In particular, if Y is Op-linear, then Y admits an F-linear CM lifting with p-adic CM type compatible with
72 ifand only if [Lie(Y)] = (1, 1) in R(Op).

Proof. Saying a p-adic CM type @ for F is compatible with ¢ is equivalent to saying ® has the form {iy, iy o 7}
for some iy € Hom(F, (QT,,). Sufficiency follows immediately from Theorem (2.3 (2)). For necessity, suppose R
a complete discrete valuation ring of characteristic 0 and residue field k, Y is an F-linear CM p-divisible group
over R lifting ¥ with p-adic CM type ® compatible with 7. Then ® must be primitive. Let F’ be the reflex
field, Ry := OF.px), and X be the Op-linear CM p-divisible group over Ry with p-adic CM type ®. Then VY is
F-linearly isogeneous to X, and the necessity of the statement also follows from Theorem (2.3 (1)). For the last
statement, we need to show that if Y is Op-linear and the Lie type of Y is equal to (2, 0) or (0,2), then Y does
not admit an F-linear CM lifting with p-adic CM type compatible with 72. It is easy to check that under such
conditions, there exists an F-linear isogeny X — Y such that the Dieudonne module attached to Y is equal to
T, "M@ M, or M; & 7T61M2. Therefore Y is isomorphic to X/G, where G is a subgroup of X with order p and
00(G) = 0 or co. This G is not potentially liftable by (b). O



STRONG CM LIFTING PROBLEM II 5

Remark 2.4.1. As a corollary, the answer to question (sSCML) relative to (F, F"") for p-divisible groups is
negative; see [5] (3.1.8) for the precise statement of the question. Note that the reflex field F” of @ is equal
to F, so the residue field «f+ is not “small” in the sense of [5] (4.1). Thus we obtain a new counterexample to
question (sCML) that does not fall in the framework in §4 of [5].

Corollary 2.5. Suppose p > 2, L is a CM field and Ly is its maximal totally real subfield. If there exists a place
v of Ly above p such that the inertia degree of v is 2 and v ramifies in L, then the answer to question (sCML)

for abelian varieties is negative. O

Proof. The completion Ly, is a degree 2 unramified extension over Q,, and L, is a degree 2 ramified extension
over Ly,. Itis an easy exercise in number theory to show that when p > 2, L, = B(F ,2)[mo] / (71'% — p) or
B(sz)[no]/ (7r(2) — €p), where € is a Teichmuller lift in W(sz)>< and is not a square. Then the statement follows
from (2.4.1), [5] (4.1), and [5] (3.1.10). O

The most interesting phenomenon revealed by Theorem (2.3) is that, no matter how arbitrary the subgroup
scheme G in characteristic is, its reduction G seems to “try very hard” to be Op-stable. It is natural to ask the
following question:

Let F be a p-adic local field, ® be a primitive p-adic CM type for F. Let F’ be the reflex field
of ®@. Let X be the Op-linear CM p-divisible group with p-adic CM type ® over Ry := Opr.p().
Is there a general condition on the p-adic CM type @, such that there exists an integer d(®)
which only depends on ®, satisfying that for any finite extension R/Ry and any finite locally
free subgroup scheme G of X, the closed fiber G := G contains an OF-stable subgroup with

index uniformly bounded by p#®?

Remark 2.5.1. (a) If we drop the assumption that ® is primitive, we can easily produce a class of finite locally
free subgroup schemes G with arbitrarily large order, such that G does not contain any nontrivial Of-stable
subgroups. In fact, suppose @ is induced from a p-adic CM type ®@; for F; & F. Let X; be the OF,-linear
CM p-divisible group with p-adic CM type ®@; over Ry. Then X is Op-linearly isomorphic to the Serre tensor
construction X ®or, Op. For any finite locally free subgroup scheme G; of X, when we embed it into X via
the natural homomorphism X; — X, the closed fiber of G| does not contain any Op-stable subgroups of X.

(b) When #® = 1 or [F : Q,] — 1, we can take d(®) = 0. In fact, if G C X is a subgroup, take a filtration
0=Goc Gy cGyC---C Gy =G, such that the index of G; in G4 isequalto p fori =0,1,---,5 — 1. The
a-number of each X/G; is equal to 1 since either the dimension or the codimension is equal to 1. Hence Gj;1/G;
is the unique subgroup of X/G; with order p and G;;1/G; must be Op-stable. This proves every subgroup G of
X is Op-stable.

(c) In the example we compute in this section, #O = 2 and [F : Q,] = 4. This is a first nontrivial example
concerning this question. As a corollary of Theorem (2.3), we can say d(®) = 1 in our example.

In the rest of the section we prove Theorem (2.3). The proof is organized as follows. For each positive integer
m, there exists a finite extension E,,/Frac Ry such that the p”-torsion points on X@ are rational over E,,;,. In
(2.6), we recall the comstructions from §5 of [5] on the Kisin module 9t,, attached to XOEm. As m runs over
all the positive integers, we compute the closed fibers of the p™-torsion finite locally free subgroup schemes
G of Xo,, . The finite Kisin module % attached to G is a W(k)[[u]]-module, and the Dieudonne module of the
closed fiber Gy is 9t/(O N (up™ My, /D)) = R+ up™ Dy, /D) [ (up™™ M, /MN,), which we will denote by
9N mod u in the future. At the end of subsection (2.6), we reduce the statements in Theorem (2.3) about the
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closed fiber Gy to the existence of certain special elements in 9t; see (2.6)(a), (b), and (c). On the other hand,
the generators of the localization NO .= Wk)((w)) ®wuy N have been computed in [5] (5.2). In (2.7) we write
these generators into explicit forms. In order to compute %t mod u, we need to find a W(k)[[u]]-basis of N
before the localization. This can be viewed as an analogy of finding a lattice in a vector space. We show several
examples in (2.8), and then summarize a general linear algebra approach in (2.9). This approach successfully
computes the closed fiber Gy in the case when the geometric generic fiber of G is generated by at most two
elements; see (2.10). The remaining essential case is when the geometric generic fiber of G is generated by
three elements. In that case, it is difficult to apply directly the linear algebra approach in (2.9); see the example
(2.10.3) at the end of (2.10). In (2.11), we explain how the Serre dual of XOE,,, comes to rescue for the problem.
Finally in (2.12) we compute the closed fiber Gi via a detour by Serre dual in the case when the geometric
generic fiber of G is generated by three elements, and complete the proof of Theorem (2.3).

If M is a Kisin module (or a finite Kisin module), and x € MO := W(k)((«)) wu) M, we define ord, x to
be the smallest integer d such that udx e M If ord, (x; — x») > D, we also write x; = x, mod ord, > D.

2.6. The Kisin modules attached to X and its base changes. Now we prepare to prove Theorem (2.3). We
first recall the constructions from §5 of [5] on the Kisin module attached to X, and its base changes to finite
extensions of Ry.

Take h(x) = —mox + xP*. For all positive integer r, define h(x) := hoho---o hto be the r-th iteration of
h, h(x) := % For all positive integers m, Let 7, be a root of hy,,(x) in QT,,, and define E,, := B(k)(7;,).
Let E,,(u) be the minimal Eisenstein polynomial of r,, over B(k); so E,(u) = hzm(u)a(u), where E(u) is
the conjugate of h,,,(u) under my — —mg. One can check the constant term of E,,(u) is equal to —ep. Let I,
be the Kisin module constructed as in §5 of [5] with (E,,, 7,,), and let X, be the associated p-divisible group
over Og,. By [5] (5.2.7), X,, is the Of-linear CM p-divisible group over O, with p-adic CM type @, and
all the p™-torsion points on its geometric generic fiber are rational over E,,. By [5] (3.1.5) and (5.1.7), X}, is
isomorphic to Xo,, , and the isomorphism induces identity over the closed fiber. Thus to prove Theorem (2.3),
it suffices to compute the closed fibers of p”-torsion finite locally free subgroup schemes of X, when m runs
over all positive integers.

By [5] (5.1), the Kisin module M, = W(k)[[u]] ®z, Ore with the natural Of-action, and the (¢, OF)-linear
endomorphism ¢gy, (which we will abbreviate as ¢y, in the future) is defined as ¢,,e = Po,, B(k)%pp(u), the
characteristic polynomial of the natural action of 7, on the W(k) ®q, F-module (Ey)i, © (Em)ijor, Where the
index indicates the F-structure. For the convenience of computation, we identify W(k)[[u]] ®z, Ore with
W) ®1.0,0 OFl[1]ler ® W(k) ®2.0,. Or[[uller = WK)[x][[u]]/ (% - ep)er ® W(K)[x][[]]/ (x> — € p)es. Under
such an identification, one can check that a - ¢; = aey, a-ex = a”e; for a € Opuw, and 7p - ¢; = me;. The
(¢, OF)-linear endomorphism ¢,, is defined by ¢,,(e1) = Tz(a(l/{))ez, Om(er) = Tl(E(u))el, where 7 (resp.
T7) is the W(k)[[u]]-isomorphism from F - B(k)[[u]] = B(k)[mo]/ (7r(2) —ep)[lu]] to W(k)[x]/ (% - ep)[lul] (resp.
W(k)[n]/(n* - € p)[[u]]) that sends 7 to 7 (resp. A~ 7).

Let X,, be the closed fiber of X,,, let M(X,,) be the attached Dieudonne module; by [2] (B.4) M(X,,) =
M /uMt,,. If we still use ¢; to stand for the image of ¢; in M(X,,), one can check that ey, e; is a “good” Op-basis
of M(X,,) (see the beginning of the section for the definition of a “good” Op-basis of M(X,,)). Now suppose G is
a p"-torsion finite locally free subgroup scheme of X,,, #G = p'. Let % be the attached finite Kisin submodule.
To prove Theorem (2.3(1)), it suffices to show:

(2.6.2) When ¢ = 2n is even, there exists w™” € % for s = 1,2, such that w' = x,7"e; mod u, where
x5 € W(k)*.
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(2.6.b) When r = 2n + 1 is odd, there exists w € N such that w = x;77 " Ve + xonr~"*De, mod u, where
X1, X2 € W(k)X, and X /% € (]F:z)p‘l or /_l(F;z)P‘l. Here X; means the image of x; in kX modulo p.
Conversely, to prove Theorem (2.3(2)) it suffices to show:
(2.6.¢) for every xi, xo € W(k)* such that X; /x> € (FX,)?~! or A(F%,)?~!, there exists a positive integer m and
y » » P g
a p™-torsion finite locally free subgroup scheme G of X,, such that #G = p>"*! and we can find an element w
in N satisfying w = x 7~ Ve + xon~ " Des mod u.

2.7. The finite Kisin modules attached to finite locally free subgroup schemes. To achieve the goals in 2.6,
we need a precise description on the finite Kisin modules attached to p™-torsion finite locally free subgroup
schemes of X,,.

The endomorphism ¢ on W(k)[[u]] extends to ¢ : W(k)[x][[u]l/(n* — ep) — WE)[x][[u]]l/(x* — € p),
such that ¢lww) = o, ¢(nr) = m, and ¢(u) = uwP. Similarly we can define ¢ : W) [x[[u]]/(7? - € p) —
W(K)[7][[u]]/(n%> - €p) in the same way.

According to [5] (5.2.7), if we define

v = ("D @)1 (B D wy)er + iR D) ma ("D (w))es

then all the solutions x € p™M,,/IMN,, to ¢, x = _iEEm(u)x have the form of n - v with 5 € p™Or/OF. For
any subgroup A of p™™OF/Op, let NG := WE)(w){n - vin € p™Or/OF}, and Ny = NG N p™™ M,/ My
Let Ga be the associated finite locally free subgroup scheme. When A runs over subgroups of p™™OFr/OF,
G4 enumerates all p™-torsion finite locally free subgroup schemes of X,,,. Denote 9t4/(9t4 N up™"M/M) =
Mg + up™ My /M) [ (up™ ™M, /M) by Ny mod u, then 9y mod u is the Dieudonne module of the closed
fiber of G4.

Now we derive a more precise formula for 7 - v. By the definition of A?”~D(x), we can write A" D(u) =
2m-1 .
Y, 'Ai(u) mod p™, such that Aj(u) € W(E 2)((u))* and ord, A; = p**"~!=). Therefore
i=0

vo= @) T (KD w)er + 71 (KO D) ra(h®m D ()
2m—1 2m—1 2m—1 2m—1
(T AR Anwrer + (3 A DN T Arwn')er

2m:1 n 2m—-1 - n

> oAt Ak(u)¢An_k(u)/l—k0')el + X 7Y Ak(u)¢An—k(M)/l_(n_k))ez
n=0 k=0 n=0 =0

p-1

2_
Recall that 1 = € 2 and € is a Teichmuller lift, so A1 = €"7 . Because € ¢ W(sz)x\(W(sz)X)z, we deduce

2_
epTl = —1. Hence we have 177 = —1 and we can then rewrite the above formula for v as:
2m—1 n k 2m—1 | n K
v = Y (Y A A)(Der + Y (A1) (Y Au)?Ani(w)A¥)er
n=0 k=0 n=0 k=0
Definition 2.7.1. Define
T =7 mi=tn=A1"'n
by := Y P A0 Apai(u), cn = Y 2 Agi ()P Ap—nio1 (1)
yj Zij—Cj, Zj = bj+Cj
2m—1 2m—1
Under the notations above, v = ), n’lly,,el + D, ngznez.
n=0 n=0

Now we derive a more precise formula of 1 - v for n € p™™OpF/OF. Let v be the valuation on F such that
v(r) = 1.
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Definition 2.7.2. Suppose 7 € p™"Or/OF and k is the smallest integer such that € p~*Or/Op. Let a €
W(sz)x and B € W(F ) be the unique elements such that = p‘k(a + mpB) (resp. n = p‘kno(a/ + 1)) when
v(n) = =2k (resp. v(n7) = —2k + 1). Define

k(/12k+v(17) 0'/12k+v(7])+1

vin,r, 1] := ek(ay—v(n)—r +By—v(7])—r—1)e vln,r,2] =€ a’O-Z—v(n)—r +p Z—v(r])—r—l)

2 2m
Under such notations, one can check -v = 3} > n,/v[n,r, sles; when r > —v(r7) we treat v[n, r, s] as zero.
s=1r=1
This formula will be refered to as the presentation of - v in the future.

Before we dive into the computations, let us look into the definitions of the y;, z;’s and v[n, r, s]’s, and derive
some properties of them.

Proposition 2.7.3. Define d := 1 + p. The following statements about b;, c;, y;, z; are true:
(1) b;, c; are both units in W(k)((v)), and min{ord,, b;, ord, ¢;} = p*"~>7'd, max{ord, b;, ord, c;} = p*"~ 17 (1 -
pl+pTd.
(2) If min{ord,, b;, ord, c;} = ord, bi(resp. ord, c;), then min{ord, b;.,, ord, c;is2} = ord, ciir(resp. ord, biyy).
(3) yi, zi are both units in W(k)((w)), and ord, y; = ord, z; = p*">7d.
(4) u_p4/1172 td ( 1)[t+l]
(5) vin, r, s] is a unit in W(k)((w)), and ord,, v[n,r, s] = p4’”_2+"(’7)+r d; in particular, it is independent of s and

4/71 2-i
4z mod u.

increasing in r.

(6) For any 2 < i < 2m, y;zi—3 — ziVi—2 is a unit in W(k)((w)), and ord,, (y;iZi—2 — z;yi—2) = ord, y; + ord, zi—p =
ord, z; + ord, yi_y = d(p*"~ + p*"=270),

(7) Let i, j be different integers between 0 and 2m—1, and suppose'y € W(F ,2)*. Then yy;y;+y’ Azizj, yzizj+
Y7 Ayiyj, and yyiz; + y7 Az;y; are all units in W(k)((u)), and their orders are all equal to d(p*m=271 4 ptm=27)y,
Proof. (1) and (2) are clear by a direct examination of each summand in the definition of b;, ¢; and using the
elementary lemma (2.7.4) below. (3) is because of (1), and (4) follows from (2). (5) is clear by the definition of
vin, r, s].

To see (6), note that y;z; > — ziyi-2 = (bi — ¢))(bi—2 + ¢i—2) — (b + ¢;)(bi-2 — ¢i-2) = 2bici—» — 2b;_»c;, then the
statement follows from (1) and (2).

To see (7), when we expand them based on b;, ¢;, bj, ¢, the coeflicient of b;b;, bic;, c;bj, and c;c;isy +y7 A.

p2-1

1 = 1 mod p, contradiction to the fact that 19*! = ¢ 2 = —1.

If ply + 74, it implies that 27! = y7 -
Moreover, by (1) there is a unique term among b;b;, b;c;, c;b;, and c;c; that has the lowest order, and this order
is equal to d(p*"~2~" + p*"=2-J). This proves the statement. O

Lemma 2.74. Let x =y +z, x,y,z € Wk)((w)). If y is a unit in W(k)((n)) and ord, z > ord, y, then x is also a
unit in W(k)((w)) and ord,, x = ord, y. O

2.8. Examples of reductions of finite locally free subgroup schemes. We take this subsection to compute a
few examples of 9t4 and N4 mod u.
Example 2.8.1. Letm > 1, n € p “1Or/OF, and A = () = Z/p. Then Ny = WE)((w){n - v} N p~ ' D/M.

In the presentation 77 - v = Z Z m; bv [, j, ile;, we know v[n, j, 1] and v[n, j,2] are both units in W(k)((n)),
i=1 j=1

, 2
. . 4m—2+v(n)+
and their orders are both equal to p*" 2"+, Let w := u™P e ‘4 -v), thenw = Y xini‘lei mod u for

i=1
x1, X2 € W(k)*, and the goal of (2.6.b) is achieved.
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2 4 .
Example2.8.2. Letm >2,n € (p~20r/O\(p~'OrOF), A = (n) = Z/p*. Letv; := nv=> > ni_Jv[n, J,ilei,
i=1 j=1

( (1

and vy = (pn) - v = Z Z m, Ty [pn, j,ile;, We want to produce wll) and w,

i=1 j=1
vi, v with coefficients in W(k)((«)), such that w( ) = T; ~le; mod u. A natural candidate for w

by a linear combination of

(1)
1

by (v[pn, 1,21v[n, 1, 1] — v[n, 1,21v(pn, 1,1])~ l(v[pn, 1,2]vy — v[n, 1,2]v,). By the construction of w,

is given
(1) (1) _

2
i 'ey is equal to (V[pn, 1,21v[n, 1, 1] = v[n, 1, 2]v[pn, 1, 1)~ Zl Zz(V[pn, 1,21v[n, r, 51 = vin, 1,2v[pn, r, sDes.
s=1r=
It suffices to:
(2.8.2.a) Show v[n, 1, 1]v[pn, 1,2] — v[n, 1, 2]v[pn, 1, 1] is a unit in W(k)((«)) and estimate its order (in u);

(2.8.2.b) For s = 1,2 and r > 1, show

Ordu (V[Pn’ 1’ 2]V[77a r, S] - V[77, 1’ 2]V[P77, r, S]) > Ordu (V[Pna 1’ 2]‘}[77’ 1’ 1] - V[Tl, 1’2]V[p77’ 1$ 1])

Write n = p‘z(af + mpf3) or p_zﬂ'()(a’ + 7o) according to v(17) = —4 or —3, where a € W(]sz)x, B e W(sz). By
the definition of v[n, r, s] and v[pn, r, s],

vipn, 1,2vin, 1,11 = vin, 1, 2]v[pn, 1, 1]

53(“)’—1/(71)—1 + ﬁy_"(fl)_2)(ao—/12+V(pn)Z_V([’7l)—1 + /30/13+V(pmz—1f(pn)—2)_
53(a/0—/12+v('7)z_y(,1)_1 +ﬂo—/l3+v(n)Z—v(n)—2)(Q'Y—v(pn)—1 +ﬂy—v(pn)—2)

= Eaa” (Y ) 12-v()-3 = Zv(p)-1Y-v(p)-3) + Higher order terms

By Proposition (2.7.3)(6) and Lemma 2.7.4, it is a unit with order equal to d(p*"*1+(D 4 prm=1+v(n)y,

Now for s = 1,2 and r > 2, ord, v[n, r, s] > dp*= 2+ > dp¥m+ ord, v[pn, r, s] > dp*=+Hen+r >
dp*"*>+0. Hence ord, (v[pn, 1,21v[n, v, s1 = vin, 1,2Wv[pn, r, s1) 2 d(p*™* 1+ 4 pmeon),

Based on the estimates above, we deduce that ord,, (w(ll) —niter) > d(p*m ) — p¥m=1HD) 1n particular we

(1)

have found w such that it reduces to n;le 1 modulo u. The desired w(zl) can be constructed similarly. Thus the

goal of (2.6.a) is achieved.

Example 2.8.3. Let m > 3,7 € (p730rOp)\(p>0rOF), and A = () = Z/p>. Take A, := {(pn) = Z/p>.
By Example (2.8.2), we have constructed wgl) in Ny, C Ny such that ord, (w(sl) - n;les) > d(p4m+“(f”7) -

+Vi 2 2 6
pHm ey Define w = u " (v — 3 vin, 1, sIwi"), then we have w = 3 ) w
=1 s=1r=2

4m+v(1) _
vin,r, slnes —

u— Z v, 1, sl — 77 tey). The order of the second term is > d(p¥™+ @ — ptm=1+v(p)y _ gpsm+v(n) -

Am+v(1)

0. Note that ord, v[n,r, s] is increasing in r and does not depend on s, hence u-ap
2
W(k)[[u]] and ord, u~ v[n,r,s] > 0 when r > 2. Thus we deduce w = }; xsﬂ;ZeS mod u, where

s=1
xs € W(k)*. This achieves the goal of (2.6.b).

v[n, 2, s] are units in

4m+v(17)

Example 2.84. Letm > 1, n1,m € p~'Or/Op, and A = (m) X () = Z/p X Z/p. Let a; € W(sz)x and
Bi € W(sz) be the unique elements such that w; = p‘l (a; + mpB;) or p‘lno(a/,- + moPB;) depending on v(7;) = =2
or —1. We may further assume that if v(171) = v(12), then @y mod p,a> mod p are F,-linearly independent.
In fact, if otherwise, there exists y € Z, such that a; = ya; mod p, then we can replace 1, with 7, — yny, to
reduce to the situation when v(171) # v(172). Without of loss of generality we assume v(171) < v(172).
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Define wi!’ = (v[ni, 1, 12, 1,21 = vina, 1, v, 1,27 0lp2, 1,2100 - v) = v, 1,21G72 - ). Then

w(ll) - n[lel is equal to

2
(V[Ul, 1’ 1]"[’72, 1’ 2] - V[UZ, 17 1]"[’71, 17 2])_1 Z(V[TIZa 17 2]"[771, 27 S] - V[Ul, 17 2]V[772, 27 S])

s=1
We claim v[ny, 1, 11v[12, 1,2] = v[n2, 1, 11v[571, 1, 2] is a unit in W(k)((«)), with order equal to d(p*"~ 10 4
p4’"‘1+v('72)). To verify this, we divide the situation into the case when v(17;) < v(12) and the case when v(171) =
v(m2).

When v(171) < v(m2), then v(q1) = =2, v(12) = —1. So v[n1, 1, 11v[m2, 1,2] = v[ma, 1, 1v[1, 1,2] = € (a1y1 +
Biyo)as Azp — ez(a‘{y 1+ B] Wo)azyo = E(a 1a5 Ay120 — @ az2yoz1) + Higher order terms. By Proposition 2.7.3
(7), we see the claim is true.

When v(i71) = v(m2), vim, 1, 1v[n2, 1,21 = vz, 1, 1v[n1, 1,2] = €(@1y—vim)=1 + B1y-v(y)-2)@3 Zmvim)-1 —
ez(a‘lfy_v(m)_l + BT AV —viy)-2)@2Y—vip)-1 = ez(a/]a/‘zT — ] @2)y-v(y)-12-v(p)-1 + Higher order terms. Since we
have assumed @; mod p,a; mod p are F),-linearly independent, (@5 — @] @) is a unit in W(F ), and the
claim follows.

So for s = 1’ 2, we have Ordu (V[UZ, 1,2]"[771,2, S] - V[’Il, 1’2]V[772, 2’ S]) - Ordu (V[T]l, 1’ I]V[Uz, 1’2] -
V[’]Za 1’ l]V[nla 1,2]) > d(p4m+v(m) + p4m—1+v(n2)) _ d(p4m—l+v(771) + p4m—l+v(n2)) — d(p4m+v(m) _ p4m—l+v(7]1))‘

(1) 1 1
1

In particular, this implies w: "’ reduces to nl‘lel modulo u. Similarly we can find w, " that reduces to 7, e}

modulo u, and the goal of (2.6.a) is achieved.

2.9. Linear algebra lemmas. Now we summarize a linear algebra approach from the examples we computed
above. For a square matrix C, we denote the entry on the i-th row, j-th column by C[i, j], and its cofactor by

Lemma 2.9.1. Suppose A C p™Op/OF, vi,V2,- -+ , Vo, are elements in ‘Rg, and for each 1 <i < 2nwe have a
2 2m

presentation v = ), Y, Vi, Ty es, where v, € W(k)((u)). Define an 2n X 2n matrix
s=1r=1

Vinl Vo1 Vonn,1
Vi,n2 Vo.n2 Vonn2
Vin-1,1 V2n-1,1 Vonn—1,1
C:=]| Vip-1,1 V2n-12 Vann—1,2
VLT V2L Von,1,1
V1,12 V2,12 Von,1,2

2n
Suppose det C € W(k)((u))*, and there exists a positive integer D such that ord, (3, vi; jCs;) — ord, detC > D
I=1

2n
fori,s = 1,2, and j > n+ 1. Define W(S") = Y (detC)~'Cy v, for s = 1,2. Then w&") € Ny and wﬁ”) = nm;"eg
I=1
mod ord, > D.
) 2 2n .
Proof. By the definition of C, one can check wy”’ = nj"; + Y, > Y (det Olc VLT 'e;, then it follows
i=1 jzn+1I=1

2n
from the assumption on the order of (det C )| 2 Covij O
=1
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To apply Lemma (2.9.1), the key step is to show det C is a unit in W(k)((«)), and estimate ord, detC. With
this aim, now we make some definitions for matrices of special types that will show up in our computations,
and establish a few technical lemmas.

Let R be a commutative ring with 1, and ord, : R* — Z be a discrete valuation on R; here we are not
assuming that R is the valuation ring with respect to ord,, . Let k be a positive integer, and C be a k X k matrix
with entries in R. We denote the set of permutations on {1, 2, --- , k} by 4.

k
Definition 2.9.2. We say C is dominated by the diagonals, if for any permutation o € Py, 3, ord, (Clo()), j]) =
j=1

k
ord, (C[J, j]); if the inequality is strict, then we say C is strictly dominated by the diagonals. We say C is
j=1

k
faithfully dominated by the diagonals, if C is dominated by the diagonals, and ord,, detC = }; ord, (C[J, j])-
j=1

We say C is in pairwise order, if for any pair of (i, j1), (i2, j2) with i} < i, j1 < Jo, ord, Cliy, j1] +
ord, Clip, jo] < ord, Cliy, jo] + ord, Cliy, j1]; if the inequality is strict, then we say C is strictly in pairwise

order.
In general, let J; [[ J> [] - -- L] J; be a partition of {1,2, - -- , k}, we say C is dominated by the diagonal blocks
(12| - - - |Jp), if for any permutation o € P, there exists a permutation 7 such that 7(J;) = J; fori = 1,2,--- ¢,
k

k

and ), ord, (C[o(j), j1) = 2 ord, (C[7()), j]); if the inequality is strict, then we say C is strictly dominated by
J=1 J=1

the diagonal blocks (J1|J2|---|J;). We say C is in pairwise order relative to partition (J1|J3| - - - |Jy), if for any

pair of (i1, j1), (i2, j2) such that iy, j; € J,,, i2, j2 € J,, With r; < rp, we have ord, Cl[iy, ji] + ord, Cliz, j2] <
ord, Cliy, j2] + ord, Clip, j1]; if the inequality is strict, then we say C is strictly in pairwise order relative to
partition (J1|J2| - - - |Jp).

The following lemma is straightforward by the formula detC = Z;‘o (—1)sen(@) [Ii[1 Cla()), jl.
[ J=

Lemma 2.9.3. Notations as in Definition (2.9.2). Then:

(a) If C is (strictly) in pairwise order, then C is (strictly) dominated by the diagonals.

(b) If C is strictly dominated by the diagonals, then C is faithfully dominated by the diagonals.

(c) If C is (strictly) in pairwise order relative to partition (J1|J3| - - - |J;), then C is (strictly) dominated by the
diagonal blocks (J1|J3| - - - |Jy).

(d) If C is strictly dominated by the diagonal blocks (J1|J3|- - - |J;), and each block that consists of the rows
and columns in J; is faithfully dominated by the diagonals, then C is faithfully dominated by the diagonals.

2.10. The proof of Theorem (2.3) in the special case. Let A be a finite abelian p-group. Let r(A) be the
largest positive integer r such that (Z/p)” can be embedded in A; this r(A) is called the p-rank of the A. The
p-rank of A is also the smallest integer k such that A can be generated by k elements. Suppose A is a subgroup
of p™OF/OF, then we have r(A) < r(p™™OF/OF) = 4. Let G := G4 be the associated p™-torsion finite locally
free subgroup scheme of X,,. If r(A) = 4, then p‘lOF /OF C A, hence X[p] c G. This implies the isogeny
X — X/@G factors through X 5 x , and the problem is reduced to another finitely locally free subgroup scheme
with a smaller order. So we may assume r(A) < 3.

In this subsection we prove Theorem 2.3 in the case when G = G4 such that r(A) < 2. Suppose A =
) x (), ni € (p7"OF/Op)\(p™" ' Op/OF) for i = 1,2. Suppose #A = p', then m; + my = t. Without
loss of generality we assume v(r7;) < v(ip2). Let ; € W(Isz)X and B3; € W(sz) be the elements such that
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n; = p~"(a; +mo;) or p~"mo(a; + mB;), depending on whether v(1;) = —2m; or —2m; + 1. Define the following
integer associated to A:

L(A) :=4m -2 +v() + [%]

Proposition 2.10.1. Notations and assumptions as above. Then:

(a) If t = 2n, then for s = 1,2 and r = 1,2,--- ,n, there exists W(S’) € Ny such that ord, (wgr) —nm;les) =
d(pHAL — pLAYy,

(b) If t = 2n + 1, then there exists w € Nu, such that w = ﬂ]_(n+l)a1e1 + (—l)Cﬂ;(nH)o/]r/lz"”+V('“)€2

mod ord, > d(p"M+! — ptAY ywhere ¢ = [—_V("zl)_”].

Before proving Proposition (2.10.1), we show that it implies Theorem (2.3)(1) in the case when G = G4
such that r(A) < 2, and also implies Theorem (2.3)(2). It suffices to show the goals (2.6) (a), (b), and (c) are
achieved. (2.10.1)(a) obviously implies (2.6)(a). Recall that 1} = 7, mp = A7!x, so the element w in (2.10.1)(b)
can be written as w = ;" De; + (—l)c/lz’"‘+V('7’)+”+1(x‘177r‘(”+1)ez. Let x1 := ay, xp := (—1)"/12”””(’7‘)*"”&‘17.
Because —1 and 22 =" ! are both in (F;z)p‘l, it is then clear that x; /x; € (IF";2 Y1 or TI(FZZ)P‘I. Thus (2.6) (b)

2n—1a,1 or p—2n—1

is achieved. Concerning (2.6) (c),if weletn, = 0,17, = p~ moa; where n runs over non-negative
integers and a; runs over W(sz)x, then Proposition (2.10.1)(b) implies that for each [c1, 2] € P! (k) such that
ci/cy € (IF"‘;Z)J"_1 or Z(Fzz)l’_l, there exists a finite locally free subgroup scheme G satistying 6,(Gr) = [c1/c2]
in L. Therefore Theorem (2.3)(2) is proved once we prove Proposition (2.10.1).

The plan to prove Proposition 2.10.1 is as follows: we apply Lemma (2.9.1) to prove (a). For (b), we “knock
out” the unwanted entries in the presentation of 177 - v by using the constructed lifts of 7r;"e,, where s = 1,2 and
r=1,2,---,n.

First suppose ¢ = 2n. Define an order < on {p/n; -v[i=1,2,j=0,1,--- ,m; — 1} such that p/n; - v < p/ny - v
when: (a) v(p/n;) < v(p/ ni); or (b) v(p/n;) = v(p/ ) and i < i’. Let v; = p/iny;, - v be the I-th element in the set
under this order. Then define a matrix (cf. Lemma 2.9.1)

vip/n.n, 1] vipPniy,n 11 - vpPg,, 1]
vIp/ini,,n,2] vipPni,,n,21 - vpim,,,n,2]
vipiini,n— 1,11 v[p2n,,n—1,11 - v[pn, ,n-1,1]
C:=| vip'ni,n—1,21 vipPni,,n-1,2] - v[py,,.n—1,2]
vip/'ni, 1,1] vipPn,, L1 - vpiag,,, 1,1]
vip/'ni,1,2] vipPni,, 1,21 - vlpigg,,, 1,2]

If we delete the first row of C and add the row of (v[p/! Ni,» s 8], v[pjzniz, r,s],- - ,v[ij”n,-Zn, r, s]) on top of the
remaining (2n — 1) X 2n matrix for s = 1,2 and r > n + 1, we denote the new 2n X 2n matrix by C(1,r, s).
Similarly, we can delete the second row of C and add (v[pjl ni,, 1, s, v[pjzmz, 7S], ,v[pjz'ln,-z,l, r, s]) on the
top to get a new 2n X 2n matrix; we denote it by C(2, r, s).

Proposition 2.10.2. Notations as above, then the 2n X 2n matrices C,C(1,r, s), C(2,r, s) are all faithfully dom-
inated by the diagonals, for s = 1,2, r > n + 1. In particular, their determinants are all units in W(k)((n)).

Proof. Define a partition of {1,2,---,2n} = Ji[[Jo[1---1]J» where J; := {2i — 1,2i}. By the definition
of the matrices and the estimates on the orders of their entries by Proposition 2.7.3 (5), one can check all
the matrices considered in the Proposition are strictly dominated by the diagonal blocks (J1|J2] - - -|J,). Each
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J 1 Jj+1 1 J 1 J 1
2 x 2 diagonal block of C has the form [ vipm.r A1 vip”™ 1] ) [ VPl AT vip/ne,r ]

vipini, r,21 viptin,r2] vipin, 21 vipine, r,2]
vipina, , 11 vipini, r, 1]

vipina, .21 vipim,r,2]
straightforward to check that these blocks are all faithfully dominated by the diagonals. Therefore by Lemma

2.9.3 (d), the matrix C is faithfully dominated by the diagonals. For C(k,r, s) where k = 1,2, s = 1,2, and
r > n + 1, all the diagonal blocks are the same as those of C except for the first 2 X 2 block on the upper left

]. By computations similar to those in Example 2.8.2 and Example 2.8.4, it is

corner, and a direct examination of that block will prove they are faithfully dominated by the diagonals, too.
For the last statement, note that the matrices are strictly dominated by their diagonal blocks (J1|J3| - - - |J,),

and the determinants of all the blocks are units in W(k)((«#)), by Lemma 2.7.4 we deduce that the determinants

of the 2n X 2n matrices C, C(1,r, s), C(2, r, s) are all units in W(k)((u)). O

Now we are ready to prove Proposition 2.10.1.

Proof of Proposition 2.10.1:

(a) In this case m; + my = 2n. Prove by induction on n. Suppose we have proved for all the subgroups
A C p™"Or/OF with order equal to pz”/ and n’ < n. Let Ay := (pn1) X (pm) if my > 0, and <p2m> if my = 0.
Then #4; = p?™ Y and L(A;) > L(A). By the induction hypothesis we have already produced wgr) fors=1,2
and r = 1,2,--- ,n — 1. Now it suffices to produce w . With v; = pj’n,- -vforl=1,2,---,2n and matrix C
defined before Proposmon (2.10.2), we have shown det C € W(k)((n))*, so to apply Lemma (2.9.1) it remains

to prove ord, (Z v[p/ 0,1, 8]Cxy) > ord, detC fork,s = 1,2 and r > n+ 1. But Z v[p]’n,[,r §]Cr, is equal

todetC(k,r, s) and by Proposition (2.10.2) ord,, detC and ord,, detC(k,r, s) are equal to the sum of the orders
of their diagonal entries, respectively. By their definition one can check ord, detC(k,r, s) — ord, detC >
d(p4m—2+v(r]s)+r _p4m—2+v(m)+n) > d(p4m—l+v(m)+n _p4m—2+v(n])+n) — d(pL(A)-H _ pL(A)). By Lemma (2102)’ we
deduce the existence of w )in N4 such that ord, (w(") —n"es) = d( plA+L _ LAy

(b) In this case m; + my = 2n + 1. By our assumption v(n1) < v(12), so m; > my. Let Ay := (pn1) X {m),
then #4 = p”", hence by (a) we can produce w(r) € Ny, C Ny fors = 1,2 and r =1,2,---,n, such that
w? = 777ey mod ord, > d(pHAvt! — pLAD) Define w = w P Py v — Z Z vnt, r, siw'™?), then we
s=1r=1
2my
have w = Z D u—drt v[m,r sln ey — Z Z —~dp"¥, v[n, r, s](w — ;" eg). The order of the second term
s=1r=n+1 =1r=
is > d(pMAv+l — pLan _ pLA)y > d(pL(A)Jrl - pL(A)) because L(A;) > L(A) + 1. In the first term, note that

L(A)+1 L(A)+1

ord, v[ni,r,s] = dp when r > n+2,and v[n;,n + 1,1] = a1y_y;)-n-1 mod ord, > dp , v, n+

1,2] = aJa*m iz o oy mod ord, > dpH®*!. Therefore the proposition follows from Proposition
(2.7.3)(4). O

Therefore to complete the proof of Theorem 2.3(1), the remaining situation is when r(A) = 3. In that case,
we will meet difficulties if we still try to apply Lemma (2.9.1) directly, since the crucial proposition (2.10.2)
may no longer hold. This phenomenon is reflected by the following example.

Example 2.10.3. Let m > 2, take @ € W(F,2)*\Zy. Let m =p2 m = p2a, and n3 = p~’x, and take
4
= (n1)X{n2)*{n3). The presentations of n;-v are: n;-v = Z Va7t e1+ Z 247y e, v = 3 ays, e+

r=1 r=1
3
a%z4 ) ex, and g3 - v = 3 y3mTer + Z Azz—m;"es. 1f we follow the linear algebra approach in (2.9)
r=1 r=1 r=1

M-lk
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and form the 6 X 6 matrix:

yrooayr Yo

21 %z Az

y2ooay2 Y1 Yo @)o

2 a2 Az o a’%

y3 ays Y2 Yy ayr Yo
3 a%z3 Az z1 @’z A

One can check that

4m-2 4m—3)

detC = -A(a - a")zylz](y%zg - z%y(z)) mod ord, > dQ2p +4p

However, y%zf) - z%yé = (b - c1)2b(2) - (b + C])zb(z) = —4b1c1b3 has order equal to d(3 p‘“”_2 + p4m_4), hence

ord, (n1z1(yizg — 23y3)) = d@p*™2 + 2p*"=3 + p*mhy > d(2p*™% + 4p*™3). So ord, detC > d(2p*" 2 +
6

4p*m=3) = 3, ord, C[j, jl, in particular the matrix C is not faithfully dominated by the diagonals.

j=1
However, a look into the Serre dual of X,, will come to rescue for this example. Recall that 7> € Gal(F/ Qp)

is the involution on F, and the p-adic CM type ® satisfies @ [[ © o 72 = Hom(F, @). Letp : O — End(X,,)
be the Op-structure on X,,, if we define the Op-linear structure p* : O — End(X}))) on the Serre dual X}, by
0%(x) = p((x))Y, then X,, and X}, are both Op-linear with the same p-adic CM type. Since the Of-isomorphism
class of Op-linear CM p-divisible groups over R is uniquely determined by the p-adic CM type (see [5] (3.1.3)),
we know X, and X, are Op-linearly isomorphic.

For a finite locally free p™-torsion subgroup scheme G of X,,, denote the Cartier dual (X,,[p"]/G)" by G*™;
it is a finite locally free p”-subgroup scheme of X},. In our example 2.10.3, take m = 2, let G = G4 be the finite
locally free p>-torsion subgroup scheme associated to A, then one can check G2 is a cyclic group of order p?;
in particular, it is associated with a subgroup A’ with p-rank 1. Hence we can apply Theorem 2.3 to G+ in XV,
and deduce that Qlj 2 is not Op-stable. That implies Gy, is not Op-stable, too. Thus, we can take a detour via the
Serre dual XV and reduce to the solved case. To prove Theorem 2.3 in the general case when G = G4 where the
p-rank of A is equal to 3, we need more explicit information on G-". This will constitute the next subsection.

2.11. The Serre dual. Recall from (2.6) that the Kisin module M,, attached to X,, is = W(&)[[u]][x]/(x> —
ep)er ® W) [ulllx]/(x* — € p)ea, and ¢, (e1) = Ta(ham(u))ea, ¢, (€2) = Ti(ham(w))er, where Ty (resp. 72)
is the W(k)[[u]]-isomorphism from F - B(k)[[u]] = B(k)[ﬂ'o]/(ﬂ'(% — ep)[[u]] to Bk)[n]/(n* — ep)[[u]] (resp.
B(k)[r]/ (7> — € p)[[u]]) by sending 7o to 7 (resp. A~'7). Let g1 (u), g2(u) be the polynomial in W(k)[u] such
that Ay, (1) = g1(u) + mogo(u). Then in matrix form we can write

gi1(u)  —epga(u)
-&W) g1
giw)  —e"pA'gr(u)
— o) g1(u)
The Kisin module attached to XV is M, = HomwpuyMm, Wk)[[u]]). If we denote the dual basis of
{e1,me1, ez, mea} by {ef, (me1)”, e, (me2)"}, then dopy (e , (me1)", €5, (mez)Y) is given by

o, (e1, e, ex,mey) = (e, mey, e2, wen)

g1(u)  ga(u)
v YEAY v i epga(u)  gi(u)
e’ e =

e pllem) g1
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Here recall that —ep is the constant term of the Eisenstein polynomial E, (). Take u € W(k)* such that
u’! = -1, Define

e1 = umey)", mey = —pey , & = p(rer)", me; := —pey
then MY = WK)[[ulllx]/(x* — ep)er @ WRI[ulllxl/(x* — € p)ez, with uver = Talhom(u)es, puver =
T1(hom(u))er. If we twist the natural Op-structure on I, by ¢, i.e., define a - e; = aey, a - e; = a”e; for

a € W(F,), and 7o - e; = —me; for i = 1,2, then the mapping that sends e; to e; is an Op-linear isomorphism of
Kisin modules from M, to M. The natural W (k)[[«]]-bilinear pairing ¢, ) : M,, x M — W(k)[[u]] is a perfect
pairing that is compatible with the Op-structures, i.e., (x - v, w) = (v, x - w) for x € Op, v € M, and w € M.

The pairing (,) : M,, x M), — W(k)[[u]] naturally extends to (Q ®z M,,) X (Q ®z M) — B(k)[[u]]. For
any positive integer n, it induces a pairing {, ), : p~"M,, /M, X p~" M) /MY — p"W(k)[[u]]/W(K)[[u]], b
defining (v, w), := p"(v,w). If N is the finite Kisin module attached to a finite locally free p”-torsion subgroup
scheme G of X, then its orthogonal complement 9t is the finite Kisin module attached to G+ (see the end of
Example (2.10.3) for the definition of G*). The following lemma allows us to extract the information of 9+
from 9, and vice versa.

Lemma 2.11.1. Let D be a positive integer, and | be an integer between 1 and 2n. Assumptions and notations
on N and N+" are as above.
(a) If N\ = 77'M,,/M,, mod ord, > D, then N = 7~@n=DIRY /MY mod ord, > D; and vice versa.

(b) IF N = 7710y, /My + WR[u]] - z pim; " Ve; mod ord, = D with y; € WER[u]l”, then R+" =

a=@=1=DaRY Ry 4 z i ® e mod ord, = D, where [i; € W(K)[[ul] satisfy Auifii + pofia = 0 mod u;

and vice versa.

Proof. First look at (a). Let M, be the Dieudonne module attached to X = (X,,)rx. The Dieudonne module
attached to Gy is n7'M,,/M,,, so the Dieudonne module associated to Q,f;" is the orthogonal complement of
n~'M,,/M,, under the induced pairing p™"M,,/M,, X p~"M" /M, — p~"W(k)/W(k), which is easily seen to

be n~@n=DpgV v |M. Therefore for 7T_j e; withi = 1,2and j = 1,2,---,2n — I, there exist their lifts in " in
2 2n

the forms of v; ; = 7r e, + 2 X hijemy” e,, where h,JS, € uW(k)[[u]]. Because they are orthogonal to
s=1r=2n-I1+1

N, foreach i/ = 1,2 and j/ = 1,2,---,1, the pairing (7r e, ,Vij)n = 0 mod ord, > D. Take j* = 1, this
implies ord, h; js2, = D. Take j/ = 2,3,--- ] inductively, we deduce that ord, h; j,, > D for all i, j, s, r. This
proves (a). (b) can be proved in the same way, only to notice that under our definitions of €7 and e;, we have
<7T1_(l+1)€1,ﬂ1_(2n_1)a> _ /l(ﬂ;(Hl)ez,ﬂ;(zn_l)?z) £0. O

Proposition (2.11.1) has the following immediate corollary:

Corollary 2.11.2. If X[n'] is contained in Gy with index p, then X (7211 s contained in Ql;n with index
p, and vice versa. If that is the case, let 6;(Gy) and 62n - ,(Qk ") be the classes of G and Qk in &, then
6i(Gk) = A62p-1- (G- In particular, 5(Gy) = [1] or [A] if and only if 62,-1-1(G; ™) = [1] or [A]. m|

If we define ¥ := (A" V)Pt (K" Dw)e; + 71" D(u))?to(h?"V(u))es, then all the solutions
x € p7"IMy /M), 10 apy (X) = _LeEm(u)x have the form n- 9, 7 € p™™OF/OF. For any subgroup A of p™™OFr/OF,
define ‘J’tzo = Wk){n - vln € A}, and ‘J/?; = ‘J/?\AO N p ™M /M. Let é} be the associated finite locally free
subgroup scheme of X, then they enumerate all p™-torsion finite locally free subgroup schemes when A runs
over subgroups of p”"Or/OF. Now supppose n < m, A is a subgroup of p™Or/OF, and N4, G4 are the
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corresponding p”-torsion finite Kisin modules and finite locally free subgroup schemes of X,,. The definition
below provides a direct and concrete way to write down the subgroup p™"Or/OF attached to i+ and G+

Definition 2.11.3. Define a symmetric Q,-pairing on F' as follows:
{a + brr,c +dn) := (ad + bc) + (ad + be)7, a,b,c,d € B(F )
It induces a symmetric pairing p™"Op/Op X p™"Op/Of — p™"Z|Z:
{a + br,c + dn), := p"((ad + bc) + (ad + bc)”)
For any subgroup A C p~"OF/OF, let A" be its orthogonal complement.

Under the definitions above, when n < m one can check (9t4)*" = m, and hence G j = Q/AE Moreover,
the following proposition illustrates the relation between the structure of A and A+"; we leave the details to
readers.

Definition 2.11.4. Suppose A C p™Opf/OF is a subgroup. for all positive integers i, denote the kernel of
A5 Aby Alri]. Fori=1,2,---,2n, define

Ri(A) := dimg, A[x']/A[n""]
Since dimg, ﬂaiOF/ﬂa(i_l)OF =2, we know R;(A) can only take value 0, 1, or 2.

Proposition 2.11.5. Suppose A is a subgroup of p‘"Op /OF. Then we have:

(a) IfA = ]_[Z/p”’ with 0 < n; < n, then AY" = HZ/p" i
i=1
(b)R(AL”)+R2n+1 i(A)=2foralli=1,2,---,2n. O
Now we can prove Theorem 2.3 for G, in the case when A = Z/p' X Z/p' X Z/ p/ € p™™OF/OF, where i > j.
In fact, by Proposition 2.11.5 we know AY# = Z/p' x Z/p'~/ has p-rank at most 2, hence Theorem (2.3) for
G follows from Proposition (2.10.1) and Corollary (2.11.2). Explore this idea further we will be able to prove
Theorem 2.3 for G4 in the general case when the p-rank of A is equal to 3 in the next subsection.

2.12. The proof of Theorem (2.3) in the general case. Suppose G = G4 is a finite locally free p™-torsion
subgroup scheme of X, and A = ﬂ(n,) where 1; € (p7™Or O\ (p~ " VOr/OF) with m; > my > m3 > 1.

i=1

Suppose #A = p’, sot = m; + my + m3. Let a; € W(sz)x and §; € W(F,2) be the elements such that
ni = p~"(a; + mof;) or p~"imy(a; + moB;), depending on whether v(17;) = —2m; or —2m; + 1.

By the argument at the end of the previous subsection, we may assume m; > m,. We may also assume that
X[n] € G, otherwise the isogeny X — X/G factors through X % X and we may reduce to a subgroup scheme
with a smaller order. This assumption translates into R;(A) < 2. Because we have assumed the p-rank of A is 3
and the p-rank is equal to R{(A) + Ry(A), we deduce that Ri(A) = 1 and Ry(A) = 2

Definition 2.12.1. Assumptions on A are as above. Define L(A) := 4m — 2 + v(i;) + [2L], and D(A) :=
d(pt® — ptAO=1y ify(ny) = —2m; + Landm; = my + m3
d(pt @+ — ptA)  otherwise ‘

Proposition 2.12.2. Assumptions on A are as in the beginning of the subsection. Then:
(a) If t = 2n, then there exists w ) e Nafors=1,2andr =1,2,--- ,n, such that ord, (w(r) —n;"e;) = D(A).
(b) If t = 2n+1, then there exists w € N4 such that w = 1("+1)alel+(—l)c 2("+1) ‘]T/lzm'”(m)ez mod ord,, >
d(pPA+ — pLAY ywhere ¢ = [—_V("Z‘)_"].
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Before we prove Proposition 2.12.2, we first explain how to deduce Theorem 2.3(1) from it under the assump-
tion on A as in the beginning of the subsection. It suffices to prove (2.6)(a) and (b). When m; > my + m3, they
follow immediately from Proposition 2.12.2; see the argument after Proposition (2.10.1). In general we prove
by induction on m3. When m3 = 1, since we have assumed m; > my, we always have m; > my + 1 = my + m3.
Suppose m3 > 2 and we have proved the theorem for smaller m3. We may assume m; < my + m3 — 1. Then
ALM = 7/ pM X 7,/ p™ T x 7,/ p™~"™ by Proposition 2.11.5. But now m; — my < m3, hence (2.6)(a) and (b)
follows from induction hypothesis and Corollary (2.11.2), and Theorem 2.3 is proved.

In the rest of this subsection we prove Proposition 2.12.2. Once (a) is proved, for (b) one can construct w
by knocking out the unwanted entries in the presentation of 77, - v by using the constructed lifts of "¢, where
s=1,2and r = 1,2,--- ,n. The argument is similar to that in the proof of Proposition 2.10.1 (b) and is left as
an exercise.

Now we look at Proposition 2.12.2 (a). We point out that it suffices to prove the case when m; = my + m3. In
fact, suppose mj; —2 > my +m3 and we have proved the claim for (m —2, my, m3). Let A’ := (pzm )X {(172) X (13,

then we have already produced w@ €Ny Cc Ny fori =1,2andr = 1,2,--- ,n — 1 by induction hypothesis.
2 n-1 2 n-1
Define v :=n; - v — Z] Zl vini, r, s]ws SV = pnv— Y Z] vipni, r, s]ws ), then Vi, V5 € Ity and
S=1r= s=1r=
2 2my 2 2my-2
V] = Z v, r, slng"es, v = Z Z vipni,r, sln"es mod ord, > D(A")
s=1 r=n s=1 r=n

Define w(ll) = (vIpmy, n, 211, n, 11=vin, n, 2 pn, 0, 1)~ vl pny, i, 2]vi—vIni,n, 2]v;). One can check that
vipni, n, 21, n, 11 = ving, n, 21v[pn1, n, 1] is a unit in W(k)((«)) and has order d(p*m=>r0m+n o pmevin)+ny
Since ord,, v[pni,n,2] > ord, v[n,n,2] > dp¥"=200+n and —(d(ptmFrr Oy pAmevny) g pm=2evin+n
D(A") > D(A), we deduce that

2 2my
wi = Wlpn,n, 201, n, 10 = v, n, 2vlpnn, n 1D~ 0 lpni,n, 2] S 3 vl slres
r=n
2 2my-2 =
—v[m,n,21 Y, > vlpn,r,sin;"es) mod ord, > D(A)
s=1 r=n

and it is routine to check that the right hand side is further congruent to 7;"e; modulo ord, > D(A). Similarly
we can construct w;) € N4 such that w( M = T, "es mod ord, > D(A), too. Thus the claim in Proposition
2.12.2 (a) for (m, my, m3) will be proved.

Therefore now we are reduced to the case when m; = my + ms. We divide the situation into the case when
v(n) = —2my and v(n1) = —2m; + 1. We first assume v(17;) = —2m;.

Prove by induction on mj3. First suppose m3 = 1, so m; = my + 1. Define A := (pn1) X (i2) X (n3) and
Az := (1) X (n2). They are both subgroups of index p in A. We will produce two vectors v} and v/, from 94,
and 9t,,, respectively, and then produce the desired w(ln) and w(") by a linear combination of v| and v/,.

By Proposition 2.11.5 (1), A7 = (1) X (), with 71 € (p™™Op/Op)\(p~ "™ VOF/OF) and 1, €
(p~ "™ VO0p |Op)\(p~"™"POF |OF). Moreover, by Proposition 2.11.5 (2) we know Ry, (A7™2) = 2= R (A) =
1, 50 V(i) = —2my. Write 7ji = p™™(@] + moB1), where & € W(F2)*, B1 € W(E,»).

Since the p-rank of A7 is 2, by Proposition 2.10.1, we deduce that N 1om s = = 77 m=DIR + Wk)[[u]] -

("™ @i +(~1)'n,"@"¢;) mod ord, > D(A7"™), where ¢; = [M] By Lemma 2.11.1 we deduce
2

there exists v = ) x,-iri_(m2+1)e,~ mod ord, > D(AlL;mz), where x; € W(k)[[u]]* such that Axj@1+(=1)"x2a;7 =
i=1

0 mod u.
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On the other hand, since the p-rank of A, is 2, by Proposition 2.10.1 we deduce there exists v/, = 7, Sy e+

(-Der, " aTe; mod ord, > D(A,), where ¢ = [ZW="2]. Note that L(A) = L(A2) = 4m —3 —m; =
X2

a; (=D)%af
W(k)[[u]], therefore by a linear combination of vl, v2 we can produce w1 and w2 in 9t4 such that w’ =7,
mod ord, > D(A). This finishes the proof when ms = 1.

Now suppose my, > 2, m; = my + m3 and we have proved Proposition 2.12.2 for a smaller m3. Define
T = @) X () X (73), and if we
assume 77; € (p™"O0p/Op)\(p~"VOr/OF), then my = my+mz—2,my, = m—2,mj =m3—2 By

L(A;"™) = 1,50 D(A2), D(A;™) > D(A). One can check that the determinant of ( ] is a unit in

(m2+1)

= (p m) X {m2) X (n3), by Proposition 2.11.5 (a) we know A;

Proposition 2.11.5 (b) we know v(#77) = —2(my + m3 — 2) = —2(n — 2). By the induction hypothesis, we know
‘ﬁ;w\rz) reduces to n‘("‘3)M1V ® n‘("‘3)M2V modulo u, hence as its orthogonal complement under the Weil
1
pairing p~ "M, /M, X p~ DMV /MY — p~DW(k)[[u]]/W(k)[[u]], there exists w € Ny, fors = 1,2
2 m4
andr=1,2,---,n— 1, such that w(sr) =n;"es+ ) Z 7r h,J”e,, with h; ;. € uW(k)[[u]].
i=1 j=n

A

Lmi=2 Then by induction hypothesis we know there exists w ) e ET?Az

(l) s

Define A := (p?71) X (i) X (i3) C A;

fork=1,2and/=1,2,...,n— 4 such that wg) = ;¢ mod ord, > D(A). Since the w\
(r) (l)

s are orthogonal to

the wi’s, by computing (w; ", Wy Ym—2 inductively for / = 1,2,--- ,n — 4, we can deduce ord, h; s > D(Az) =
d(p*m3n — p*m+2-myforp+ 1< j<2n—4andall i, r, s.
2 2n—4
Since i1 - 9 = 2 X m; V[T]],], i]e; is also orthogonal to w(’) and ord,, v[71, j,i] > dp*"*'™" when j > n—1,

i=1 j=1
so when r < n — 2 we can deduce

(= 3)e,,h,nrsﬂ "eym—2 = 0 mod ord, >dp¥mtin

2
_Z] it n =3, il
=
Similarly if we consider the pairing between pn; - ¥ and w(sr) when r <n -2, we get

Z:1<V[p7719n_3 l]ﬂ' = 3)917 hznrsﬂ' ez>m2 > = 0 modord, > d(P4m+3_n —P4m+2_n)
i

ln,n=3,11  v[g,n-3,2]
vlpni,n—3,11 vipmgi,n—3,2]

(n=3) (n=3)

Because (m " ey, n"er) = Ar, " ez, my"es), if we denote ( by T, then

we can write the equations in matrix form as

hinrt Pine2 X1 X12
T =

hoprt hopr2 X21  X22
dm+3-n_ py4m+2-my Then by a direct computation

with ord,, x11,o0rd, x2 > dp*"*17" and ord, x>, ord, x2 > d(p
of T~! one can deduce that ord, hinrs = d(p‘“”“‘” - p4’"‘1‘") foralli,s,and r <n-—2.

When r = n — 1, we will have

( Man-11 Mian-12 = 71 ( v, n—2,1] v, n—2,2] ]
Avlpmi,n—2,11 vipni,n-2,2]
mod ord, > d(p4m+l—n _ p4m—1—n)

honn-11 hopn-12

Now we consider the following elements in 94, :

- _ _ k) _ 1k _
VISV, V2 = PNV, Vagel =Wy L Vake2 =W, , fork=1,2,-0 on—1
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2 2n

If we follow the linear algebra approach in 2.9 with the presentations v; = 3} > v; T, €s:
s=1r=1

2 2n 2 2n-2 2 2n-4
= Z Z vim, Jj, sl e, va = Z Z vipm, . sirytes, wl” = x7es + Z Z 7 i sei
s=1 j=1 s=1 j=1 i=1 j=n
we will form the 2n X 2n matrix:
vini,n, 1] vipm,n, 11 hign-11 hMipn-12 0 -+ 0
vlni,n,2] vipm,n,2]  hopp-11 hopn-12 0 -+ 0
vin,n—-1,1]1 vipn,n-1,1] 1
C = vim,n—=1,2] v[pm,n—-1,2] 1
. . |
vini, 1,1] vipm, 1, 1] :
vim, 1,2] vipm, 1,2] 1

mod ord, > d( p4m+1—n _ p4m—1—n)

By Lemma (2.9.1), it suffices to show detC is a unit in W(k)((«)), and ord, (detC)~'Cyvi.s > D(A) =
d(ptm=l-n — p*m=2myfork =1,2,1=1,2,--- 2n,r=n+1,n+2,--- ,2n,and s = 1,2.
With the given form for the matrix C, det C is equal to the determinant of the following 2 X 2 matrix:

vim,n, 11 vipni,n, 1] )_( Ripn-11 Pipn-12 ][ vim,n— 111 vipm,n—1,1]

Co
vini,n,21 vipn,n,2] vim,n—-1,21 vlpni,n-1,2]

h2,n,n—l,l h2,n,n—1,2
One can check

detC = fzn_l(&%+a/l()7n—lzn—3 - Zn—lyn—3))_1(/la’l&lyn—:%yn—Z + Q’(ITCAL’(]TZn_:;Zn_z)'
(Aa1&1yp-1yn + a?&({zn—lzn) mod ord, > dO(P_(n_Z) +p")

By Proposition 2.7.3, the three factors above (V,—121-3 — Zn—1Yn-3)"", (AQ1@1 Yn_3Yn-2 + a1’ zp-32,-2), and
(A1 @1Yn-1yn+a§ @1 2-12,) are all units in W(k)((u)), with orders equal to —d(ptmrimn g pAm=lony g ptmrlon
pMm) and do(ptm1n 4 phmme, respectively. So we have proved det C is a unit in W(k)((#)) with order equal

to do(p4m—n + p4m—2—n).

The cofactors Cy; for k = 1,2 and / = 1, 2 are equal to the four entries of the 2 X 2 matrix Cy. One can check
by a direct computation of Cy to see ord, C;,ord, Co1 > d p4’"‘”, and ord, Cy,,o0rd, Cop > dp4’”‘2‘".

Now suppose k = 1,2, r > n+1and s = 1,2, we have ord, vi 5 > dp4’”‘1‘” and ord, vo s 2 dp4’”+]‘" from
the definition of the presentations, then ord,, (det C)~'Cy vy s = d(p*™ 17— p*m=27") ord, (det C) ' Crova s =
d(p*™1=" — p*"=) " On the other hand, when [ > 3, ord, v, > d(ptAD*1 — pliAddy = g(p*m+3-n _
p*"*2=)hence ord, (det C)~'Crvy,s = do(p*™+3—" — pm+2—n p4’”‘” — p*"=277) Thus in total we have
ord, (detC)™'Cr vy, = d(p4m—‘—" —ptm My forallk = 1,2,1=1,2,---,2n,r=n+ 1,n+2,---,2n, and
s = 1,2. This means w" := 2 (det C) ™' Ciyvy € Ny satisfies ord, (W — wi"er) > d(p*~'=" — p*"=27") by
Lemma (2.9.1). That lower bound is exactly equal to D(A), thus Proposition 2.12.2 is proved in the case when
v(m) = =2my.

Finally we are left with the case when v(17;) = —2m; + 1. We still prove by induction on m3. Now m + my +
m3 = 2nis even, and m; = my+ms3. Since we have assumed R (A) = 1, this means we may assume v(1;) = —2m;
fori =2,3. Pick 57 € p™OFr/OF such that 7n: = n; and define A* := (n}) X (175) X (n3); the ord/e\rs ofE)e th{ge
factors are equal to my, my + 1, m3 + 1, respectively. By Proposition 2.11.5 we know (A*)*+™ = ) x<m3) x<m3)
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with the orders of the three factors equal to my,m; —m3 — 1 = mp — 1, and m; — my — 1 = m3 — 1. Moreover,
since Ry, (A*)*™) = 2 — R1(A*) = 0, we deduce that v(rﬁ) =-2my + 1.

When m3 > 2, the induction hypothesis guarantees the existence of v;j—(\r ) € m@ml for s = 1,2 and
r=1,2,---,n—1. such that ord, (w/i(\r) —nle) = D((A*)+™). Note that m; > (my — 1) + (m3 — 1) + 2,
so D((A*)5™) = do(p*"~'™" — p*">7") = D(A). When m3 = 1, the p-rank of (A4*)*™ is equal to 2 and
Proposition 2.10.1 also implies the existence of such w:.‘(r). Then by Lemma 2.11.1 there exists wi” € 94+ for
s=1,2andr =1,2,--- ,n+ 1, such that w:f(r) = n;"e; mod ord, > D(A). Since Ny = - N4+, the proof of

Proposition 2.12.2 is completed.

2.13. A final remark. Let R runs over the finite extensions of Ry, it is unexpected from Theorem (2.3) that
whether the reduction of a finite locally free subgroup scheme G in Xy is Op-stable is completely determined
by its order. We finally comment that if we have known Theorem (2.3)(1)(b) for all odd positive integers ¢, then
there is in fact a simple proof to deduce Theorem (2.3)(1)(a) for all even positive integers f.

Since the reflex field of the p-adic CM type (F, @) is equal to F = B(E 2)[mol/ (7r(2) — ep) itself, there exists an
Op-linear CM p-divisible group Y over O with p-adic CM type @, such that the associated Galois representa-
tion p : Gal(F*/F) — O carries Iféb onto the image of p; see [2](3.7.3). This implies any p'-torsion geometric
point on Y is rational over a totally ramified extension F; over F. Let Y := yppz. Since Y, is Op-linearly
isomorphic to X, it suffices to prove for every finite totally ramified extension E of F and every finite locally
free subgroup scheme G of Yy, such that #G = p*", the closed fiber G := Gy is equal to Y[7"].

We prove by induction on n. Suppose we have proved for all smaller n’s. Take a filtration G, € G| C G
such that the rank of G/G| and G/G» are both equal to p. Denote G; as the closed fiber of G;. By induction
hypothesis we may assume G, = Y[n~"~D]. Note that ¥/G, is Op-linearly isomorphic to Y. The subgroup
G1/G2 C Y/G> has order p, and since Y/G, = Y is local-to-local type we know G1/G> = a,. We have
seen the Dieudonne module attached to Y/G, is Op-linearly isomorphic to M = W(F ,2)[r] /(n* - ep)e; @
W(sz)[ﬂ]/(ﬂz — €7 p)ey, where the Op-structure is defined by a - e] := aey,a - e := a”e; fora € W(sz), and
7o - e; := me;. The Op-linear Frobenius and Verschiebung maps are defined by Fe| = —e A7 ey, Ve, = —res,
and Fe, = —€ 'ne;, Ves = =1 %ne;. The Dieudonne module M’ attached to X/G is equal to M + W(k) - x,
where x € p~!M/M. Tt is easy to check a(M) = 2. We claim the Dieudonne module M’ is Op-stable if and only
if a(M’) = 2. In fact, to make Fx € M’ we must have x = 77! (xje; + xpe2) mod M with x;, x, € F 2, then

Fx= —(eflxgel + eflxlflx(lrez), Vx=—-(1"7x"e1 + x{7e2) mod nM; & nM;

It is clear that a(M") = 2 if and only if Fx and Vx mod p are linearly dependent over F» modulo 7M; & M.

e_lxg ey

This is further equivalent to the degeneracy of the 2 X 2 matrix I 1. Note that x; € Fpe,

A7x)7 x7
hence x7 = x;7. The determinant is therefore equal to €' (x1x2)7(1 — 7771) = 27! (x1x2)7, since 177! =
2
e’ = —1. Thus a(M’) = 2 if and only if x; = 0 or x, = 0, which is clearly equivalent to saying M’ is
Or-stable.

As a result, since the order of G; is an odd power of p, by our assumption we have known G is not Op-
stable. Hence a(M’) = 1. As a result, there is a unique Dieudonne module M”” > M’ with length M”’ /M’ = p,
which is necessarily the Diedonne module attached to Y/G,. But M" := aIM=M obviously satisfies that
condition, hence G/G, = (Y/Gy)[x], G = Y[x"].
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3. STRONG CM LIFTING TO A P-ADIC CM TYPE INDUCED FROM A LOCAL FIELD WITH SMALL RAMIFICATION

3.1. Examples of non-potentially-liftable subgroups. Let F be a p-adic local field. Let n be the inertia degree
of F, ® be a p-adic CM type for F, F’ be the reflex field. Let X be the (unique) Op-linear CM p-divisible group
over Opr.p) With p-adic CM type ®. In [5] we considered the examples where @ is induced from a p-adic CM
type @’ for F*", such that @’ has the form {iy, ipo o, - - - , iy o o} for some iy € Hom(F”’,(QTp) and1 <a<n-1.
In these examples, the reflex field F/ = F". It was proved in [5] (Thm. 6.1) that every Op-stable subgroup
G of X} is potentially liftable. As a corollary, every Op-linear CM p-divisible group Y over k of dimension ae
admits an F-linear CM lifting to characteristic 0 with p-adic CM type ®.

For other p-adic CM types @, this potential liftability result on Op-stable subgroups of X} may fail to hold.
We have seen such examples in §2 and §4 of [5]. We showed that for a p-adic CM type (F, @), if we denote
the residue field of the reflex field by g, then a potentially liftable Op-stable subgroup of X} descends to an
Op-stable subgroup of X,,,. As a corollary, if k¢ is “small”, i.e., kr» does not contain kr, then there exist
non-potentially-liftable Of-stable subgroups of Xj.

In this subsection we give more examples of p-adic CM types (F, @), such that ¢+ is not small, but there still
exist non-potentially-liftable Op-stable subgroups of Xj.

Example 3.1.1. Let F = B(F 5). Identify Hom(F, B(k)) with {1,2,3,4, 5} as Gal(F'/Q,) = Z/5-torsors, and take
O = {2,4}. Let 7| be a (p5 — 1)-th root of —p in QTP, and take E := B(k)(m1). Let X be the Op-linear CM

5
p-divisible group over O with p-adic CM type ®. By [5] (5.1), the attached Kisin module M = 3, W(k)[[ulle;,
i=1

on which the action of OF on the i-th component is given by the i-th embedding, and ¢gyre; = e;41 fori = 1,3,
¢§m€l =(p+ ups‘l)ei+1 fori = 2,4,5. By [2] (B.4), the Dieudonne module of the closed fiber is Mt/uMt =

Z W(k)e;. If we denote W(k) - e; by M;, then FM; = M;., fori = 1,3, FM; = pM;;, for i = 2,4,5,

VM pM;_y fori=2,4,VM; = M;_, fori = 1,3,5. By [5] (5.2) we know all the p-torsion points on X— are
rational over E, and the finite Kisin modules attached to finite locally free subgroup schemes of order p have
the form of W(k)((w)){n - v} N p~'M/M, where 7 € p~'OF/OF and

4., .2 3 4 2 3
vi=ul P ey +uP ey +ul Pes + uP ey + ul tPes

By [2] (B.4), it is clear that the Dieudonne module of the closed fiber of every finite locally free subgroup
schemes of order p is equal to p‘1M4 /My. On the other hand, one can check p‘] M, /M, is also Op-stable and
stable under F, V. However, the observation above implies that the corresponding OF-stable subgroup of X is
non-potentially-liftable.

Example 3.1.2. Let F = B(F;)[n]/(n* + p), where e > 2 and we assume elp® — 1, s0 F/Q, is Galois. Identify
Hom(F", B(k)) with {1,2,3} as Gal(F*"'/Q,) = Z/3-torsors. Let Res : Hom(F, (QT,,) — Hom(F"", B(k)) be
the restriction map, let ¢ be an embedding of F in Res™'(3), and define @ := Res™' ({2, 3D\{¢}. Let h(x) :=

—7rx+x” let 2*7(x) be the r-th iteration of h(x), and h,(x) := h?, 1())(‘))

he(x) in Qp, and let E := B(k)(n1). The minimal polynomial of 71 over B(k) is E(u) = [ (Y2he(x)),
y€Gal(F-B(k)/B(k))

its constant term is equal to p. Let Eo(u) := I (71" D(x)). Let X be the Op-linear CM p-divisible
yeGal(F-B(k)/ B(k))

group over Og with p-adic CM type ®. By [5] (5.1), the attached Kisin module 9t = Z W) [r][[u]]/ (7€ — pe;,

for all positive integers r. Let m; be a root of

where ¢ggne; = ea, dmer = ho(w)es, pmmes = E(u)e;. By [2] (B.4), the Dieudonne module of the closed fiber is
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3
M/ uM = Z W(k)[r]/(m¢ + p)e;. If we denote W(k) - e; by M;, then

i=1

FM; = My, FM> = nM3, FM3 = pMy, VM, = M3, VM, = pM,, VM3 = n°"' M,

Let ¢ be the endomorphism on W(k)[x][[«]]/(n® + p) that induces o on W(k), fixes &, and sends u to u”. Let
v = Eo)? he = D(w)le; + Eoh@Vw)? es + Eo(u)?h“V(u)es. By [5] (5.2) we know all the p-torsion points
on X@ are rational over E, and the finite Kisin modules attached to finite locally free subgroup schemes of
order p have the form of W(k)((w)){n - v} N p~'M/M, where n € p~'OF/OF.

Note that Eq(u)(resp. h~D(u)) is a monic polynomial of degree epeD (resp. €Dy in W(k)[u] (resp.

W@ [[[ull/ (7€ + p)). Sov = u” " heDwyle; +u? " e Vwy es + u” " h@D(u)e; mod p. By the defi-

e—1 .
nition of 4~ (u), one can check that there exist g;(u) € Opu[u], such that A€~ D(u) = Z mtgi(u) mod p, gi(u) €

i=1

. . ) . SR ol T
Opu((w))*, and ord, g;(u) = p3e—3_3’. Whenn=n"/withl < j<e,wehaven/-v = 7r‘f(u€1’3 : Z nigi(u)le; +

i=1

33 421 2 s S
u" Y wlgiw)? ey + u? " Y, n'gi(u)es) mod M.
i=1 i=1
(a) If e > p+ 1, then one can check umep e (m7-v) = cnle, mod u, where ¢ € W(k)*. In particular,

the Dieudonne module of the closed fiber of the corresponding finite locally free subgroup scheme is equal to
n~'M,/M,, which corresponds to an Op-stable subgroup of X. We denote this subgroup of order p by Go.
Because for every 7 € p~'Or/OF, there exists some 1 < j < e such that n differs from 7~/ by a unit in O,
this proves all finite locally free subgroup schemes of order p reduce to G, over k. On the other hand, one can
check 77! M3/Mj is also stable under F, V and the Op-action. Let G3 be the corresponding subgroup of Xj. The
observation above implies that G3 is non-potentially-liftable.

) Ife < p+ 1, then u=” =P (~ly) = en!
W(k)*. Thus G, and G3 are both potentially liftable.

1

0 3e=3_.2 _
ez mod u, and u=”" P (p~lv) = /7 les, where ¢, ¢’ €

The p-adic CM type in Example (3.1.2) can be viewed as a generalization of the p-adic CM type we consid-
ered in §6 of [5]. However, the example shows that a large ramification index of F' increases the subtlety in the
CM lifting problem. Nevertheless, in the next subsection we will show that as long as the ramification index of
F is small (less than p — 1), we can still prove a result that is similar to [5] (Thm. 6.1).

3.2. Positive results on question (sSCML). Let F be a p-adic local field, 7 be a uniformizer in OF, «r be its
residue field. Let n be the inertia degree of F, e be the ramification index of F. Suppose F is a subextension
in F/F" such that ey := [Fy : F""] < p — 1. Define dy := e/eg. Denote W(k)[x]/(x* — p) by Rg. The fraction
field Frac Ry is the unique tamely ramified extension of B(k) with degree ey.

In this subsection we prove the following theorem:

Theorem 3.3. Let a be an integer such that 0 < a < n— 1, and t be an integer such that 0 < t < ey — 1. Take
ip € Hom(F"", QTP), and define "' := {ig,igo 0, -+ ,igoc® '} ¢ Hom(F", QTP). Let ®* be a set of t embeddings
of Fy into QT,, that induce iy o 0 on F*'. Let @’ C Hom(Fo,QTp) be the union of ®* and the pullback of ®”'. Let
® c Hom(F, (QT,,) be pullback of ®'. Let X be the Op-linear CM p-divisible group over Ry with p-adic CM type
®. Then for every Op-stable subgroup G of Xy, there exists a finite extension R over Ry, such that G lifts to a
finite locally free subgroup scheme of Xg.

Remark 3.3.1. It suffices to prove Theorem (3.3) in the case when ¢ > 1 and F = Fy. In fact, if + = O then
we are reduced to [5] Thm. (6.1). We may assume F = Fj because X is Op-linearly isomorphic to a Serre
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tensor construction from an Of,-linear CM p-divisible group over Ry with p-adic CM type ®@’. For details of
the argument, see the beginning of (6.6) in [5].

Theorem (3.3) has the following consequences:

Corollary 3.4. Notations as in (3.3). Then every Op-linear CM p-divisible group over k with dimension ae +td
admits an F-linear CM lifting to characteristic 0 with p-adic CM type ©.

Proof. Every Op-linear CM p-divisible group Y over k with dimension ae + tdy is L-linearly isogeneous to X,
hence there exists an Op-stable subgroup G of X} such that Y is Op-linearly isomorphic to X;/G. By Theorem
(3.3), there exists a finite extension R over W(k) and a finite locally free subgroup scheme G of Xg, such that
Gr = G. Then Xg/G is an F-linear CM lifting of Y with p-adic CM type ®. O

Remark 3.4.1. In the context of question (LTI) for p-divisible groups (cf. [5](3.1.11)), Corollary (3.4) implies
LTI(F, ®) = {the set of Lie types of dimension ae + tdy}.

Corollary 3.5. We have the following positive results on (sCML):

(a) Let Ky be a p-adic local field with absolute ramification index e(Ky) < p — 1, let K = Ky X K¢. Then the
answer to question (sSCML) relative to (K, Ky) for p-divisible groups is affirmative.

(b) Let L be a CM field, and Ly be its maximal totally real subfield. If for every place v of Ly above p, v is
either inert in L, or split in L with absolute ramification index e(v) < p — 1, then for the CM field L the answer
to question (sCML) for abelian varieties is affirmative.

Proof. (b) follows from (a) and [5] (6.3(a)) by [5] (3.1.10), so it suffices to prove (a). Let n(Kp) be the in-
ertia degree of Ko. We mark the two Kjp-components of K by Koy and Kp». Let ¢ be the Kp-involution
on K such that ¢ flips the two components. The set of embeddings Hom(K, (QTP) is naturally isomorphic to
Hom(Ky 1, @) 1 Hom(Kj, (QTP), and the involution ¢ interchanges between Hom(Kj 1, (QT,,) and Hom(Kj 2, (QT,,).
The set of embeddings Hom(K(‘)"rl,QTp) is isomorphic to {1,2,--- ,n(Kp)} as Gal(K(‘)lr /Qp) = Z/n-torsors. Take
a p-adic CM type for Ky, to be @ := {1,2,--- ,a — 1}. Take ®* to be a set of 7 embeddings of Ko, into @
such that they induce the a-th embedding on Kgfl. Let ® be the p-adic CM type for K such that @ is equal to
the union of ®* and the pullback of @’.

Let Y be an Og-linear CM p-divisible group over k and suppose dimY = [Ky : Q,] = n(Kp)e(Kp), as
in the assumption question (SCML) relative to (K, K¢) for p-divisible groups; cf. [5] (3.1.8). The splitting
Ok = Ok, X Ok,, induces Y = Y| X Y3, where Y; is an Ok, -linear CM p-divisible group over k. The question
(sCML) is trivial if Y7 or Y, is etale. From now on we assume dim Y7, dim Y, > 0. Write dim Y; as ae(Kj) + ¢,
where 0 < a < n(Kp)—1and 0 <t < e(Kp) — 1. The dimension of the Serre dual sz is also equal to ae(Ky) + 1.
Therefore by Corollary (3.4), Y| and Y, both admit Ko-linear CM liftings with p-adic CM type ®. We denote
the liftings by Y and Y», respectively. Then Y1 X Y is a K-linear CM lifting of Y1 X Y. The p-adic CM type
®of VY, xyg is equal to @ := @ [[(Por)¢, which is compatible with ¢ in the sense that @ [ [ ®or = Hom(K, QTP).
This proves (a). O

Now we prove Theorem (3.3) under the assumption that > 1 and F' = Fy. There exists a finite extension

R over Ry, such that the p"-torsion points on X@ are rational over Frac R;. Let us recall from §5 of [5] the
P

N_
construction of R; and the Kisin module of Xg,. Let N be the smallest integer such that #|N and eollg,,—_ll.

The field B(F ) - Fo = B(Ew)[mol/ (zrgo + p) is Galois over Q,, and it contains the reflex field of (F, ®). Let

h(x) = —mox+x”", and define h7)(x) := hoho---oh to be the r-th iteration of &, i,(x) 1= L)

=) for all positive
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integers r as in the theory of Lubin-Tate formal group laws. Let 7, be a root of /,,,(x), let A/m, be a p”-th root
of m,. Define Ry := W(k)[ 4/m,], and K; := Frac Ry. By [5] (5.2.7) all the p"-torsion geometric points on XQT;
are rational over K;. We make the remark that in fact the p”-torsion points are already rational over B(k)(r,),
here we take a further p"-th root of r,, for the convenience in the later computations.

The Eisenstein minimal polynomial of A/x, over B(k) is E(u) := I (y*hneo)(up"). The constant
y€Gal(Fo-B(k)/B(k))

term of E(u) is equal to p. Denote the natural restriction map from Hom(F, @) to Hom(F ‘",@) by Res.
According to our definition of the p-adic CM type @ for F, there exists an identification between Hom(F"", (QT,,)
and {1,2,--- ,n} as Gal(F"'/Q,) = Z/n-torsors, such that ® = Res_l({2,3, -+ ,a+ 1} ][] ®*, where ®* is a
subset of Res™!(a + 2). Choose an embedding i* € Hom(F, QT,,) such that i, induces a + 2 on F*". Define
S* := {a € Gal(K,/B(k))la~" o i* € ®*}. Define f(u) := yg*(y*hneo)(ul’"), f@u) := Eu)/f(u). By [5] (5.2.7),

n
the Kisin module 9t attached to Xg, is isomorphic to EB W& [moll[ull/ (71'80 + p)ej, on which ¢ar(e;) = ejyq if
j=1
1 <i<a, dmlesr1) = f(w)eqr2, and dop(e;) = E(wejy ifa+2 <i<n.
The endomorphism ¢ on W(k)[[u]] extends on W (k)[mo][[u]]/ (7160 + p), such that ¢lwx) = o, ¢(79) = mp, and
¢(u) = uP. Define

_ n_sN-n N-=2n_ . ., 4n _ n_sN-n N-2n_ ... n
fowy = [ [y By wy = [ ] ek e
yes yeGal(Fy-B(k)/B(k))

Then the p”-torsion points on Xg, are in one-to-one correspondence with {n - vip € p™"Or/OF}, where

atl n-1_ sn-2 n—a—1+i_ pi-2_ 4i-3 1 n—a-2+i n -2 4i-3 i—a—1 i—a-2
v =3 Eg(uf ¢+ TG £ () ? ei+ Y Eow)? T fw)? " Te;. For a sub-
i=1 i=a+1

group A of p™Op/OF, define NG := Wk ()i - vin € A}, Ry := NG N p™"M/M. Let G4 be the fi-
nite locally free subgroup scheme associated to 9t4. When A runs over the finite subgroups of p~™OFr/OF,
G4 enumerates all finite locally free p”-torsion subgroup schemes of Xg,. Denote Jt4/(Jta N up™N/M) =
Ma +up™WM/N)/(up™"M/M) by N4 mod u, then Ny mod u is the Dieudonne module of the closed fiber of

Ga.

3.6. Technical lemmas. We state a few properties on Eg(u) and fy(u) in terms of their Newton polygons. For
the definition and basic properties of Newton polygons, see [5] (5.3). We take a valuation v on B(k)[mg]/ (7r8° +p)
such that v(mp) = 1. Denote the Newton polygon of a polynomial g(x) by NP(g(u)). In general suppose K is
a field, for each formal power series g(x) € K((x)), there exists a unique integer ¢ such that g(x) = x’go(x) and
go(x) € K[[x]]*. We define this integer ¢ to be the order of g(x), denoted by ord,, g(x), or simply ord, g for
short. We include a technical lemma from [5] as the reference of the future computations:

Lemma 3.6.1. Let F be a p-adic local field, and  be a uniformizer in Op. Suppose f(x) = x” fo(x), where r is
an integer and fo(x) is a monic polynomial with nonzero constant term. Let d = r + deg fo. Suppose the slopes
of Newton polygon NP(f) are Ay > Ay > --- > A, with heights a1, a3, - ,a,, respectively. Let s = zr] a;.
Then there exist gi(u) € Opur[u] fori=1,2,---,5— 1 and g4(u) € Op[u] such that: a
(@ fa) = % wgi(w;
(b) gi(u) € Opur(W)* fori=1,2,--- s =1, and g;(u) € Op((u))*;
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(c) we have the following estimates on their orders:
k<l L. Kl k=l ok
ord, gi > d + lelj @+ A (i— Zlaj), if Zla/j< i< Zlaj,kz 1,2, ,r

k k
ord, gi=d+ 3, A;'a, ifi=Y a,k=0,1,2,---,r
j=1 j=1
See [5](5.3) for its proof. The following proposition is a straightforward application of Lemma (3.6.1).

Proposition 3.6.2. Let d := pN"0(1 + p™ + - + p~N-1),

(a) The vertices of NP(E(u)) are (deog(p" — 1),0), (0, eg), and the slope of NP(E(u)) is equal to —m with
height e.

(b) The vertices of NP(Eo(u)) are (deg,0), (deop™, eq), -+, (deop 70D en(Ney — %)), and the slopes of

1 1 1 . .
NP(Ey(u)) are B (e R e v e AT Ve (T each with height e.

(c) There exists a polynomial Eg(u) e W) [rollu, u"1/ (7r8° — p) such that Eo(u)ﬁ(u) = 1 mod p". The

vertices ofNP(Eo(u)) are (—deg,0), (deg(—n + (n — 1)p™), (n — 1)eg), and the slope ofNP(EO(u)) is equal to
_d(l+p*”) with height ey.
(d) The vertices of NP(fy(u)) are (dt,0), (dtp™, 1), (dtp™",21), - -+, (dtp~™@0=D 1(Ney— X)), and the slopes

of NP(fy(u)) are —d(l_lp,,l) > _d(p-"l—p-Zn) >l > _d(p-N(neo—1>+1"_p-N(neo-U)’ each with height t.

Apply Lemma (3.6.1), we can deduce the following propery of Eg(x) and fo(u). Note that if i > O and a
polynomial 8(u) € F[u] can be written as 6p(u?) such that p'ld, then 6(u) is contained in the image of ¢i :
Flu] = F[u], therefore 8(u)?" is well defined.

Lemma 3.6.3. Suppose we have integers x; > xp > -++ > X, > y1 > y2 > --+ > yg, such that y; + n > 0 and
y1 +n = x,. Let a be an integer such that y; + n > a. Let [ < r — 1 be the largest integer such that x; > y1 + n;

we treat | = 0 if such an x; does not exist. Then there exists gp(u) € Opw[u] fork =0,1,--- ,neyg — 1, such that
we can write

i N nep—1

Eo(u)?"+ 00 o=t 0 = N b mod p”
k=0
with the following estimates on ord, gy:
(a) If o < yy, then
d((reg — k)p* —eg(p' + - -+ p’*) + tp%), fork <rey—1

ordy, gr >
d(—(k —reg + eg)p” —eo(p** + -+ p) +tp®), fork > re

(b) If y1 < @ < x,, then
d((reg — k)p* — eo(p™" + -+ - + p¥) + tp%), fork <rey—1
ord, gr 24 d((reg +t—k)p* —eo(p’' + -+ + p’)), forreg <k <rey+t—-1
d(—(k—reg —t+eg)p” —eo(p”> +---+p”)), fork=>rey+t
(c) If @ 2 x;, then

d((reg +t —k)p* —eo(p”' + -+ + p*)), fork <rey+1t—1

ord, gi > ,
d(—(k—reg —t+eg)p” —eo(p”> +---+p»)), fork>rey+t
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n

3.7. The proof of Theorem (3.3). The Dieudonne module of X}, is isomorphic to Mt/uMt = @ M;, where M;
i=1

is a free W(k)[mo] /(7180 — p)-module of rank 1. The Frobenius and Verschiebung maps act by

FM; = M;, forl <i<a, FM, = ﬂgo_tMaJrz, FM; = pM;fora+2<i<n
VMH.] = pM,-forl <i<a, VMa+2 = 7T6Ma+1, VMH.l = M,'fOI‘a +2<i<n

n

If G is an Op-stable subgroup of X, then the Dieudonne module N attached to G is equal to ED n(_)di M;/M;,
i=1

where the d;’s are non-negative integers satisfying

0<diy1—di<eyforl <i<a, t—ey<dyp—ds1<t, —eg<diy1 —d; <0fora+2<i<n

Such a vector d = (d;); € N" is called £&(®)-admissible in the sense of [5] (6.5). If moreover, mind; = 0, then

we say d is é(®)-admissible and reduced. For a £(®)-admissible d, define N(d) to be the Dieudonne module
n

. zrad" M;/M;, and let G(d) be the associated Op-stable subgroup of X;. The mapping d — G(d) is a one-to-

i=1
one correspondence between &(®)-admissible vectors and Op-stable subgroups of Xj. Define X(d) to be the

quotient Xi/G(d), it is also an Op-linear CM p-divisible group, and we can write down its Lie type directly
from d; see [5] (6.5.2). We will first prove for every £(®)-admissible and reduced vector d € N, there exists a
subgroup A € p~"OF/OF such that {4 mod u = N(d).
min{(i — ey, m —a)eg —t} ifi<a+1
Define g; := { min{aeg + ¢, (n — a)eg — t} ifi=a+2 foreachi=1,2,---,n. One can easily check that
min{(n + 1 — i)eg, aey + t} ifi>a+3
for a positive integer r, there exists reduced £(®)-admissible d € N” such that the i-th component d; is equal to
rifandonlyif 1 <r < g;.
Take a set of Qp-basis {{jli = 1,2,---,n} of F*" = B(F»), such that for any 0 < [ < n — 1, the sub-
matrix [({’j]osi, j<i 1s non-degenerating; cf. [5] (6.6). Take A= (A0, A1, -+, Az) in (W(k)™! such that
(A0, Aty 5 ) - [E7 osijer = (0,0,-+-,0, 1).

Definition 3.7.1. Suppose (s, r) is a pair of integers such that 1 < s <n,1 < r < g;. Write r = i,eg — j., where
0<j.<eo— 1. Define A :=

i,+s—a-3 ep—1 i,+s—a-3 ey—t—1 1 ip+s—a—4 j— 1
0 a1 @ a1 [ (Dl
=0  j=jr =0 j=eg—t
ifa+2<s<n, eo—t<j,§eo—1
i,+s—a-2 eyp—t—1 i,+s—a-3 ep—1 i,+s—a-3 j :
1 (pgm)) x 1l (pirgimly x 1 H(p‘(”‘ il
i=0 J=Jr i=0  j=eo—t i=0

ifa+2<s<n, 0<jr£eo—t—l
i,—1ep—t—1 i,—2 j—t-1

l—l <p—(a+1 s+l,)é«ﬂ. >>< H H <p—(a+1 v+1,)é«ﬂ. >>< H H <p—(a+1 s+l,)é«ﬂ.>

i=0 j=j—t i=0 j=eo—t i=0 j=0
fl<s<a+1,t<j,<e—1

i—1  ep—1 5 i,—1 ep—t—1 - i,=2eo+j—t—1 | . j
[T 1 (pr@?=+gm) x H H (pret=tingmlyx T1 1 (p~ 1=l
i=0 j=eo+j,—t i= i=0 j=ep—t

ifl<s<a+1,0<j,<t—1

as subgroups of p™Or/OF.
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Define integers

D( ) d(ps—l _ 60(ps—2 + ps—3 4ot ps—a—l) _ (ir€0 _ jr)ps—a—Z) ifa+2<s<n
S, F) = .
a’(ps_l - eo(ps_2 + ps_3 +- ps_“_l) — (iyeo — jr + t)ps‘“_z) ifl<s<a+1

By the assumption on (s, r), when a + 2 < s < n we have i,eg — j, < aep +t, and when 1 < s < a + 1 we have
ireo — jr < aey. Note that ey < p — 1, hence in either case we have D(s,r) > d(p*™' —eo(p* 2+ p* 3 + - +
P = (aeg + P 2 d(p = (p =P+ p T 4+ pT) = (a+ Degp”™* ) > 0.

For an element x € p‘"‘JﬁO/iD?O, we define ord, x as the smallest integer d such that ux e p"It/IM and
ux#0 mod u.

Proposition 3.7.2. For each pair of (s,r) that satisfies the condition in (3.7.1). Write r = i,eq — j,, where
0 < j, <eg— 1. Then there exists W(Sr) € N, such that wgr) = p""ﬂ{)’es mod ord, > D(s,r).

Proof. When a + 2 < s < n we prove by an increasing induction on r. When 1 < s < a + 1 we prove by a
decreasing induction on s and an increasing induction on r. By the definition of AE’), the argument will differ
depending on the range of j,, too. We will prove the case whena +2 < s <nandey —t < j. < eg— 1. The
details for the other cases will be left as exercises.

Suppose we have proved the statement for smaller 7’s. Define

ip+s—a-3
. a+3=ir T2 psmaml _psma2yg J
voeE Z /lir+s—a—3,kE0(u) ¢ ¢ u? (p r{kﬂOr V)
k=0

Then by the choice of A;, 5,3 one can check in v* the coefficient of ¢; vanishes fora +3 —i, <i < s—1. Now
we examine the coefficients for ¢; withi <a+2 —i,ori > s.
When 1 <i<a+1-i,the coeflicient of ¢; is the product of a scalar in W(k) with

a-2 n—1 max{s—1,n—a—1+i} _ gmin{s—2,n—a—2+i} _ . _ pmax{s—a—1,i—1} min{s—a—2,i—2}+--+1
d ¢t ¢ g +¢
Eo(u)

fo(u)¢n_a_2+i

The number of Eo(u)‘f’j-factors with j > Oisequalton—1-max{s—1,n—a—1+i}+1 =min{fn—s+1,a+1-1i},

—7 / —pS
p lrﬂ,ér ‘u 4

andn — s+ 1 > i, because r < g, a+ 1 —i > i, because of the assumption on the range of i. Therefore apply

s iy ireo—jr—1 .
Lemma 3.6.3, modulo Mt we can write it as p ”n{)’(gl + mog1 + n%gz +- 4+ ﬂgeo o ireo—j,—1)> With

ordu Sk > d[pmax{s—l,n—a—1+i} _ eo(pmin{s—Z,n—a—ZH"} +oeee ps—a—l) + pn—a—2+it _ ps—a—Zt] > D(S, r)

When i = a + 2 — i,, the coefficient of ¢; is the product of a scalar in W(k) with

—i. ] _ sfa72td nfl+___+ n+l—ip _ g5-2__ . _ max{xfafl,a+lfir}+ min{s—a—2,a—iy}+-+1 n—iy
pral - u 14 Eo(u)¢ ¢ ¢ ¢ ¢ f(u)¢

Thistimen—i, > s—1 > s—2,and i,eg— j,— 1 < (i, — 1)eg +t— 1 (Note that here we use the condition that j, >
ep—1t). Hence by Lemma 3.6.3 (b), modulo 1 we can write it as p‘i"ﬂé’ (g1+mog1 +7r(2)g2 +-- ‘+7Tgeo_jr_lgir€0_jr_l )s
with ord, g > d((t = (eo = jr) + Dp"™" —eo(p* 2 -+ p* D) = 1p* ) 2 d(p™ —eo(p* 4 pTh) -
(ireo — j)p*™*7%) = D(s,r)

When i > s + i, + 1, the coefficient of ¢; is the product of a scalar in W(k) with

—i ] _ "“’ztd i72+"_+ max{i—a—1,s—1} _ gmin{i—a—2,s-2} _ _ ps—a—1 i—a—2
pmyu P Eo(u)? ¢ ¢ ¢ fo(u)¢

, with estimates on the order of the g;’s. The number of Eo(u)‘f’j( j > 0)-factorsisi—2—-max{s—1,i—a—-1}+1 =

min{i — s,a}. If i, < a, then min{i — s,a} > i,. Hence by Lemma 3.6.3 (a) (b), modulo 1 we can write

this coefficient as p™m)' (g1 + mog1 + miga + -+ + 7wy max{s—ln-a=l+i} _

1 .
8ireg—j,—1), With ord, gx > d[p
eo(pmin{s—Z,n—a—2+il +- . '+ps_“—1)+pi_a_zt—ps_a_2t] > D(s,r). Ifi, =a+1,theni > s+i,+1 1mphes i—a-2 > s;
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at the same time, i,eqg — j, — 1 < (i, — 1)eg + £ — 1 (Note that here we use the condition that j, < eg—t). Hence by
Lemma 3.6.3(b), modulo 1 we can write this coefficient as p~r)/ (g1 +mog1 +m5g2+ - -+7rge°_”_] 8iyeo—j,—1)s With
ord, gk = d((1—=(eo—j )+ D)p" 2 —eo(p* 2+ -+ p* ) —1p 2] 2 d[p* —eo(p P4+ p ) —1p TR 2
D(s, r), too.

When s + 1 <i < s + i, the coefficient of ¢; is the product of a scalar in W(k) with

p_irﬂ(J)'ru_px7a72tdE0(u)¢i72+m+¢max(ifafl,sfl}_¢min(i7c¢72,x72)_m_¢sfa71fo(u)(pifafZ

From the assumption on s and i we know i < s +i,. If i, <aorifi,=a+1landi < s+a,theni—-a—-2 < s-2,
hence by Lemma 3.6.3 (a), modulo 1 we can write it as p‘ifné*(gl +0g1 + MGGy + e + ﬂ'geo_jr_lgi,eo—j,—l) with
the following estimates on the order of the g;’s: ord, g > d(p*~ ' —eo(p' 42+ - -+ p* =4 )4 1p=a=2 _tps=a-2) >
D(s,r) when k < (i—s)ep— 1, and ord, gx > d(—(k—(i—s)eg+eq—1)p' 42 —eg(p' =03+ -+ ps=4 1)y —tps=a-2)
when k > (i — s)eg. If i, =a+1andi=s+i, becausei—a—-2=s—-1,andi,eg — j, — 1 < ae+1t—1 (Note that
here we use the condition that j, < eg — t), hence apply Lemma 3.6.3 (c) we can write it as p"ﬁré’ (g1 +mog1 +
7T(2)g2 +oet ngeo_j'_lgi,.eo_j,_l) with ord, g; > D(s, 7).

When i = s, the coeflicient of e, is equal to p_"’ﬂjfu_f"mfztd fo(u)‘ffafz. Note that fy(u) is a monic Eisenstein
polynomial of degree p*~*2td. By Proposition 3.6.2(d) and Lemma (3.6.1), we can write it as p_i’ﬂ'ér(go +
mog1 + 7T(2)g2 +.00 4 ngeo_j’_lgi,.e(]_jr_l) with go = 1, and ord,, g; > —kps‘“‘zd.

Now let us summarize the estimates above and write down a representation of v*. The formula will differ
slightly according to whether i, < aori, =a+ 1.

(1) First suppose i, < a, then we can write

ire()_jr_l ii'eo_.ir_l
—i, ] . —i _Jrt+] —i, _Jrt]j
Vi=p "n{)’es + Z vi(i)e; + Z Z hi jp ”né’ Tei + Z hs ;p ”né’ ‘e
i<a+2—i,, or i>s+i,+1 s+1<i<s+i,  j=0 j=1

knowing:

(@ywheni<a+2-rori>s+i,+1,ord, v:i(i) > D(s,r).

(bl) whens+1<i<s+i-and j < (i-s)eg—1,ordy h;j > D(s,7).

(b2) when s+ 1 <i < s+i,and j > (i — s)eg, ord, h; j > d(—(j — (i — s)eg + eg — )P —eo(p™473 + -+ +
ps—u—l) _ tps—a—Z).

(c)wheni=sand 1< j<ie—ji—1,ord, hi; > —jp*2d.

For each j satisfying 0 < j < i,eq — j,, there exists a unique pair of (i/, j.) with 0 < j. < e¢p — 1 such that
ireg—j, = ireo—j,—j=r—j. Foreach 1 <i < n,let¢ ; be the unit in W(k) such that el.jjlp""nj"”-ei = p"';nj'r-ei.
Now we define

w =yt - Z hi jei jw;
(i, j)as in (b2) and (c)
(r—jdo)

By induction hypothesis we have already constructed w; in 9N, -). One can check that under the conditions

on the range of i, j, we indeed have Afr_j) c A, Next we verify ord, W - p""ﬂé’es) > D(s,i,). Write

w(sr) - p"ﬁr{)’es as

o i it (—jdo) 1 i i+
2 Viei+ X hipTtmie— X hje j(w; —€ pTnitle)
i<a+2-i, s+1<i<s+i, s+1<i<s+i, i
or (i Vo T
izstiy+1 Jeli=9e-1 J2(i=se
(r—jdo) —1 —irjot]
- 2 hs,j(Ws — &P it ey)

1<j<ireo—jr—1
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We have shown the first two terms in the formula have orders higher than or equal to D(s, r). For the third term,

=i _

by the induction hypothesis and the choice of € ; we know ord, (w; l.‘jl p~rnirtie)) > D, r — j), and we

have shown ord, h; ; > d(—(j — (i — s)ep + eg — fpi—a- Z_¢ o(pi=a” 34t piahy - tps‘“‘z), therefore we are
reduced to the inequality which is an easy exercise:
P —eo@ T+ P = (oo — iy - j)pi“"2
—(j— (i = $)eg +eg — NP2 —eg(p' ™ + - 4 pTah) —gpra?
> psl_eo(ps2+”.+psal)_ s—a—2

For the fourth term, since ord, (W™

es‘}p‘[’nj’+jei) > D(s,r — jdo), and ord, h; > —jp*™9"2d, hence its
order is greater than or equal to D(s, 7 — j) — jp*~*"2d = D(s, r).

(ii) If i, = a + 1, then according to the estimates on the cofficient of each e;, we can write

ireo—jr—1 ireg—jr—1
. i i o
Vvi=p ”71 es + Z vi(e; + Z Z hi jp ”ﬂé’ Te; + Z hs.jp ”né’ ‘e
i<a+2—i,, or i>s+i, s+1<i<s+i,—1 j=0 j=1

knowing:
(@)wheni<a+2-rori>s+i,ord, v:(@i) = D(s, 7).
(bl")whens+1<i<s+i.—1landj<(i-s)ey—1,ord, h;; > D(s,r).
(b2) when s+ 1 <i < s+i,— 1 and j> (i — s)eg, ordy h; j > d(=(j — (i — s)eg + eg — )P ™2 — eo(p™473 +
T —pa?),
(c’)wheni=sand 1< j<iey—ji—1,ordy, hj> _jps—a—Zd'

—id, . .
Define w'" D=y - > h; i, ngr o) by the same argument as in the case when i, < a we can

(i, jyas in (b2) and (¢) -
prove ord, (w(sr) - p‘i’ﬂ{)"es) > D(s, i), too.
This finishes the inductive proof of the proposition. O

Now for any reduced &(®)-admissible vector d = (d;); € N, we define a subgroup A(d) C p™"Or/OF

> dy
such that #A(d) = p=' , and A” c A(d) forall s = 1,2,--- ,nand r = 1,2,--- ,d,. We first make a few
combinatorical definitions:

e Define a subset H(d) C {1,2,--- ,n} x N*as H(d) :={(s, )|l < s <n,1 <r<d}.

e Fork=1,2,---,a+1,1=0,1,--- ,e9 — 1, define I'y; := {(n,kep — ), (n — 1, keg = 1), -+ ,(a+2,key —
l),(a+l,keo—l—t),(a,(k—l)eo—l—t) (a-1,(k=2)ey—1-1),---}.

a+1 a+l1
e Define hy; := #(H(c_l)ﬁl“k,g),d Z hiy—1,andm;;:=kif 3 hj;<i< Z hj;—1.
J= Jj=k+1 Jj=k
a+1 ep—1
By the definition of the I'y;’s, one can check that if d is £(®)-admissible and reduced, then H(d) ¢ |J U Iy,
k=1 1=0
and one can also prove the following chain of inequality: hgey—1 > hiey—2 > -+ = hpeg—t = hikeg—r-1 — 1 =

heeg-t—2 =122 ho—12hpr1e9-1 = 1 = hiy10p-2—12 .

Definition 3.7.3. With the above notations, define /(d) := the largest integer k such that H(d) N I'y; # O for
eo—1 d

some 0 </ < ¢y — 1. Define A(d) := H [_[(p‘mfln {ycp DOr/OF.
=0 j=0

n

3, dy
Proposition 3.7.4. We have #A(d) = p='  and A c A(d) forall s=1,2,--- ,nandr=1,2,--- ,d,.
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a+1ep—1
Proof. The first statement is a direct corollary of the fact that H(d) € |J |J I'y;. For the second statement, we
k=1 1=0

can write r = i,eg — j, with 0 < j,. < eg — 1. The definition of A(Sr) differs according to the range of s and j,.
Similarly as in Proposition 3.7.2, we give a proof whena +2 < s <nand ey —t < j, < eg — 1, and the details

for the other cases will be left as exercises.

The fact that (s, ireo— j,) € Hand s > a+2, j, > eg—timplies h;,_j, > s+i,—a—2. Moreover, for any j > j,,
a+l
hi.j>h;. j > s+i,—a—2;hence ), h; j—1 > s+i,—a—3. Forany j < eo—t—1,h;_1; > hj 10 > hj, ¢y—1 = h;, j;
i=i,
a+1
hence 3 hjj—1>s+i,—a-3. Foranyeg—t<j<j —1,hj_1;>2hji10-12hj-1-12h; —1;
i=i,—1
atl . " - . .
hence }. h;;j—12>s+1i,—a—4. This proves Ay’ is contained in A(d). O

i=i—1

By a combination of Proposition (3.7.2) and (3.7.4), we deduce that 94 mod u = N(d). This proves
for every reduced &(®)-admissible vector d € N", G(d) lifts to a finite locally free subgroup scheme Ga(q) of
Xg, . For a general £(®)-admissible vector d” € N”, there exists a reduced £(®)-admissible vector d and a non-
negative integer i, such thatd’ = d + (i, 1, - - - , 7). If we compose the isogenies X, 5 XR, 5 XR,/Ga), where
m: Xg, = XR,/Ga 1s the quotient isogeny, then the reduction of Ker(rr o p') is equal to G(d’). This finishes
the proof of Theorem (3.3).

Remark 3.7.5. From the definition of A(d) we can see it is in fact p"@_torsion, where the integer h(d) is defined
in (3.7.3). Therefore in Theorem (3.3), for each Op-stable subgroup G of X}, we can have control on the
extension R/W(k) such that G admits a lifting to a finite locally free subgroup scheme of Xz. Similarly, in
Corollary (3.4), we can also have control on the endomorphism ring of the CM lifting and the ramification of
the base ring of the CM lifting.
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