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A. Let R0 be a complete discrete valuation ring of mixed characteristic, X be a p-divisible group over R0,
and X be the closed fiber of X. We say a subgroup G of X is potentially liftable, if after a finite base change G lifts
to a finite locally free subgroup scheme of XR, where R/R0 is a finite extension. In this article, we compute the
complete list of potentially liftable subgroups in a first non-trivial example, where X is a CM p-divisible group with
height 4 and dimension 2. As an application, we obtain a new type of counterexamples to the question of strong
CM lifting.

1. I

This is a continued work of [5] on strong CM lifting problem (sCML). The question (sCML) for abelian
varieties asks whether every g-dimensional abelian variety over a finite field Fq with an action by the whole
ring of integers in a CM field L of degree 2g admits an L-linear CM lifting to characteristic 0. This problem
can be reduced to a question on lifting subgroups of CM p-divisible groups. Namely, if F is a p-adic local field
and X is an OF-linear CM p-divisible group over a complete discrete valuation ring R of characteristic 0 with
residue field Fp, which OF-stable subgroup of the closed fiber XFp

is liftable into a finite locally free subgroup
scheme of X? In §6 of [5] we gave a condition on p-adic CM type of X such that every OF-stable subgroups
of XFp

is liftable into a finite locally free subgroup scheme of the base change of X to a finite extension of
R. In these examples, the p-adic CM type is induced from an unramified extension of Qp. As a corollary we
proved that the answer to question (sCML) for abelian varieties is affirmative when every place v above p in the
maximal totally real subfield L0 is inert in L.

A complete answer to the question on lifting OF-stable subgroups of the closed fiber XFp
to characteristic

0 requires us to consider all finite subgroups of the geometric generic fiber of X, and compute the reduction
over Fp of their scheme-theoretic closures. We do not know any such attempts in the past except for some very
special cases, e.g., when dimX or codimX is 1. In this article, we will study an example of OF-linear CM
p-divisible group X with dimension 2 and height 4 over a complete discrete valuation ring with residue field
Fp, where F is a p-adic local field of degree 4. The answer is surprising to us: whether a finite subgroup of
the geometric generic fiber of X has an OF-stable reduction is completely determined by its order. Namely, if
the order is p2n, then the reduction is equal to XFp

[πn
0], i.e., the kernel of multiplication on XFp

by πn
0, where π0

is a uniformizer of OF ; if the order is p2n+1, then the reduction is a certain subgroup G between XFp
[πn

0] and
XFp

[πn+1
0 ], and we have a description on its embedding in XFp

[πn+1
0 ]; see (Theorem 2.3). This result indicates

that the subgroups of the geometric generic fiber of X seem to “try very hard” to have an OF-stable reduction,
though in characteristic 0 they may be far from being OF-stable.

Based on this observation, we can ask the following question. Let Φ be a primitive p-adic CM type for
F. Is there a general condition on the p-adic CM type Φ, such that there exists an integer d(Φ) (equal to 1 in
the example above) which only depends on Φ, satisfying that for any finite locally free subgroup scheme G of
an OF-linear CM p-divisible group with p-adic CM type Φ over a complete discrete valuation ring in mixed
characteristic, the closed fiber of G contains an OF-stable subgroup with index uniformly bounded by pd(Φ)?
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This is true when #Φ = 1 or [F : Qp] − 1. In these cases, an OF-linear CM p-divisible group with p-adic CM
type Φ in mixed characteristic has dimension or codimension 1, and all finite locally free subgroup schemes
have OF-stable reductions; in other words, d(Φ) = 0 in these cases. The main example we study in this article
is the first example that does not belong to these cases. We do not know any further examples or necessary
conditions on Φ so far.

We use the theory of Kisin modules from integral p-adic Hodge theory as the main tool. A Kisin module is a
W(κ)[[u]]-module satisfying certain additional conditions, where κ is a perfect field of characteristic p and W(κ)
is the ring of Witt vectors over κ. There is a p-divisible group or a finite locally free subgroup scheme in mixed
characteristic associated to a Kisin module, and roughly speaking the Dieudonne module of the closed fiber
is the quotient module by “modulo u”; for a precise statement, see [2] (B.4.17) or [5] (3.2.2). The localized
W(κ)((u))-module of the Kisin module carries the information on the generic fiber. In [5] (5.2.7), via the theory
of Lubin-Tate formal group law we have computed elements in Kisin modules such that they correspond to the
torsion points on the geometric generic fiber of the p-divisible group. Such elements generate the W(κ)((u))-
module attached to a finite locally free subgroup scheme. After that, the computation of the closed fiber of a
finite locally free subgroup scheme is reduced to a computation of the W(κ)[[u]]-module before inverting u; see
(3.7.1) and (3.7.2). This computation is possible because of our knowledge on the torsion points, based on the
explicit information on their coordinates given by the Lubin-Tate theory; see (3.6.2) and (3.6.3).

In the example of the OF-linear CM p-divisible group X with dimension 2 and height 4, as a corollary of the
computation on the reductions of its finite locally free subgroup schemes, we obtain a complete list of the closed
fibers of all F-linear CM p-divisible groups in mixed characteristic with the same p-adic CM type as X. This
leads to a counterexample of (sCML). In §2 and §4 of [5], we studied the counterexamples of (sCML) coming
from an extra symmetry on the Lie type of the closed fiber. That symmetry is caused by “small” residue fields
of the reflex fields of the p-adic CM types in the sense of [5] (4.1). In the new counterexample in this article,
however, the reflex field is equal to F and hence its residue field is not “small”. Therefore this counterexample
does not fall in the framework of §4 of [5].

Besides that, we also study the F-linear CM lifting forOF-linear CM p-divisible groups over Fp, such that the
p-adic CM type Φ of the lifting cannot be induced from an unramified extension of Qp. Let F0 be the minimal
subfield of F such that Φ is induced by a p-adic CM type for F0. In the case when the ramification index of F0

is small, we can prove a property similar to the one we proved in §6 of [5]: if X is an OF-linear CM p-divisible
group with p-adic CM type Φ over a complete discrete valuation ring R of characteristic 0 with residue field Fp,
then every OF-stable subgroup of XFp

lifts to a finite locally free subgroup scheme of the base change of X to
a finite extension of R. This property on lifting OF-stable subgroups of XFp

is stronger than saying that every
OF-linear CM p-divisible group isogeneous to XFp

admits an F-linear CM lifting with p-adic CM type Φ; for
the precise statement and an explanation on the property, see (3.1). As a corollary, we prove that the answer
to question (sCML) is affirmative under the following broader condition on the CM field L: for every place v
above p in the maximal totally real subfield L0, either v is inert in L, or v splits in L and the ramification index
e(v) < p− 1; see (2.3.2). On the other hand, this strong lifting property on OF-stable subgroups of XFp

may fail
to hold if the ramification index of F0 is high; see Example (3.1.2). This observation indicates the subtlety in
F-linear CM lifting with p-adic CM type Φ that cannot be induced from an unramified extension of Qp.
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2. R      

Throughout this article, let p be a prime number, q be a power of p, and k := Fp. For a perfect field κ of
characteristic p, let W(κ) be the ring of Witt vectors over κ, and let B(κ) := W(κ)[ 1

p ]. Denote the Frobenius
automorphism on B(κ) by σ. For a p-adic local field F, we denote its maximal unramified subextension of Qp

by Fur, and its residue field by κF .

Definition 2.1. Let R0 be a complete discrete valuation ring of characteristic 0 and residue characteristic p.
Let κ0 be the residue field of R0. Let X be a p-divisible group over R0. A finite subgroup G of Xκ0 is said to
be potentially liftable, if there exists a finite extension R over R0 with residue field κ, and a finite locally free
subgroup scheme G of XR, such that Gκ = Gκ.

Let F be a p-adic local field, Φ be a primitive p-adic CM type for F, F′ be the reflex field. Let X be
the (unique) OF-linear CM p-divisible group over R0 := OF′·B(k) with p-adic CM type Φ. A complete list of
potentially liftable subgroups of Xk would allow us to identify which F-linear CM p-divisible groups admit an
F-linear CM lifting with p-adic CM type Φ. In [5] (Thm. 6.1), for a class of p-adic CM types Φ, we proved that
every OF-stable subgroup of Xk is potentially liftable. We will prove the same property for a broader class of
p-adic CM types in (3.2), and give examples of other p-adic CM types such that not every OF-stable subgroup
of Xk is potentially liftable in (3.1).

In general to give a complete list of potentially liftable subgroups of Xk, we need to let R run over all the
finite extensions of R0, and compute the reductions of all finite locally free subgroup schemes of XR. When
dimX = 1 or codimX = 1, as we will explain in (2.5.1 (b)), the computation is trivial simply because the
closed fiber Xk “does not have many subgroups”. In this section, we will compute a first non-trivial example.

2.2. The main theorem. we first set up the example and make some definitions to state the main theorem and
its corollaries. Let p > 2, F = B(Fp2)[π0]/(π2

0 − εp), where ε ∈ W(Fp2)× is a Teichmuller lift and is not a
square. The degree 4 extension F/Qp is Galois, and Gal(F/Qp) is a cyclic group of order 4 generated by the
automorphism τ : F → F, such that τ|B(Fp2 ) = σ, and τ(π0) = ε

p−1
2 π0. Throughout this section, we denote ε

p−1
2

by λ for simplicity.
A primitive p-adic CM type for F has the form of {i0, i0 ◦ τ}, where i0 is an embedding of F into Qp. We

identify F with its image in Qp by i0 when there is no danger of confusion. Take an identification between
Hom(Fur,Qp) and {1, 2} as Gal(Fur/Qp) � Z/2-torsors such that i0|Fur = 1.

The reflex field F′ of (F,Φ) is equal to F. Let X be the OF-linear CM p-divisible group over R0 =

W(k)[π0]/(π2
0 − εp). The closed fiber X := Xk is an OF-linear CM p-divisible group over k. The Grothendieck

group Rk(OF) of the category of finitely generated OF ⊗Z k-modules is isomorphic to Rk(OF ⊗OFur ,1 k) ×
Rk(OF ⊗OFur ,2 k) � Z × Z. The Lie type of X is defined to be [Lie(X)] = (1, 1) in Rk(OF). Define a Dieudonne
module M as follows: (a) M = W(k)[π]/(π2 − εp)e1 ⊕ W(k)[π]/(π2 − εσp)e2; (b) there is an OF-action on M
defined by: α · e1 = αe1, α · e2 = ασe2 for α ∈ W(Fp2), and π0 · ei = πei; (c) the OF-linear Frobenius and
Verschiebung maps on M are defined by:

Fe1 = −ε−1λ−1πe2, Fe2 = −ε−1πe1,Ve1 = −πe2,Ve2 = −λ−σπe1

The p-divisible group attached to M is OF-linear with Lie type (1, 1), hence is OF-linearly isomorphic to X.
Therefore M is OF-linearly isomorphic to the Dieudonne module attached to X. We say an OF-basis e1, e2 of M
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is “good”, if the conditions (a), (b), (c) above are satisfied. If e′1, e
′
2 is another good OF-basis of M, then there

exists ζ ∈ O×F such that e′1 = ζe1, e′2 = ζσe2.
One can check dimk M/(FM+V M) = 2, so the a-number of X is equal to 2. The set of αp embedded in X is in

bijective correspondence with P1(k), i.e., the set of lines in π−1
0 M/M � ke1+ke2. Define the following equivalent

relation ∼ on P1(k): [a1, b1] ∼ [a2, b2] if and only if there exists c ∈ F×
p2 such that [a1c, b1cp] = [a2, b2] in P1(k).

Denote the equivalent classes on P1(k) by L. The set L can be naturally identified with {0,∞}
∐
{k×/(F×

p2)p−1}

by considering a/b for [a, b] ∈ P1(k). For each subgroup G of X with order p, as an αp embedded in X, we
can associate to G an element δ0(G) in L. By our definition, δ0(G) does not depend on the choice of the good
OF-basis e1, e2 in M, so it is a well-defined invariant for subgroups G of X with order p. Similarly, suppose G
is a subgroup of X such that X[πn

0] ⊂ G for some integer n, and [G : X[πn
0]] = p, then the Dieudonne module N

attached to G is between π−n
0 M/M and π−(n+1)

0 M/M. Thus we can also associate to G a well-defined invariant
δn(G) ∈ L by looking at the direction of the k-line N/(π−n

0 M/M) in π−(n+1)
0 M/π−n

0 M.
Now we are ready to state the main results of this section:

Theorem 2.3. Notations are as above.
(1) Suppose R is a finite extension of R0 and G is a finite locally free subgroup scheme of XR with order pt,

where t is an integer. Then we have the following descriptions on the closed fiber G := Gk as a subgroup of X:
(a) If t = 2n is even, then G = X[πn

0].
(b) If t = 2n + 1 is odd, then X[πn

0] is contained in G with index p, and the invariant δn(G) is equal to either
[1] or [λ] in L.

(2) Conversely, for each subgroup H of X such that X[pn] ⊂ H with index p and δn(H) = [1] or [λ], there
exists a finite extension R of R0 and a finite locally free subgroup schemeH of XR such thatHk = H.

In particular, the closed fiber G is OF-stable if and only if the order of G is an even power of p.

Theorem (2.3) has the following consequences:

Corollary 2.4. Let X be the OF-linear CM p-divisible group over k with Lie type (1, 1). If Y is an F-linear CM
p-divisible group over k, then Y admits an F-linear CM lifting with p-adic CM type compatible with τ2 if and
only if:

either (a) Y is F-linearly isomorphic to X;
or (b) Y is F-linearly isomorphic to X/G, where G is a subgroup of X with order p, and δ0(G) = [1] or [λ].
In particular, if Y is OF-linear, then Y admits an F-linear CM lifting with p-adic CM type compatible with

τ2 if and only if [Lie(Y)] = (1, 1) in Rk(OF).

Proof. Saying a p-adic CM type Φ for F is compatible with ι is equivalent to saying Φ has the form {i0, i0 ◦ τ}
for some i0 ∈ Hom(F,Qp). Sufficiency follows immediately from Theorem (2.3 (2)). For necessity, suppose R
a complete discrete valuation ring of characteristic 0 and residue field k, Y is an F-linear CM p-divisible group
over R lifting Y with p-adic CM type Φ compatible with τ2. Then Φ must be primitive. Let F′ be the reflex
field, R0 := OF′·B(k), and X be the OF-linear CM p-divisible group over R0 with p-adic CM type Φ. Then Y is
F-linearly isogeneous to X, and the necessity of the statement also follows from Theorem (2.3 (1)). For the last
statement, we need to show that if Y is OF-linear and the Lie type of Y is equal to (2, 0) or (0, 2), then Y does
not admit an F-linear CM lifting with p-adic CM type compatible with τ2. It is easy to check that under such
conditions, there exists an F-linear isogeny X → Y such that the Dieudonne module attached to Y is equal to
π−1

0 M1 ⊕ M2 or M1 ⊕ π
−1
0 M2. Therefore Y is isomorphic to X/G, where G is a subgroup of X with order p and

δ0(G) = 0 or∞. This G is not potentially liftable by (b). �
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Remark 2.4.1. As a corollary, the answer to question (sCML) relative to (F, Fur) for p-divisible groups is
negative; see [5] (3.1.8) for the precise statement of the question. Note that the reflex field F′ of Φ is equal
to F, so the residue field κF′ is not “small” in the sense of [5] (4.1). Thus we obtain a new counterexample to
question (sCML) that does not fall in the framework in §4 of [5].

Corollary 2.5. Suppose p > 2, L is a CM field and L0 is its maximal totally real subfield. If there exists a place
v of L0 above p such that the inertia degree of v is 2 and v ramifies in L, then the answer to question (sCML)
for abelian varieties is negative. �

Proof. The completion L0,v is a degree 2 unramified extension over Qp, and Lv is a degree 2 ramified extension
over L0,v. It is an easy exercise in number theory to show that when p > 2, Lv � B(Fp2)[π0]/(π2

0 − p) or
B(Fp2)[π0]/(π2

0 − εp), where ε is a Teichmuller lift in W(Fp2)× and is not a square. Then the statement follows
from (2.4.1), [5] (4.1), and [5] (3.1.10). �

The most interesting phenomenon revealed by Theorem (2.3) is that, no matter how arbitrary the subgroup
scheme G in characteristic is, its reduction G seems to “try very hard” to be OF-stable. It is natural to ask the
following question:

Let F be a p-adic local field, Φ be a primitive p-adic CM type for F. Let F′ be the reflex field
of Φ. Let X be the OF-linear CM p-divisible group with p-adic CM type Φ over R0 := OF′·B(k).
Is there a general condition on the p-adic CM type Φ, such that there exists an integer d(Φ)
which only depends on Φ, satisfying that for any finite extension R/R0 and any finite locally
free subgroup scheme G of XR, the closed fiber G := Gk contains an OF-stable subgroup with
index uniformly bounded by pd(Φ)?

Remark 2.5.1. (a) If we drop the assumption that Φ is primitive, we can easily produce a class of finite locally
free subgroup schemes G with arbitrarily large order, such that G does not contain any nontrivial OF-stable
subgroups. In fact, suppose Φ is induced from a p-adic CM type Φ1 for F1 $ F. Let X1 be the OF1-linear
CM p-divisible group with p-adic CM type Φ1 over R0. Then X is OF-linearly isomorphic to the Serre tensor
construction X1 ⊗OF1

OF . For any finite locally free subgroup scheme G1 of X1, when we embed it into X via
the natural homomorphism X1 → X, the closed fiber of G1 does not contain any OF-stable subgroups of X.

(b) When #Φ = 1 or [F : Qp] − 1, we can take d(Φ) = 0. In fact, if G ⊂ X is a subgroup, take a filtration
0 = G0 ⊂ G1 ⊂ G2 ⊂ · · · ⊂ Gs = G, such that the index of Gi in Gi+1 is equal to p for i = 0, 1, · · · , s − 1. The
a-number of each X/Gi is equal to 1 since either the dimension or the codimension is equal to 1. Hence Gi+1/Gi

is the unique subgroup of X/Gi with order p and Gi+1/Gi must be OF-stable. This proves every subgroup G of
X is OF-stable.

(c) In the example we compute in this section, #Φ = 2 and [F : Qp] = 4. This is a first nontrivial example
concerning this question. As a corollary of Theorem (2.3), we can say d(Φ) = 1 in our example.

In the rest of the section we prove Theorem (2.3). The proof is organized as follows. For each positive integer
m, there exists a finite extension Em/Frac R0 such that the pm-torsion points on XQp

are rational over Em. In
(2.6), we recall the comstructions from §5 of [5] on the Kisin module Mm attached to XOEm

. As m runs over
all the positive integers, we compute the closed fibers of the pm-torsion finite locally free subgroup schemes
G of XOEm

. The finite Kisin module N attached to G is a W(k)[[u]]-module, and the Dieudonne module of the
closed fiber Gk is N/(N ∩ (up−mMm/Mm)) � (N + up−mMm/Mm)/(up−mMm/Mm), which we will denote by
N mod u in the future. At the end of subsection (2.6), we reduce the statements in Theorem (2.3) about the
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closed fiber Gk to the existence of certain special elements in N; see (2.6)(a), (b), and (c). On the other hand,
the generators of the localization N0 := W(k)((u))⊗W(k)[[u]]N have been computed in [5] (5.2). In (2.7) we write
these generators into explicit forms. In order to compute N mod u, we need to find a W(k)[[u]]-basis of N
before the localization. This can be viewed as an analogy of finding a lattice in a vector space. We show several
examples in (2.8), and then summarize a general linear algebra approach in (2.9). This approach successfully
computes the closed fiber Gk in the case when the geometric generic fiber of G is generated by at most two
elements; see (2.10). The remaining essential case is when the geometric generic fiber of G is generated by
three elements. In that case, it is difficult to apply directly the linear algebra approach in (2.9); see the example
(2.10.3) at the end of (2.10). In (2.11), we explain how the Serre dual of XOEm

comes to rescue for the problem.
Finally in (2.12) we compute the closed fiber Gk via a detour by Serre dual in the case when the geometric
generic fiber of G is generated by three elements, and complete the proof of Theorem (2.3).

IfM is a Kisin module (or a finite Kisin module), and x ∈ M0 := W(k)((u)) ⊗W(k)[[u]]M, we define ordu x to
be the smallest integer d such that u−d x ∈ M. If ordu (x1 − x2) ≥ D, we also write x1 ≡ x2 mod ordu ≥ D.

2.6. The Kisin modules attached to X and its base changes. Now we prepare to prove Theorem (2.3). We
first recall the constructions from §5 of [5] on the Kisin module attached to X, and its base changes to finite
extensions of R0.

Take h(x) = −π0x + xp2
. For all positive integer r, define h(r)(x) := h ◦ h ◦ · · · ◦ h to be the r-th iteration of

h, hr(x) := h(r)(x)
h(r−1)(x) . For all positive integers m, Let πm be a root of h2m(x) in Qp, and define Em := B(k)(πm).

Let Em(u) be the minimal Eisenstein polynomial of πm over B(k); so Em(u) = h2m(u)h2m(u), where h2m(u) is
the conjugate of h2m(u) under π0 7→ −π0. One can check the constant term of Em(u) is equal to −εp. Let Mm

be the Kisin module constructed as in §5 of [5] with (Em, πm), and let Xm be the associated p-divisible group
over OEm . By [5] (5.2.7), Xm is the OF-linear CM p-divisible group over OEm with p-adic CM type Φ, and
all the pm-torsion points on its geometric generic fiber are rational over Em. By [5] (3.1.5) and (5.1.7), Xm is
isomorphic to XOEm

, and the isomorphism induces identity over the closed fiber. Thus to prove Theorem (2.3),
it suffices to compute the closed fibers of pm-torsion finite locally free subgroup schemes of Xm when m runs
over all positive integers.

By [5] (5.1), the Kisin module Mm = W(k)[[u]] ⊗Zp OFe with the natural OF-action, and the (φ,OF)-linear
endomorphism φMm (which we will abbreviate as φm in the future) is defined as φme = PΦ,πm,B(k)⊗Qp F(u), the
characteristic polynomial of the natural action of πm on the W(k) ⊗Qp F-module (Em)i0 ⊕ (Em)i0◦τ, where the
index indicates the F-structure. For the convenience of computation, we identify W(k)[[u]] ⊗Zp OFe with
W(k)⊗1,OFur OF[[u]]e1⊕W(k)⊗2,OFur OF[[u]]e2 � W(k)[π][[u]]/(π2− εp)e1⊕W(k)[π][[u]]/(π2− εσp)e2. Under
such an identification, one can check that a · e1 = ae1, a · e2 = aσe2 for a ∈ OFur , and π0 · ei = πei. The
(φ,OF)-linear endomorphism φm is defined by φm(e1) = τ2(h2m(u))e2, φm(e2) = τ1(h2m(u))e1, where τ1 (resp.
τ2) is the W(k)[[u]]-isomorphism from F · B(k)[[u]] = B(k)[π0]/(π2

0 − εp)[[u]] to W(k)[π]/(π2 − εp)[[u]] (resp.
W(k)[π]/(π2 − εσp)[[u]]) that sends π0 to π (resp. λ−1π).

Let Xm be the closed fiber of Xm, let M(Xm) be the attached Dieudonne module; by [2] (B.4) M(Xm) �
Mm/uMm. If we still use ei to stand for the image of ei in M(Xm), one can check that e1, e2 is a “good” OF-basis
of M(Xm) (see the beginning of the section for the definition of a “good”OF-basis of M(Xm)). Now supposeG is
a pm-torsion finite locally free subgroup scheme of Xm, #G = pt. Let N be the attached finite Kisin submodule.
To prove Theorem (2.3(1)), it suffices to show:

(2.6.a) When t = 2n is even, there exists w(n)
s ∈ N for s = 1, 2, such that w(n)

s ≡ xsπ
−nes mod u, where

xs ∈ W(k)×.
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(2.6.b) When t = 2n + 1 is odd, there exists w ∈ N such that w ≡ x1π
−(n+1)e1 + x2π

−(n+1)e2 mod u, where
x1, x2 ∈ W(k)×, and x1/x2 ∈ (F×

p2)p−1 or λ(F×
p2)p−1. Here xi means the image of xi in k× modulo p.

Conversely, to prove Theorem (2.3(2)) it suffices to show:
(2.6.c) for every x1, x2 ∈ W(k)× such that x1/x2 ∈ (F×

p2)p−1 or λ(F×
p2)p−1, there exists a positive integer m and

a pm-torsion finite locally free subgroup scheme G of Xm such that #G = p2n+1 and we can find an element w
in N satisfying w ≡ x1π

−(n+1)e1 + x2π
−(n+1)e2 mod u.

2.7. The finite Kisin modules attached to finite locally free subgroup schemes. To achieve the goals in 2.6,
we need a precise description on the finite Kisin modules attached to pm-torsion finite locally free subgroup
schemes of Xm.

The endomorphism φ on W(k)[[u]] extends to φ : W(k)[π][[u]]/(π2 − εp) → W(k)[π][[u]]/(π2 − εσp),
such that φ|W(k) = σ, φ(π) = π, and φ(u) = up. Similarly we can define φ : W(k)[π][[u]]/(π2 − εσp) →
W(k)[π][[u]]/(π2 − εp) in the same way.

According to [5] (5.2.7), if we define

v := τ2(h(2m−1)(u))φτ1(h(2m−1)(u))e1 + τ1(h(2m−1)(u))φτ2(h(2m−1)(u))e2

then all the solutions x ∈ p−mMm/Mm to φmx = 1
−ε Em(u)x have the form of η · v with η ∈ p−mOF/OF . For

any subgroup A of p−mOF/OF , let N0
A := W(k)((u)){η · v|η ∈ p−mOF/OF}, and NA := N0

A ∩ p−mMm/Mm.
Let GA be the associated finite locally free subgroup scheme. When A runs over subgroups of p−mOF/OF ,
GA enumerates all pm-torsion finite locally free subgroup schemes of Xm. Denote NA/(NA ∩ up−mM/M) �
(NA + up−mMm/Mm)/(up−mMm/Mm) by NA mod u, then NA mod u is the Dieudonne module of the closed
fiber of GA.

Now we derive a more precise formula for η · v. By the definition of h(2m−1)(u), we can write h(2m−1)(u) ≡
2m−1∑
i=0

πiAi(u) mod pm, such that Ai(u) ∈ W(Fp2)((u))× and ordu Ai = p2(2m−1−i). Therefore

v := τ2(h(2m−1)(u))φτ1(h(2m−1)(u))e1 + τ1(h(2m−1)(u))φτ2(h(2m−1)(u))

= (
2m−1∑
n=0

An(u)(λ−1π)n)φ(
2m−1∑
n=0

An(u)πn)e1 + (
2m−1∑
n=0

An(u)(λ−1π)n)(
2m−1∑
n=0

An(u)πn)φe2

=
2m−1∑
n=0

πn(
n∑

k=0
Ak(u)φAn−k(u)λ−kσ)e1 +

2m−1∑
n=0

πn(
n∑

k=0
Ak(u)φAn−k(u)λ−(n−k))e2

Recall that λ = ε
p−1

2 and ε is a Teichmuller lift, so λ1+σ = ε
p2−1

2 . Because ε < W(Fp2)×\(W(Fp2)×)2, we deduce

ε
p2−1

2 = −1. Hence we have λ−σ = −λ and we can then rewrite the above formula for v as:

v =
2m−1∑
n=0

πn(
n∑

k=0
Ak(u)φAn−k(u)(−λ)k)e1 +

2m−1∑
n=0

(λ−1π)n(
n∑

k=0
Ak(u)φAn−k(u)λk)e2

Definition 2.7.1. Define

π1 := π π2 := τπ = λ−1π

bn :=
∑
λ2iA2i(u)φAn−2i(u), cn :=

∑
λ2i+1A2i+1(u)φAn−2i−1(u)

y j := b j − c j, z j := b j + c j

Under the notations above, v =
2m−1∑
n=0

πn
1yne1 +

2m−1∑
n=0

πn
2zne2.

Now we derive a more precise formula of η · v for η ∈ p−mOF/OF . Let ν be the valuation on F such that
ν(π) = 1.
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Definition 2.7.2. Suppose η ∈ p−mOF/OF and k is the smallest integer such that η ∈ p−kOF/OF . Let α ∈
W(Fp2)× and β ∈ W(Fp2) be the unique elements such that η = p−k(α + π0β) (resp. η = p−kπ0(α + π0β)) when
ν(η) = −2k (resp. ν(η) = −2k + 1). Define

v[η, r, 1] := εk(αy−ν(η)−r + βy−ν(η)−r−1), v[η, r, 2] = εk(λ2k+ν(η)ασz−ν(η)−r + βσλ2k+ν(η)+1z−ν(η)−r−1)

Under such notations, one can check η · v =
2∑

s=1

2m∑
r=1

π−r
s v[η, r, s]es; when r > −ν(η) we treat v[η, r, s] as zero.

This formula will be refered to as the presentation of η · v in the future.
Before we dive into the computations, let us look into the definitions of the yi, zi’s and v[η, r, s]’s, and derive

some properties of them.

Proposition 2.7.3. Define d := 1 + p. The following statements about bi, ci, yi, zi are true:
(1) bi, ci are both units in W(k)((u)), and min{ordu bi, ordu ci} = p4m−2−id, max{ordu bi, ordu ci} = p4m−1−i(1−

p−1 + p−2)d.
(2) If min{ordu bi, ordu ci} = ordu bi(resp. ordu ci), then min{ordu bi+2, ordu ci+2} = ordu ci+2(resp. ordu bi+2).
(3) yi, zi are both units in W(k)((u)), and ordu yi = ordu zi = p4m−2−id.
(4) u−p4m−2−idyi ≡ (−1)[ i+1

2 ]u−p4m−2−idzi mod u.
(5) v[η, r, s] is a unit in W(k)((u)), and ordu v[η, r, s] = p4m−2+ν(η)+rd; in particular, it is independent of s and

increasing in r.
(6) For any 2 ≤ i ≤ 2m, yizi−2 − ziyi−2 is a unit in W(k)((u)), and ordu (yizi−2 − ziyi−2) = ordu yi + ordu zi−2 =

ordu zi + ordu yi−2 = d(p4m−i + p4m−2−i).
(7) Let i, j be different integers between 0 and 2m−1, and suppose γ ∈ W(Fp2)×. Then γyiy j±γ

σλziz j, γziz j±

γσλyiy j, and γyiz j ± γ
σλziy j are all units in W(k)((u)), and their orders are all equal to d(p4m−2−i + p4m−2− j).

Proof. (1) and (2) are clear by a direct examination of each summand in the definition of bi, ci and using the
elementary lemma (2.7.4) below. (3) is because of (1), and (4) follows from (2). (5) is clear by the definition of
v[η, r, s].

To see (6), note that yizi−2 − ziyi−2 = (bi − ci)(bi−2 + ci−2) − (bi + ci)(bi−2 − ci−2) = 2bici−2 − 2bi−2ci, then the
statement follows from (1) and (2).

To see (7), when we expand them based on bi, ci, b j, c j, the coefficient of bib j, bic j, cib j, and cic j is γ ± γσλ.

If p|γ ± γσλ, it implies that λσ+1 ≡ γσ
2−1 = 1 mod p, contradiction to the fact that λσ+1 = ε

p2−1
2 = −1.

Moreover, by (1) there is a unique term among bib j, bic j, cib j, and cic j that has the lowest order, and this order
is equal to d(p4m−2−i + p4m−2− j). This proves the statement. �

Lemma 2.7.4. Let x = y + z, x, y, z ∈ W(k)((u)). If y is a unit in W(k)((u)) and ordu z > ordu y, then x is also a
unit in W(k)((u)) and ordu x = ordu y. �

2.8. Examples of reductions of finite locally free subgroup schemes. We take this subsection to compute a
few examples of NA and NA mod u.

Example 2.8.1. Let m ≥ 1, η ∈ p−1OF/OF , and A = 〈η〉 � Z/p. Then NA = W(k)((u)){η · v} ∩ p−1M/M.

In the presentation η · v =
2∑

i=1

2∑
j=1
π
− j
i v[η, j, i]ei, we know v[η, j, 1] and v[η, j, 2] are both units in W(k)((u)),

and their orders are both equal to p4m−2+ν(η)+ jd. Let w := u−p4m−2+ν(η)+ jd(η · v), then w ≡
2∑

i=1
xiπ
−1
i ei mod u for

x1, x2 ∈ W(k)×, and the goal of (2.6.b) is achieved.
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Example 2.8.2. Let m ≥ 2, η ∈ (p−2OF/OF)\(p−1OFOF), A = 〈η〉 � Z/p2. Let v1 := η ·v =
2∑

i=1

4∑
j=1
π
− j
i v[η, j, i]ei,

and v2 := (pη) · v =
2∑

i=1

2∑
j=1
π
− j
i v[pη, j, i]ei. We want to produce w(1)

1 and w(1)
2 by a linear combination of

v1, v2 with coefficients in W(k)((u)), such that w(1)
i ≡ π−1

i ei mod u. A natural candidate for w(1)
1 is given

by (v[pη, 1, 2]v[η, 1, 1] − v[η, 1, 2]v[pη, 1, 1])−1(v[pη, 1, 2]v1 − v[η, 1, 2]v2). By the construction of w(1)
1 , w(1)

1 −

π−1
1 e1 is equal to (v[pη, 1, 2]v[η, 1, 1] − v[η, 1, 2]v[pη, 1, 1])−1

2∑
s=1

4∑
r=2

(v[pη, 1, 2]v[η, r, s] − v[η, 1, 2]v[pη, r, s])es.

It suffices to:
(2.8.2.a) Show v[η, 1, 1]v[pη, 1, 2] − v[η, 1, 2]v[pη, 1, 1] is a unit in W(k)((u)) and estimate its order (in u);
(2.8.2.b) For s = 1, 2 and r > 1, show

ordu (v[pη, 1, 2]v[η, r, s] − v[η, 1, 2]v[pη, r, s]) > ordu (v[pη, 1, 2]v[η, 1, 1] − v[η, 1, 2]v[pη, 1, 1])

Write η = p−2(α + π0β) or p−2π0(α + π0β) according to ν(η) = −4 or −3, where α ∈ W(Fp2)×, β ∈ W(Fp2). By
the definition of v[η, r, s] and v[pη, r, s],

v[pη, 1, 2]v[η, 1, 1] − v[η, 1, 2]v[pη, 1, 1]
= ε3(αy−ν(η)−1 + βy−ν(η)−2)(ασλ2+ν(pη)z−ν(pη)−1 + βσλ3+ν(pη)z−ν(pη)−2)−

ε3(ασλ2+ν(η)z−ν(η)−1 + βσλ3+ν(η)z−ν(η)−2)(αy−ν(pη)−1 + βy−ν(pη)−2)
= ε3αασλ2+ν(η)(y−ν(η)−1z−ν(η)−3 − z−ν(η)−1y−ν(η)−3) + Higher order terms

By Proposition (2.7.3)(6) and Lemma 2.7.4, it is a unit with order equal to d(p4m+1+ν(η) + p4m−1+ν(η)).
Now for s = 1, 2 and r ≥ 2, ordu v[η, r, s] ≥ dp4m−2+ν(η)+r ≥ dp4m+ν(η), ordu v[pη, r, s] ≥ dp4m−2+ν(pη)+r ≥

dp4m+2+ν(η). Hence ordu (v[pη, 1, 2]v[η, r, s] − v[η, 1, 2]v[pη, r, s]) ≥ d(p4m+1+ν(η) + p4m+ν(η)).
Based on the estimates above, we deduce that ordu (w(1)

1 − π
−1
1 e1) ≥ d(p4m+ν(η) − p4m−1+ν(η)). In particular we

have found w(1)
1 such that it reduces to π−1

1 e1 modulo u. The desired w(1)
2 can be constructed similarly. Thus the

goal of (2.6.a) is achieved.

Example 2.8.3. Let m ≥ 3, η ∈ (p−3OFOF)\(p−2OFOF), and A = 〈η〉 � Z/p3. Take A1 := 〈pη〉 � Z/p2.
By Example (2.8.2), we have constructed w(1)

s in NA1 ⊂ NA such that ordu (w(1)
s − π

−1
s es) ≥ d(p4m+µ(pη) −

p4m−1+µ(pη)). Define w := u−dp4m+ν(η)
(η · v −

2∑
s=1

v[η, 1, s]w(1)
s ), then we have w =

2∑
s=1

6∑
r=2

u−dp4m+ν(η)
v[η, r, s]π−r

s es −

u−dp4m+ν(η) 2∑
s=1

v[η, 1, s](w(1)
s − π

−1
s es). The order of the second term is ≥ d(p4m+ν(pη) − p4m−1+ν(pη)) − dp4m+ν(η) >

0. Note that ordu v[η, r, s] is increasing in r and does not depend on s, hence u−dp4m+ν(η)
v[η, 2, s] are units in

W(k)[[u]] and ordu u−dp4m+ν(η)
v[η, r, s] > 0 when r > 2. Thus we deduce w ≡

2∑
s=1

xsπ
−2
s es mod u, where

xs ∈ W(k)×. This achieves the goal of (2.6.b).

Example 2.8.4. Let m ≥ 1, η1, η2 ∈ p−1OF/OF , and A = 〈η1〉 × 〈η2〉 � Z/p × Z/p. Let αi ∈ W(Fp2)× and
βi ∈ W(Fp2) be the unique elements such that wi = p−1(αi + π0βi) or p−1π0(αi + π0βi) depending on ν(ηi) = −2
or −1. We may further assume that if ν(η1) = ν(η2), then α1 mod p, α2 mod p are Fp-linearly independent.
In fact, if otherwise, there exists γ ∈ Zp such that α2 ≡ γα1 mod p, then we can replace η2 with η2 − γη1, to
reduce to the situation when ν(η1) , ν(η2). Without of loss of generality we assume ν(η1) ≤ ν(η2).
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Define w(1)
1 := (v[η1, 1, 1]v[η2, 1, 2] − v[η2, 1, 1]v[η1, 1, 2])−1(v[η2, 1, 2](η1 · v) − v[η1, 1, 2](η2 · v)). Then

w(1)
1 − π

−1
1 e1 is equal to

(v[η1, 1, 1]v[η2, 1, 2] − v[η2, 1, 1]v[η1, 1, 2])−1
2∑

s=1

(v[η2, 1, 2]v[η1, 2, s] − v[η1, 1, 2]v[η2, 2, s])

We claim v[η1, 1, 1]v[η2, 1, 2] − v[η2, 1, 1]v[η1, 1, 2] is a unit in W(k)((u)), with order equal to d(p4m−1+ν(η1) +

p4m−1+ν(η2)). To verify this, we divide the situation into the case when ν(η1) < ν(η2) and the case when ν(η1) =

ν(η2).
When ν(η1) < ν(η2), then ν(η1) = −2, ν(η2) = −1. So v[η1, 1, 1]v[η2, 1, 2] − v[η2, 1, 1]v[η1, 1, 2] = ε2(α1y1 +

β1y0)ασ2 λz0 − ε
2(ασ1 y1 + βσ1 λy0)α2y0 = ε2(α1α

σ
2 λy1z0 − α

σ
1α2y0z1) + Higher order terms. By Proposition 2.7.3

(7), we see the claim is true.
When ν(η1) = ν(η2), v[η1, 1, 1]v[η2, 1, 2] − v[η2, 1, 1]v[η1, 1, 2] = ε2(α1y−ν(η1)−1 + β1y−ν(η1)−2)ασ2 z−ν(η2)−1 −

ε2(ασ1 y−ν(η1)−1 + βσ1 λy−ν(η1)−2)α2y−ν(η1)−1 = ε2(α1α
σ
2 − α

σ
1α2)y−ν(η1)−1z−ν(η1)−1 + Higher order terms. Since we

have assumed α1 mod p, α2 mod p are Fp-linearly independent, (α1α
σ
2 − α

σ
1α2) is a unit in W(Fp2), and the

claim follows.
So for s = 1, 2, we have ordu (v[η2, 1, 2]v[η1, 2, s] − v[η1, 1, 2]v[η2, 2, s]) − ordu (v[η1, 1, 1]v[η2, 1, 2] −

v[η2, 1, 1]v[η1, 1, 2]) ≥ d(p4m+ν(η1) + p4m−1+ν(η2)) − d(p4m−1+ν(η1) + p4m−1+ν(η2)) = d(p4m+ν(η1) − p4m−1+ν(η1)).
In particular, this implies w(1)

1 reduces to π−1
1 e1 modulo u. Similarly we can find w(1)

2 that reduces to π−1
2 e1

modulo u, and the goal of (2.6.a) is achieved.

2.9. Linear algebra lemmas. Now we summarize a linear algebra approach from the examples we computed
above. For a square matrix C, we denote the entry on the i-th row, j-th column by C[i, j], and its cofactor by
Ci, j.

Lemma 2.9.1. Suppose A ⊂ p−mOF/OF , v1, v2, · · · , v2n are elements in N0
A, and for each 1 ≤ i ≤ 2n we have a

presentation vi =
2∑

s=1

2m∑
r=1

vi,r,sπ
−r
s es, where vi,r,s ∈ W(k)((u)). Define an 2n × 2n matrix

C :=



v1,n,1 v2,n,1 · · · v2n,n,1

v1,n,2 v2,n,2 · · · v2n,n,2

v1,n−1,1 v2,n−1,1 · · · v2n,n−1,1

v1,n−1,1 v2,n−1,2 · · · v2n,n−1,2
...

...

v1,1,1 v2,1,1 · · · v2n,1,1

v1,1,2 v2,1,2 · · · v2n,1,2


Suppose det C ∈ W(k)((u))×, and there exists a positive integer D such that ordu (

2n∑
l=1

vl,i, jCs,l) − ordu det C ≥ D

for i, s = 1, 2, and j ≥ n + 1. Define w(n)
s :=

2n∑
l=1

(det C)−1Cs,lvl for s = 1, 2. Then w(n)
s ∈ NA and w(n)

s ≡ π
−n
s es

mod ordu ≥ D.

Proof. By the definition of C, one can check w(n)
s = π−n

s es +
2∑

i=1

∑
j≥n+1

2n∑
l=1

(det C)−1Cs,lvl,i, jπ
− j
i ei, then it follows

from the assumption on the order of (det C)−1
2n∑
l=1

Cs,lvl,i, j. �



STRONG CM LIFTING PROBLEM II 11

To apply Lemma (2.9.1), the key step is to show det C is a unit in W(k)((u)), and estimate ordu det C. With
this aim, now we make some definitions for matrices of special types that will show up in our computations,
and establish a few technical lemmas.

Let R be a commutative ring with 1, and ordu : R× → Z be a discrete valuation on R; here we are not
assuming that R is the valuation ring with respect to ordu . Let k be a positive integer, and C be a k × k matrix
with entries in R. We denote the set of permutations on {1, 2, · · · , k} by Pk.

Definition 2.9.2. We say C is dominated by the diagonals, if for any permutationσ ∈ Pk,
k∑

j=1
ordu (C[σ( j), j]) ≥

k∑
j=1

ordu (C[ j, j]); if the inequality is strict, then we say C is strictly dominated by the diagonals. We say C is

faithfully dominated by the diagonals, if C is dominated by the diagonals, and ordu det C =
k∑

j=1
ordu (C[ j, j]).

We say C is in pairwise order, if for any pair of (i1, j1), (i2, j2) with i1 < i2, j1 < j2, ordu C[i1, j1] +

ordu C[i2, j2] ≤ ordu C[i1, j2] + ordu C[i2, j1]; if the inequality is strict, then we say C is strictly in pairwise
order.

In general, let J1
∐

J2
∐
· · ·
∐

Jt be a partition of {1, 2, · · · , k}, we say C is dominated by the diagonal blocks
(J1|J2| · · · |Jt), if for any permutation σ ∈ Pk, there exists a permutation τ such that τ(Ji) = Ji for i = 1, 2, · · · , t,

and
k∑

j=1
ordu (C[σ( j), j]) ≥

k∑
j=1

ordu (C[τ( j), j]); if the inequality is strict, then we say C is strictly dominated by

the diagonal blocks (J1|J2| · · · |Jt). We say C is in pairwise order relative to partition (J1|J2| · · · |Jt), if for any
pair of (i1, j1), (i2, j2) such that i1, j1 ∈ Jr1 , i2, j2 ∈ Jr2 with r1 < r2, we have ordu C[i1, j1] + ordu C[i2, j2] ≤
ordu C[i1, j2] + ordu C[i2, j1]; if the inequality is strict, then we say C is strictly in pairwise order relative to
partition (J1|J2| · · · |Jt).

The following lemma is straightforward by the formula det C =
∑
σ∈Pk

(−1)sgn(σ)
k∏

j=1
C[σ( j), j].

Lemma 2.9.3. Notations as in Definition (2.9.2). Then:
(a) If C is (strictly) in pairwise order, then C is (strictly) dominated by the diagonals.
(b) If C is strictly dominated by the diagonals, then C is faithfully dominated by the diagonals.
(c) If C is (strictly) in pairwise order relative to partition (J1|J2| · · · |Jt), then C is (strictly) dominated by the

diagonal blocks (J1|J2| · · · |Jt).
(d) If C is strictly dominated by the diagonal blocks (J1|J2| · · · |Jt), and each block that consists of the rows

and columns in Ji is faithfully dominated by the diagonals, then C is faithfully dominated by the diagonals.

2.10. The proof of Theorem (2.3) in the special case. Let A be a finite abelian p-group. Let r(A) be the
largest positive integer r such that (Z/p)r can be embedded in A; this r(A) is called the p-rank of the A. The
p-rank of A is also the smallest integer k such that A can be generated by k elements. Suppose A is a subgroup
of p−mOF/OF , then we have r(A) ≤ r(p−mOF/OF) = 4. Let G := GA be the associated pm-torsion finite locally
free subgroup scheme of Xm. If r(A) = 4, then p−1OF/OF ⊂ A, hence X[p] ⊂ G. This implies the isogeny
X → X/G factors through X

p
−→ X, and the problem is reduced to another finitely locally free subgroup scheme

with a smaller order. So we may assume r(A) ≤ 3.
In this subsection we prove Theorem 2.3 in the case when G = GA such that r(A) ≤ 2. Suppose A =

〈η1〉 × 〈η2〉, ηi ∈ (p−miOF/OF)\(p−mi+1OF/OF) for i = 1, 2. Suppose #A = pt, then m1 + m2 = t. Without
loss of generality we assume ν(η1) ≤ ν(η2). Let αi ∈ W(Fp2)× and βi ∈ W(Fp2) be the elements such that
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ηi = p−mi(αi +π0βi) or p−miπ0(αi +π0βi), depending on whether ν(ηi) = −2mi or −2mi +1. Define the following
integer associated to A:

L(A) := 4m − 2 + ν(η1) + d
t + 1

2
e

Proposition 2.10.1. Notations and assumptions as above. Then:
(a) If t = 2n, then for s = 1, 2 and r = 1, 2, · · · , n, there exists w(r)

s ∈ NA such that ordu (w(r)
s − π

−r
s es) ≥

d(pL(A)+1 − pL(A)).
(b) If t = 2n + 1, then there exists w ∈ NA, such that w ≡ π−(n+1)

1 α1e1 + (−1)cπ−(n+1)
2 ασ1 λ

2m1+ν(η1)e2

mod ordu ≥ d(pL(A)+1 − pL(A)), where c = [−ν(η1)−n
2 ].

Before proving Proposition (2.10.1), we show that it implies Theorem (2.3)(1) in the case when G = GA

such that r(A) ≤ 2, and also implies Theorem (2.3)(2). It suffices to show the goals (2.6) (a), (b), and (c) are
achieved. (2.10.1)(a) obviously implies (2.6)(a). Recall that π1 = π, π2 = λ−1π, so the element w in (2.10.1)(b)
can be written as w ≡ α1π

−(n+1)e1 + (−1)cλ2m1+ν(η1)+n+1ασ1 π
−(n+1)e2. Let x1 := α1, x2 := (−1)cλ2m1+ν(η1)+n+1ασ1 .

Because −1 and λ
2

= ε p−1 are both in (F×
p2)p−1, it is then clear that x1/x2 ∈ (F×

p2)p−1 or λ(F×
p2)p−1. Thus (2.6) (b)

is achieved. Concerning (2.6) (c), if we let η2 = 0, η1 = p−2n−1α1 or p−2n−1π0α1 where n runs over non-negative
integers and α1 runs over W(Fp2)×, then Proposition (2.10.1)(b) implies that for each [c1, c2] ∈ P1(k) such that
c1/c2 ∈ (F×

p2)p−1 or λ(F×
p2)p−1, there exists a finite locally free subgroup scheme G satisfying δn(Gk) = [c1/c2]

in L. Therefore Theorem (2.3)(2) is proved once we prove Proposition (2.10.1).
The plan to prove Proposition 2.10.1 is as follows: we apply Lemma (2.9.1) to prove (a). For (b), we “knock

out” the unwanted entries in the presentation of η1 · v by using the constructed lifts of π−r
s es, where s = 1, 2 and

r = 1, 2, · · · , n.
First suppose t = 2n. Define an order ≺ on {p jηi · v|i = 1, 2, j = 0, 1, · · · ,mi − 1} such that p jηi · v ≺ p j′ηi′ · v

when: (a) ν(p jηi) < ν(p j′ηi′); or (b) ν(p jηi) = ν(p j′ηi′) and i < i′. Let vl = p jlηil · v be the l-th element in the set
under this order. Then define a matrix (cf. Lemma 2.9.1)

C :=



v[p j1ηi1 , n, 1] v[p j2ηi2 , n, 1] · · · v[p j2nηi2n , n, 1]
v[p j1ηi1 , n, 2] v[p j2ηi2 , n, 2] · · · v[p j2nηi2n , n, 2]

v[p j1ηi1 , n − 1, 1] v[p j2ηi2 , n − 1, 1] · · · v[p j2nηi2n , n − 1, 1]
v[p j1ηi1 , n − 1, 2] v[p j2ηi2 , n − 1, 2] · · · v[p j2nηi2n , n − 1, 2]

...
...

v[p j1ηi1 , 1, 1] v[p j2ηi2 , 1, 1] · · · v[p j2nηi2n , 1, 1]
v[p j1ηi1 , 1, 2] v[p j2ηi2 , 1, 2] · · · v[p j2nηi2n , 1, 2]


If we delete the first row of C and add the row of (v[p j1ηi1 , r, s], v[p j2ηi2 , r, s], · · · , v[p j2nηi2n , r, s]) on top of the
remaining (2n − 1) × 2n matrix for s = 1, 2 and r ≥ n + 1, we denote the new 2n × 2n matrix by C(1, r, s).
Similarly, we can delete the second row of C and add (v[p j1ηi1 , r, s], v[p j2ηi2 , r, s], · · · , v[p j2nηi2n , r, s]) on the
top to get a new 2n × 2n matrix; we denote it by C(2, r, s).

Proposition 2.10.2. Notations as above, then the 2n× 2n matrices C,C(1, r, s),C(2, r, s) are all faithfully dom-
inated by the diagonals, for s = 1, 2, r ≥ n + 1. In particular, their determinants are all units in W(k)((u)).

Proof. Define a partition of {1, 2, · · · , 2n} = J1
∐

J2
∐
· · ·
∐

Jn where Ji := {2i − 1, 2i}. By the definition
of the matrices and the estimates on the orders of their entries by Proposition 2.7.3 (5), one can check all
the matrices considered in the Proposition are strictly dominated by the diagonal blocks (J1|J2| · · · |Jn). Each
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2 × 2 diagonal block of C has the form

 v[p jη1, r, 1] v[p j+1η1, r, 1]
v[p jη1, r, 2] v[p j+1η1, r, 2]

,  v[p jη1, r, 1] v[p jη2, r, 1]
v[p jη1, r, 2] v[p jη2, r, 2]

, or v[p jη2, r, 1] v[p jη1, r, 1]
v[p jη2, r, 2] v[p jη1, r, 2]

. By computations similar to those in Example 2.8.2 and Example 2.8.4, it is

straightforward to check that these blocks are all faithfully dominated by the diagonals. Therefore by Lemma
2.9.3 (d), the matrix C is faithfully dominated by the diagonals. For C(k, r, s) where k = 1, 2, s = 1, 2, and
r ≥ n + 1, all the diagonal blocks are the same as those of C except for the first 2 × 2 block on the upper left
corner, and a direct examination of that block will prove they are faithfully dominated by the diagonals, too.

For the last statement, note that the matrices are strictly dominated by their diagonal blocks (J1|J2| · · · |Jn),
and the determinants of all the blocks are units in W(k)((u)), by Lemma 2.7.4 we deduce that the determinants
of the 2n × 2n matrices C,C(1, r, s),C(2, r, s) are all units in W(k)((u)). �

Now we are ready to prove Proposition 2.10.1.
Proof of Proposition 2.10.1:
(a) In this case m1 + m2 = 2n. Prove by induction on n. Suppose we have proved for all the subgroups

A ⊂ p−mOF/OF with order equal to p2n′ and n′ < n. Let A1 := 〈pη1〉 × 〈pη2〉 if m2 > 0, and 〈p2η1〉 if m2 = 0.
Then #A1 = p2(n−1) and L(A1) > L(A). By the induction hypothesis we have already produced w(r)

s for s = 1, 2
and r = 1, 2, · · · , n − 1. Now it suffices to produce w(n)

s . With vl = p jlηil · v for l = 1, 2, · · · , 2n and matrix C
defined before Proposition (2.10.2), we have shown det C ∈ W(k)((u))×, so to apply Lemma (2.9.1) it remains

to prove ordu (
2n∑
l=1

v[p jlηil , r, s]Ck,l) > ordu det C for k, s = 1, 2 and r ≥ n + 1. But
2n∑
l=1

v[p jlηil , r, s]Ck,l is equal

to det C(k, r, s), and by Proposition (2.10.2) ordu det C and ordu det C(k, r, s) are equal to the sum of the orders
of their diagonal entries, respectively. By their definition one can check ordu det C(k, r, s) − ordu det C ≥
d(p4m−2+ν(ηs)+r − p4m−2+ν(η1)+n) ≥ d(p4m−1+ν(η1)+n − p4m−2+ν(η1)+n) = d(pL(A)+1 − pL(A)). By Lemma (2.10.2), we
deduce the existence of w(n)

s in NA such that ordu (w(n)
s − π

−n
s es) ≥ d(pL(A)+1 − pL(A)).

(b) In this case m1 + m2 = 2n + 1. By our assumption ν(η1) ≤ ν(η2), so m1 > m2. Let A1 := 〈pη1〉 × 〈η2〉,
then #A = p2n, hence by (a) we can produce w(r)

s ∈ NA1 ⊂ NA for s = 1, 2 and r = 1, 2, · · · , n, such that

w(r)
s ≡ π−r

s es mod ordu ≥ d(pL(A1)+1 − pL(A1)). Define w := u−dpL(A)
(η1 · v −

2∑
s=1

n∑
r=1

v[η1, r, s]w(r)
s ), then we

have w =
2∑

s=1

2m1∑
r=n+1

u−dpL(A)
v[η1, r, s]π−r

s es −
2∑

s=1

n∑
r=1

u−dpL(A)
v[η1, r, s](w(r)

s − π
−r
s es). The order of the second term

is ≥ d(pL(A1)+1 − pL(A1) − pL(A)) ≥ d(pL(A)+1 − pL(A)) because L(A1) ≥ L(A) + 1. In the first term, note that
ordu v[η1, r, s] ≥ dpL(A)+1 when r ≥ n + 2, and v[η1, n + 1, 1] ≡ α1y−ν(η1)−n−1 mod ordu ≥ dpL(A)+1, v[η1, n +

1, 2] ≡ ασ1 λ
2m1+ν(η1)z−ν(η1)−n−1 mod ordu ≥ dpL(A)+1. Therefore the proposition follows from Proposition

(2.7.3)(4). �

Therefore to complete the proof of Theorem 2.3(1), the remaining situation is when r(A) = 3. In that case,
we will meet difficulties if we still try to apply Lemma (2.9.1) directly, since the crucial proposition (2.10.2)
may no longer hold. This phenomenon is reflected by the following example.

Example 2.10.3. Let m ≥ 2, take α ∈ W(Fp2)×\Z×p . Let η1 = p−2, η2 = p−2α, and η3 = p−2π, and take

A = 〈η1〉×〈η2〉×〈η3〉. The presentations of ηi ·v are: η1 ·v =
4∑

r=1
y4−rπ

−r
1 e1+

4∑
r=1

z4−rπ
−r
2 e2, η2 ·v =

4∑
r=1

αy4−rπ
−r
1 e1+

4∑
r=1

ασz4−rπ
−r
2 e2, and η3 · v =

3∑
r=1

y3−rπ
−r
1 e1 +

3∑
r=1

λz3−rπ
−r
2 e2. If we follow the linear algebra approach in (2.9)
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and form the 6 × 6 matrix:

C =



y1 αy1 y0

z1 ασz1 λz0

y2 αy2 y1 y0 αy0

z2 ασz2 λz1 z0 ασz0

y3 αy3 y2 y1 αy1 y0

z3 ασz3 λz2 z1 ασz1 λz0


One can check that

det C ≡ −λ(α − ασ)2y1z1(y2
1z2

0 − z2
1y2

0) mod ordu > d(2p4m−2 + 4p4m−3)

However, y2
1z2

0 − z2
1y2

0 = (b1 − c1)2b2
0 − (b1 + c1)2b2

0 = −4b1c1b2
0 has order equal to d(3p4m−2 + p4m−4), hence

ordu (y1z1(y2
1z2

0 − z2
1y2

0)) = d(3p4m−2 + 2p4m−3 + p4m−4) > d(2p4m−2 + 4p4m−3). So ordu det C > d(2p4m−2 +

4p4m−3) =
6∑

j=1
ordu C[ j, j], in particular the matrix C is not faithfully dominated by the diagonals.

However, a look into the Serre dual of Xm will come to rescue for this example. Recall that τ2 ∈ Gal(F/Qp)
is the involution on F, and the p-adic CM type Φ satisfies Φ

∐
Φ ◦ τ2 = Hom(F,Qp). Let ρ : OF → End(Xm)

be the OF-structure on Xm, if we define the OF-linear structure ρ∗ : OF → End(X∨m) on the Serre dual X∨m by
ρ∗(x) = ρ(ι(x))∨, thenXm andX∨m are both OF-linear with the same p-adic CM type. Since the OF-isomorphism
class of OF-linear CM p-divisible groups over R is uniquely determined by the p-adic CM type (see [5] (3.1.3)),
we know Xm and X∨m are OF-linearly isomorphic.

For a finite locally free pm-torsion subgroup scheme G of Xm, denote the Cartier dual (Xm[pm]/G)∨ by G⊥;m;
it is a finite locally free pm-subgroup scheme of X∨m. In our example 2.10.3, take m = 2, let G = GA be the finite
locally free p2-torsion subgroup scheme associated to A, then one can check G⊥;2 is a cyclic group of order p2;
in particular, it is associated with a subgroup A′ with p-rank 1. Hence we can apply Theorem 2.3 to G⊥;2 in X∨,
and deduce that G⊥;2

k is not OF-stable. That implies Gk is not OF-stable, too. Thus, we can take a detour via the
Serre dual X∨ and reduce to the solved case. To prove Theorem 2.3 in the general case when G = GA where the
p-rank of A is equal to 3, we need more explicit information on G⊥;m. This will constitute the next subsection.

2.11. The Serre dual. Recall from (2.6) that the Kisin module Mm attached to Xm is � W(k)[[u]][π]/(π2 −

εp)e1 ⊕ W(k)[[u]][π]/(π2 − εσp)e2, and φm(e1) = τ2(h2m(u))e2, φm(e2) = τ1(h2m(u))e1, where τ1 (resp. τ2)
is the W(k)[[u]]-isomorphism from F · B(k)[[u]] = B(k)[π0]/(π2

0 − εp)[[u]] to B(k)[π]/(π2 − εp)[[u]] (resp.
B(k)[π]/(π2 − εσp)[[u]]) by sending π0 to π (resp. λ−1π). Let g1(u), g2(u) be the polynomial in W(k)[u] such
that h2m(u) = g1(u) + π0g2(u). Then in matrix form we can write

φMm(e1, πe1, e2, πe2) = (e1, πe1, e2, πe2)


g1(u) −εpg2(u)
−g2(u) g1(u)

g1(u) −εσpλ−1g2(u)
−λ−1g2(u) g1(u)


The Kisin module attached to X∨ is M∨m = HomW(k)[[u]](Mm,W(k)[[u]]). If we denote the dual basis of
{e1, πe1, e2, πe2} by {e∨1 , (πe1)∨, e∨2 , (πe2)∨}, then φM∨m(e∨1 , (πe1)∨, e∨2 , (πe2)∨) is given by

(e∨1 , (πe1)∨, e∨2 , (πe2)∨) ·
1
−ε


g1(u) g2(u)
εpg2(u) g1(u)

g1(u) λ−1g2(u)
εσpλ−1g2(u) g1(u)


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Here recall that −εp is the constant term of the Eisenstein polynomial Em(u). Take µ ∈ W(k)× such that
µσ−1 = −ε−1. Define

ê1 := µ(πe1)∨, πê1 := −µe∨1 , ê2 := µ(πe2)∨, πê2 := −µe∨2
then M∨ = W(k)[[u]][π]/(π2 − εp)ê1 ⊕ W(k)[[u]][π]/(π2 − εσp)ê2, with φM∨ ê1 = τ2(h2m(u))ê2, φM∨ ê2 =

τ1(h2m(u))ê1. If we twist the natural OF-structure on M∨m by ι, i.e., define a · e1 = ae1, a · e2 = aσe2 for
a ∈ W(Fp2), and π0 · ei = −πei for i = 1, 2, then the mapping that sends ei to êi is an OF-linear isomorphism of
Kisin modules fromMm toM∨m. The natural W(k)[[u]]-bilinear pairing 〈, 〉 : Mm ×M

∨
m → W(k)[[u]] is a perfect

pairing that is compatible with the OF-structures, i.e., 〈x · v,w〉 = 〈v, x · w〉 for x ∈ OF , v ∈ Mm, and w ∈ M∨m.
The pairing 〈, 〉 : Mm ×M

∨
m → W(k)[[u]] naturally extends to (Q ⊗Z Mm) × (Q ⊗Z Mm) → B(k)[[u]]. For

any positive integer n, it induces a pairing 〈, 〉n : p−nMm/Mm × p−nM∨m/M
∨
m → p−nW(k)[[u]]/W(k)[[u]], by

defining 〈v,w〉n := pn〈v,w〉. If N is the finite Kisin module attached to a finite locally free pn-torsion subgroup
scheme G of X, then its orthogonal complement N⊥;n is the finite Kisin module attached to G⊥;n (see the end of
Example (2.10.3) for the definition of G⊥;n). The following lemma allows us to extract the information of N⊥;n

from N, and vice versa.

Lemma 2.11.1. Let D be a positive integer, and l be an integer between 1 and 2n. Assumptions and notations
on N and N⊥;n are as above.

(a) If N ≡ π−lMm/Mm mod ordu ≥ D, then N⊥;n ≡ π−(2n−l)M∨m/M
∨
m mod ordu ≥ D; and vice versa.

(b) If N ≡ π−lMm/Mm + W(k)[[u]] ·
2∑

i=1
µiπ
−(l+1)
i ei mod ordu ≥ D with µi ∈ W(k)[[u]]×, then N⊥;n ≡

π−(2n−1−l)M∨m/M
∨
m +

2∑
i=1
µ̂iπ
−(2n−l)
i êi mod ordu ≥ D, where µ̂i ∈ W(k)[[u]]× satisfy λµ1µ̂1 + µ2µ̂2 ≡ 0 mod u;

and vice versa.

Proof. First look at (a). Let Mm be the Dieudonne module attached to X = (Xm)k. The Dieudonne module
attached to Gk is π−lMm/Mm, so the Dieudonne module associated to G⊥;n

k is the orthogonal complement of
π−lMm/Mm under the induced pairing p−nMm/Mm × p−nM∨m/M

∨
m → p−nW(k)/W(k), which is easily seen to

be π−(2n−l)M∨m/M
∨
m. Therefore for π− j

i êi with i = 1, 2 and j = 1, 2, · · · , 2n − l, there exist their lifts in N⊥;n in

the forms of vi, j = π
− j
i êi +

2∑
s=1

2n∑
r=2n−l+1

hi, j,s,rπ
−r
s ês, where hi, j,s,r ∈ uW(k)[[u]]. Because they are orthogonal to

N, for each i′ = 1, 2 and j′ = 1, 2, · · · , l, the pairing 〈π− j′

i′ ei′ , vi, j〉n ≡ 0 mod ordu ≥ D. Take j′ = 1, this
implies ordu hi, j,s,2n ≥ D. Take j′ = 2, 3, · · · , l inductively, we deduce that ordu hi, j,s,r ≥ D for all i, j, s, r. This
proves (a). (b) can be proved in the same way, only to notice that under our definitions of ê1 and ê2, we have
〈π−(l+1)

1 e1, π
−(2n−l)
1 ê1〉 = λ〈π−(l+1)

2 e2, π
−(2n−l)
2 ê2〉 , 0. �

Proposition (2.11.1) has the following immediate corollary:

Corollary 2.11.2. If X[πi] is contained in Gk with index p, then X[π2n−1−i] is contained in G⊥;n
k with index

p, and vice versa. If that is the case, let δi(Gk) and δ2n−1−i(G
⊥;n
k ) be the classes of Gk and G⊥;n

k in L, then
δi(Gk) = λδ2n−1−i(G

⊥;n
k ). In particular, δi(Gk) = [1] or [λ] if and only if δ2n−1−i(G

⊥;n
k ) = [1] or [λ]. �

If we define v̂ := τ2(h(2m−1)(u))φτ1(h(2m−1)(u))ê1 + τ1(h(2m−1)(u))φτ2(h(2m−1)(u))ê2, then all the solutions
x ∈ p−mM∨m/M

∨
m to φM∨m(x) = 1

−ε Em(u)x have the form η · v̂, η ∈ p−mOF/OF . For any subgroup A of p−mOF/OF ,

define N̂A
0

:= W(k){η · v̂|η ∈ A}, and N̂A := N̂A
0
∩ p−mM∨m/M

∨
m. Let ĜA be the associated finite locally free

subgroup scheme of X∨m, then they enumerate all pm-torsion finite locally free subgroup schemes when A runs
over subgroups of p−mOF/OF . Now supppose n ≤ m, A is a subgroup of p−nOF/OF , and NA,GA are the
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corresponding pn-torsion finite Kisin modules and finite locally free subgroup schemes of Xm. The definition
below provides a direct and concrete way to write down the subgroup p−nOF/OF attached to N⊥;n and G⊥;n.

Definition 2.11.3. Define a symmetric Qp-pairing on F as follows:

〈a + bπ, c + dπ〉 := (ad + bc) + (ad + bc)σ, a, b, c, d ∈ B(Fp2)

It induces a symmetric pairing p−nOF/OF × p−nOF/OF → p−nZ/Z:

〈a + bπ, c + dπ〉n := pn((ad + bc) + (ad + bc)σ)

For any subgroup A ⊂ p−nOF/OF , let A⊥;n be its orthogonal complement.

Under the definitions above, when n ≤ m one can check (NA)⊥;n = N̂A⊥;n , and hence G⊥;n
A = ĜA⊥;n . Moreover,

the following proposition illustrates the relation between the structure of A and A⊥;n; we leave the details to
readers.

Definition 2.11.4. Suppose A ⊂ p−nOF/OF is a subgroup. for all positive integers i, denote the kernel of

A
πi

−→ A by A[πi]. For i = 1, 2, · · · , 2n, define

Ri(A) := dimFp A[πi]/A[πi−1]

Since dimFp π
−i
0 OF/π

−(i−1)
0 OF = 2, we know Ri(A) can only take value 0, 1, or 2.

Proposition 2.11.5. Suppose A is a subgroup of p−nOF/OF . Then we have:

(a) If A �
4∏

i=1
Z/pni with 0 ≤ ni ≤ n, then A⊥;n �

4∏
i=1
Z/pn−ni .

(b) Ri(A⊥;n) + R2n+1−i(A) = 2 for all i = 1, 2, · · · , 2n. �

Now we can prove Theorem 2.3 for GA in the case when A � Z/pi ×Z/pi ×Z/p j ⊂ p−mOF/OF , where i ≥ j.
In fact, by Proposition 2.11.5 we know A⊥;i � Z/pi × Z/pi− j has p-rank at most 2, hence Theorem (2.3) for
GA follows from Proposition (2.10.1) and Corollary (2.11.2). Explore this idea further we will be able to prove
Theorem 2.3 for GA in the general case when the p-rank of A is equal to 3 in the next subsection.

2.12. The proof of Theorem (2.3) in the general case. Suppose G = GA is a finite locally free pm-torsion

subgroup scheme of X, and A =
3∏

i=1
〈ηi〉, where ηi ∈ (p−miOF/OF)\(p−(mi−1)OF/OF) with m1 ≥ m2 ≥ m3 ≥ 1.

Suppose #A = pt, so t = m1 + m2 + m3. Let αi ∈ W(Fp2)× and βi ∈ W(Fp2) be the elements such that
ηi = p−mi(αi + π0βi) or p−miπ0(αi + π0βi), depending on whether ν(ηi) = −2mi or −2mi + 1.

By the argument at the end of the previous subsection, we may assume m1 > m2. We may also assume that
X[π] * G, otherwise the isogeny X → X/G factors through X

π
−→ X and we may reduce to a subgroup scheme

with a smaller order. This assumption translates into R1(A) < 2. Because we have assumed the p-rank of A is 3
and the p-rank is equal to R1(A) + R2(A), we deduce that R1(A) = 1 and R2(A) = 2.

Definition 2.12.1. Assumptions on A are as above. Define L(A) := 4m − 2 + ν(η1) + d t+1
2 e, and D(A) := d(pL(A) − pL(A)−1) if ν(η1) = −2m1 + 1 and m1 = m2 + m3

d(pL(A)+1 − pL(A)) otherwise
.

Proposition 2.12.2. Assumptions on A are as in the beginning of the subsection. Then:
(a) If t = 2n, then there exists w(r)

s ∈ NA for s = 1, 2 and r = 1, 2, · · · , n, such that ordu (w(r)
s − π

−r
s ei) ≥ D(A).

(b) If t = 2n+1, then there exists w ∈ NA such that w ≡ π−(n+1)
1 α1e1+(−1)cπ−(n+1)

2 ασ1 λ
2m1+ν(η1)e2 mod ordu ≥

d(pL(A)+1 − pL(A)), where c = [−ν(η1)−n
2 ].
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Before we prove Proposition 2.12.2, we first explain how to deduce Theorem 2.3(1) from it under the assump-
tion on A as in the beginning of the subsection. It suffices to prove (2.6)(a) and (b). When m1 ≥ m2 + m3, they
follow immediately from Proposition 2.12.2; see the argument after Proposition (2.10.1). In general we prove
by induction on m3. When m3 = 1, since we have assumed m1 > m2, we always have m1 ≥ m2 + 1 = m2 + m3.
Suppose m3 ≥ 2 and we have proved the theorem for smaller m3. We may assume m1 ≤ m2 + m3 − 1. Then
A⊥;m1 � Z/pm1 × Z/pm1−m3 × Z/pm1−m2 by Proposition 2.11.5. But now m1 − m2 < m3, hence (2.6)(a) and (b)
follows from induction hypothesis and Corollary (2.11.2), and Theorem 2.3 is proved.

In the rest of this subsection we prove Proposition 2.12.2. Once (a) is proved, for (b) one can construct w
by knocking out the unwanted entries in the presentation of η1 · v by using the constructed lifts of π−r

s es, where
s = 1, 2 and r = 1, 2, · · · , n. The argument is similar to that in the proof of Proposition 2.10.1 (b) and is left as
an exercise.

Now we look at Proposition 2.12.2 (a). We point out that it suffices to prove the case when m1 = m2 + m3. In
fact, suppose m1−2 ≥ m2 +m3 and we have proved the claim for (m1−2,m2,m3). Let A′ := 〈p2η1〉×〈η2〉×〈η3〉,
then we have already produced w(r)

i ∈ NA′ ⊂ NA for i = 1, 2 and r = 1, 2, · · · , n − 1 by induction hypothesis.

Define v∗1 := η1 · v −
2∑

s=1

n−1∑
r=1

v[η1, r, s]w(r)
s , v∗2 := pη1 · v −

2∑
s=1

n−1∑
r=1

v[pη1, r, s]w(r)
s , then v∗1, v

∗
2 ∈ NA and

v∗1 ≡
2∑

s=1

2m1∑
r=n

v[η1, r, s]π−r
s es, v∗2 ≡

2∑
s=1

2m1−2∑
r=n

v[pη1, r, s]π−r
s es mod ordu ≥ D(A′)

Define w(1)
1 := (v[pη1, n, 2]v[η1, n, 1]−v[η1, n, 2]v[pη1, n, 1])−1(v[pη1, n, 2]v∗1−v[η1, n, 2]v∗2). One can check that

v[pη1, n, 2]v[η1, n, 1] − v[η1, n, 2]v[pη1, n, 1] is a unit in W(k)((u)) and has order d(p4m−2+ν(η1)+n + p4m+ν(η1)+n).
Since ordu v[pη1, n, 2] ≥ ordu v[η1, n, 2] ≥ dp4m−2+ν(η1)+n, and−(d(p4m−2+ν(η1)+n+p4m+ν(η1)+n))+dp4m−2+ν(η1)+n+

D(A′) ≥ D(A), we deduce that

w(1)
1 ≡ (v[pη1, n, 2]v[η1, n, 1] − v[η1, n, 2]v[pη1, n, 1])−1(v[pη1, n, 2]

2∑
s=1

2m1∑
r=n

v[η1, r, s]π−r
s es

−v[η1, n, 2]
2∑

s=1

2m1−2∑
r=n

v[pη1, r, s]π−r
s es) mod ordu ≥ D(A)

and it is routine to check that the right hand side is further congruent to π−n
1 e1 modulo ordu ≥ D(A). Similarly

we can construct w(n)
2 ∈ NA such that w(n)

2 ≡ π−n
2 e2 mod ordu ≥ D(A), too. Thus the claim in Proposition

2.12.2 (a) for (m1,m2,m3) will be proved.
Therefore now we are reduced to the case when m1 = m2 + m3. We divide the situation into the case when

ν(η1) = −2m1 and ν(η1) = −2m1 + 1. We first assume ν(η1) = −2m1.
Prove by induction on m3. First suppose m3 = 1, so m1 = m2 + 1. Define A1 := 〈pη1〉 × 〈η2〉 × 〈η3〉 and

A2 := 〈η1〉 × 〈η2〉. They are both subgroups of index p in A. We will produce two vectors v′1 and v′2 from NA1

and NA2 , respectively, and then produce the desired w(n)
1 and w(n)

2 by a linear combination of v′1 and v′2.
By Proposition 2.11.5 (1), A⊥;m2

1 = 〈η̂1〉 × 〈η̂2〉, with η̂1 ∈ (p−m2OF/OF)\(p−(m2−1)OF/OF) and η̂2 ∈

(p−(m2−1)OF/OF)\(p−(m2−2)OF/OF). Moreover, by Proposition 2.11.5 (2) we know R2m2(A⊥;m2
1 ) = 2−R1(A1) =

1, so ν(η̂1) = −2m2. Write η̂1 = p−m2(α̂1 + π0β̂1), where α̂1 ∈ W(Fp2)×, β̂1 ∈ W(Fp2).
Since the p-rank of A⊥;m2

1 is 2, by Proposition 2.10.1, we deduce that N̂A⊥;m2
1
≡ π−(m2−1)M + W(k)[[u]] ·

(π−m2
1 α̂1ê1+(−1)c1π−m2

2 α̂1
σê2) mod ordu ≥ D(A⊥;m2

1 ), where c1 = [−ν(η̂1)−(m2−1)
2 ]. By Lemma 2.11.1 we deduce

there exists v′1 ≡
2∑

i=1
xiπ
−(m2+1)
i ei mod ordu ≥ D(A⊥;m2

1 ), where xi ∈ W(k)[[u]]× such that λx1α̂1+(−1)c1 x2α̂1
σ
≡

0 mod u.
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On the other hand, since the p-rank of A2 is 2, by Proposition 2.10.1 we deduce there exists v′2 ≡ π
−(m2+1)
1 α1e1+

(−1)c2π−(m2+1)
2 ασ1 e2 mod ordu ≥ D(A2), where c2 = [−ν(η1)−m2

2 ]. Note that L(A) = L(A2) = 4m − 3 − m2 =

L(A⊥;m2
1 ) − 1, so D(A2),D(A⊥;m1

1 ) ≥ D(A). One can check that the determinant of

 x1 x2

α1 (−1)c2ασ1

 is a unit in

W(k)[[u]], therefore by a linear combination of v′1, v
′
2 we can produce w′1 and w′2 in NA such that w′i ≡ π

−(m2+1)
i ei

mod ordu ≥ D(A). This finishes the proof when m3 = 1.
Now suppose m2 ≥ 2, m1 = m2 + m3 and we have proved Proposition 2.12.2 for a smaller m3. Define

A1 := 〈p2η1〉 × 〈η2〉 × 〈η3〉, by Proposition 2.11.5 (a) we know A⊥;m1−2
1 = 〈η̂1〉 × 〈η̂2〉 × 〈η̂3〉, and if we

assume η̂i ∈ (p−m′iOF/OF)\(p−(m′i−1)OF/OF), then m′1 = m2 + m3 − 2, m′2 = m2 − 2, m′3 = m3 − 2. By
Proposition 2.11.5 (b) we know ν(η̂1) = −2(m2 + m3 − 2) = −2(n − 2). By the induction hypothesis, we know
̂N
A⊥;(m1−2)

1
reduces to π−(n−3)M∨1 ⊕ π

−(n−3)M∨2 modulo u, hence as its orthogonal complement under the Weil

pairing p−(n−2)Mm/Mm × p−(n−2)M∨/M∨m → p−(n−2)W(k)[[u]]/W(k)[[u]], there exists w(r)
s ∈ NA1 for s = 1, 2

and r = 1, 2, · · · , n − 1, such that w(r)
s = π−r

s es +
2∑

i=1

2n−4∑
j=n

π
− j
i hi, j,r,sei, with hi, j,r,s ∈ uW(k)[[u]].

Define A2 := 〈p2η̂1〉 × 〈η̂2〉 × 〈η̂3〉 ⊂ A⊥;m1−2
1 . Then by induction hypothesis we know there exists ŵ(l)

k ∈ N̂A2

for k = 1, 2 and l = 1, 2, . . . , n − 4 such that ŵ(l)
k ≡ π

−l
k êk mod ordu ≥ D(A2). Since the ŵ(l)

k ’s are orthogonal to

the wr
s’s, by computing 〈w(r)

s , ŵ
(l)
k 〉m1−2 inductively for l = 1, 2, · · · , n − 4, we can deduce ordu hi, j,r,s ≥ D(A2) =

d(p4m+3−n − p4m+2−n) for n + 1 ≤ j ≤ 2n − 4 and all i, r, s.

Since η̂1 · v̂ =
2∑

i=1

2n−4∑
j=1

π
− j
i v[η̂1, j, i]êi is also orthogonal to w(r)

s , and ordu v[η̂1, j, i] ≥ dp4m+1−n when j ≥ n− 1,

so when r ≤ n − 2 we can deduce
2∑

i=1
〈v[η̂1, n − 3, i]π−(n−3)

i êi, hi,n,r,sπ
−n
i ei〉m2−2 ≡ 0 mod ordu ≥ dp4m+1−n

Similarly if we consider the pairing between pη̂1 · v̂ and w(r)
s when r ≤ n − 2, we get

2∑
i=1
〈v[pη̂1, n − 3, i]π−(n−3)

i êi, hi,n,r,sπ
−n
i ei〉m2−2 ≡ 0 mod ordu ≥ d(p4m+3−n − p4m+2−n)

Because 〈π−(n−3)
1 ê1, π

−n
1 e1〉 = λ〈π−(n−3)

2 ê2, π
−n
2 e2〉, if we denote

 λv[η̂1, n − 3, 1] v[η̂1, n − 3, 2]
λv[pη̂1, n − 3, 1] v[pη̂1, n − 3, 2]

 by T , then

we can write the equations in matrix form as

T

 h1,n,r,1 h1,n,r,2

h2,n,r,1 h2,n,r,2

 =

 x11 x12

x21 x22


with ordu x11, ordu x12 ≥ dp4m+1−n, and ordu x21, ordu x22 ≥ d(p4m+3−n−p4m+2−n). Then by a direct computation
of T−1 one can deduce that ordu hi,n,r,s ≥ d(p4m+1−n − p4m−1−n) for all i, s, and r ≤ n − 2.

When r = n − 1, we will have h1,n,n−1,1 h1,n,n−1,2

h2,n,n−1,1 h2,n,n−1,2

 ≡ T−1

 λv[η̂1, n − 2, 1] v[η̂1, n − 2, 2]
λv[pη̂1, n − 2, 1] v[pη̂1, n − 2, 2]


mod ordu ≥ d(p4m+1−n − p4m−1−n)

Now we consider the following elements in NA1 :

v1 = η1 · v, v2 = pη1 · v, v2k+1 = w(n−k)
1 , v2k+2 = w(n−k)

2 , for k = 1, 2, · · · , n − 1
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If we follow the linear algebra approach in 2.9 with the presentations vi =
2∑

s=1

2n∑
r=1

vi,r,sπ
−r
s es:

v1 =

2∑
s=1

2n∑
j=1

v[η1, j, s]π− j
s es, v2 =

2∑
s=1

2n−2∑
j=1

v[pη1, j, s]π− j
s es,w

(r)
s = π−r

s es +

2∑
i=1

2n−4∑
j=n

π
− j
i hi, j,r,sei

we will form the 2n × 2n matrix:

C ≡



v[η1, n, 1] v[pη1, n, 1] h1,n,n−1,1 h1,n,n−1,2 0 · · · 0
v[η1, n, 2] v[pη1, n, 2] h2,n,n−1,1 h2,n,n−1,2 0 · · · 0

v[η1, n − 1, 1] v[pη1, n − 1, 1] 1
v[η1, n − 1, 2] v[pη1, n − 1, 2] 1

...
... 1

v[η1, 1, 1] v[pη1, 1, 1]
. . .

v[η1, 1, 2] v[pη1, 1, 2] 1


mod ordu ≥ d(p4m+1−n − p4m−1−n)

By Lemma (2.9.1), it suffices to show det C is a unit in W(k)((u)), and ordu (det C)−1Ck,lvl,r,s ≥ D(A) =

d(p4m−1−n − p4m−2−n) for k = 1, 2, l = 1, 2, · · · , 2n, r = n + 1, n + 2, · · · , 2n, and s = 1, 2.
With the given form for the matrix C, det C is equal to the determinant of the following 2 × 2 matrix:

C0 :=

 v[η1, n, 1] v[pη1, n, 1]
v[η1, n, 2] v[pη1, n, 2]

 −  h1,n,n−1,1 h1,n,n−1,2

h2,n,n−1,1 h2,n,n−1,2

  v[η1, n − 1, 1] v[pη1, n − 1, 1]
v[η1, n − 1, 2] v[pη1, n − 1, 2]


One can check

det C ≡ ε2n−1(α̂1+σ
1 λ(yn−1zn−3 − zn−1yn−3))−1(λα1α̂1yn−3yn−2 + ασ1 α̂

σ
1 zn−3zn−2)·

(λα1α̂1yn−1yn + ασ1 α̂
σ
1 zn−1zn) mod ordu > d0(p−(n−2) + p−n)

By Proposition 2.7.3, the three factors above (yn−1zn−3 − zn−1yn−3)−1, (λα1α̂1yn−3yn−2 + ασ1 α̂1
σzn−3zn−2), and

(λα1α̂1yn−1yn +ασ1 α̂1
σzn−1zn) are all units in W(k)((u)), with orders equal to −d(p4m+1−n + p4m−1−n), d(p4m+1−n +

p4m−n), and d0(p4m−1−n + p4m−2−n), respectively. So we have proved det C is a unit in W(k)((u)) with order equal
to d0(p4m−n + p4m−2−n).

The cofactors Ck,l for k = 1, 2 and l = 1, 2 are equal to the four entries of the 2× 2 matrix C0. One can check
by a direct computation of C0 to see ordu C1,1, ordu C2,1 ≥ dp4m−n, and ordu C1,2, ordu C2,2 ≥ dp4m−2−n.

Now suppose k = 1, 2, r ≥ n + 1 and s = 1, 2, we have ordu v1,r,s ≥ dp4m−1−n and ordu v2,r,s ≥ dp4m+1−n from
the definition of the presentations, then ordu (det C)−1Ck,1v1,r,s ≥ d(p4m−1−n−p4m−2−n), ordu (det C)−1Ck,2v2,r,s ≥

d(p4m+1−n − p4m−n). On the other hand, when l ≥ 3, ordu vl,r,s ≥ d(pL(A2)+1 − pL(A2)) = d(p4m+3−n −

p4m+2−n), hence ordu (det C)−1Ck,lvl,r,s ≥ d0(p4m+3−n − p4m+2−n − p4m−n − p4m−2−n). Thus in total we have
ordu (det C)−1Ck,lvl,r,s ≥ d(p4m−1−n − p4m−2−n) for all k = 1, 2, l = 1, 2, · · · , 2n, r = n + 1, n + 2, · · · , 2n, and

s = 1, 2. This means w(n)
k :=

2n∑
l=1

(det C)−1Ck,lvl ∈ NA satisfies ordu (w(n)
k − π

−n
k ek) ≥ d(p4m−1−n − p4m−2−n) by

Lemma (2.9.1). That lower bound is exactly equal to D(A), thus Proposition 2.12.2 is proved in the case when
ν(η1) = −2m1.

Finally we are left with the case when ν(η1) = −2m1 + 1. We still prove by induction on m3. Now m1 + m2 +

m3 = 2n is even, and m1 = m2+m3. Since we have assumed R1(A) = 1, this means we may assume ν(ηi) = −2mi

for i = 2, 3. Pick η∗i ∈ p−mOF/OF such that πη∗i = ηi and define A∗ := 〈η∗1〉 × 〈η
∗
2〉 × 〈η

∗
3〉; the orders of the three

factors are equal to m1,m2 +1,m3 +1, respectively. By Proposition 2.11.5 we know (A∗)⊥;m1 = 〈η̂∗1〉×〈η̂
∗
2〉×〈η̂

∗
3〉
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with the orders of the three factors equal to m1,m1 − m3 − 1 = m2 − 1, and m1 − m2 − 1 = m3 − 1. Moreover,
since R2m1((A∗)⊥;m1) = 2 − R1(A∗) = 0, we deduce that ν(η̂∗1) = −2m1 + 1.

When m3 ≥ 2, the induction hypothesis guarantees the existence of ŵ∗(r)
s ∈ ̂N(A∗)⊥;m1 for s = 1, 2 and

r = 1, 2, · · · , n − 1. such that ordu (ŵ∗(r)
s − π−r

i ei) ≥ D((A∗)⊥;m1). Note that m1 ≥ (m2 − 1) + (m3 − 1) + 2,
so D((A∗)⊥;m1) = d0(p4m−1−n − p4m−2−n) = D(A). When m3 = 1, the p-rank of (A∗)⊥;m1 is equal to 2 and

Proposition 2.10.1 also implies the existence of such ŵ∗(r)
i . Then by Lemma 2.11.1 there exists w∗(r)

s ∈ NA∗ for
s = 1, 2 and r = 1, 2, · · · , n + 1, such that w∗(r)

s ≡ π−r
s es mod ordu ≥ D(A). Since NA = π · NA∗ , the proof of

Proposition 2.12.2 is completed.

2.13. A final remark. Let R runs over the finite extensions of R0, it is unexpected from Theorem (2.3) that
whether the reduction of a finite locally free subgroup scheme G in XR is OF-stable is completely determined
by its order. We finally comment that if we have known Theorem (2.3)(1)(b) for all odd positive integers t, then
there is in fact a simple proof to deduce Theorem (2.3)(1)(a) for all even positive integers t.

Since the reflex field of the p-adic CM type (F,Φ) is equal to F = B(Fp2)[π0]/(π2
0 − εp) itself, there exists an

OF-linear CM p-divisible group Y over OF with p-adic CM type Φ, such that the associated Galois representa-
tion ρ : Gal(Fab/F)→ O×F carries Iab

F onto the image of ρ; see [2](3.7.3). This implies any pi-torsion geometric
point on Y is rational over a totally ramified extension Fi over F. Let Y := YFp2 . Since YR0 is OF-linearly
isomorphic to X, it suffices to prove for every finite totally ramified extension E of F and every finite locally
free subgroup scheme G of YOE such that #G = p2n, the closed fiber G := Gk is equal to Y[πn].

We prove by induction on n. Suppose we have proved for all smaller n’s. Take a filtration G2 ⊂ G1 ⊂ G

such that the rank of G/G1 and G1/G2 are both equal to p. Denote Gi as the closed fiber of Gi. By induction
hypothesis we may assume G2 = Y[π−(n−1)]. Note that Y/G2 is OF-linearly isomorphic to Y . The subgroup
G1/G2 ⊂ Y/G2 has order p, and since Y/G2 � Y is local-to-local type we know G1/G2 � αp. We have
seen the Dieudonne module attached to Y/G2 is OF-linearly isomorphic to M = W(Fp2)[π]/(π2 − εp)e1 ⊕

W(Fp2)[π]/(π2 − εσp)e2, where the OF-structure is defined by a · e1 := ae1, a · e2 := aσe2 for a ∈ W(Fp2), and
π0 · ei := πei. The OF-linear Frobenius and Verschiebung maps are defined by Fe1 = −ε−1λ−1πe2,Ve1 = −πe2,
and Fe2 = −ε−1πe1,Ve2 = −λ−σπe1. The Dieudonne module M′ attached to X/G1 is equal to M + W(k) · x,
where x ∈ p−1M/M. It is easy to check a(M) = 2. We claim the Dieudonne module M′ is OF-stable if and only
if a(M′) = 2. In fact, to make Fx ∈ M′ we must have x ≡ π−1(x1e1 + x2e2) mod M with x1, x2 ∈ Fp2 , then

Fx ≡ −(ε−1xσ2 e1 + ε−1λ−1xσ1 e2),V x ≡ −(λ−σx−σ2 e1 + x−σ1 e2) mod πM1 ⊕ πM2

It is clear that a(M′) = 2 if and only if Fx and V x mod p are linearly dependent over Fp2 modulo πM1 ⊕ πM2.

This is further equivalent to the degeneracy of the 2 × 2 matrix

 ε−1xσ2 ε−1λ−1xσ1
λ−σx−σ2 x−σ1

. Note that xi ∈ Fp2 ,

hence xσi = x−σi . The determinant is therefore equal to ε−1(x1x2)σ(1 − λ−σ−1) = 2ε−1(x1x2)σ, since λ−σ−1 =

ε−
p2−1

2 = −1. Thus a(M′) = 2 if and only if x1 = 0 or x2 = 0, which is clearly equivalent to saying M′ is
OF-stable.

As a result, since the order of G1 is an odd power of p, by our assumption we have known G1 is not OF-
stable. Hence a(M′) = 1. As a result, there is a unique Dieudonne module M′′ ⊃ M′ with length M′′/M′ = p,
which is necessarily the Diedonne module attached to Y/G2. But M′′ := π−1M � M obviously satisfies that
condition, hence G/G2 = (Y/G2)[π], G = Y[πn].
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3. S CM    - CM         

3.1. Examples of non-potentially-liftable subgroups. Let F be a p-adic local field. Let n be the inertia degree
of F, Φ be a p-adic CM type for F, F′ be the reflex field. Let X be the (unique) OF-linear CM p-divisible group
over OF′·B(k) with p-adic CM type Φ. In [5] we considered the examples where Φ is induced from a p-adic CM
type Φ′ for Fur, such that Φ′ has the form {i0, i0 ◦σ, · · · , i0 ◦σa} for some i0 ∈ Hom(Fur,Qp) and 1 ≤ a ≤ n−1.
In these examples, the reflex field F′ = Fur. It was proved in [5] (Thm. 6.1) that every OF-stable subgroup
G of Xk is potentially liftable. As a corollary, every OF-linear CM p-divisible group Y over k of dimension ae
admits an F-linear CM lifting to characteristic 0 with p-adic CM type Φ.

For other p-adic CM types Φ, this potential liftability result on OF-stable subgroups of Xk may fail to hold.
We have seen such examples in §2 and §4 of [5]. We showed that for a p-adic CM type (F,Φ), if we denote
the residue field of the reflex field by κF′ , then a potentially liftable OF-stable subgroup of Xk descends to an
OF-stable subgroup of XκF′ . As a corollary, if κF′ is “small”, i.e., κF′ does not contain κF , then there exist
non-potentially-liftable OF-stable subgroups of Xk.

In this subsection we give more examples of p-adic CM types (F,Φ), such that κF′ is not small, but there still
exist non-potentially-liftable OF-stable subgroups of Xk.

Example 3.1.1. Let F = B(Fp5). Identify Hom(F, B(k)) with {1, 2, 3, 4, 5} as Gal(F/Qp) � Z/5-torsors, and take
Φ := {2, 4}. Let π1 be a (p5 − 1)-th root of −p in Qp, and take E := B(k)(π1). Let X be the OF-linear CM

p-divisible group over OE with p-adic CM type Φ. By [5] (5.1), the attached Kisin moduleM �
5∑

i=1
W(k)[[u]]ei,

on which the action of OF on the i-th component is given by the i-th embedding, and φMei = ei+1 for i = 1, 3,
φMei = (p + up5−1)ei+1 for i = 2, 4, 5. By [2] (B.4), the Dieudonne module of the closed fiber is M/uM �
5∑

i=1
W(k)ei. If we denote W(k) · ei by Mi, then FMi = Mi+1 for i = 1, 3, FMi = pMi+1 for i = 2, 4, 5,

V Mi = pMi−1 for i = 2, 4, V Mi = Mi−1 for i = 1, 3, 5. By [5] (5.2) we know all the p-torsion points on XQp
are

rational over E, and the finite Kisin modules attached to finite locally free subgroup schemes of order p have
the form of W(k)((u)){η · v} ∩ p−1M/M, where η ∈ p−1OF/OF and

v := up4+p2
e1 + up3+1e2 + up4+pe3 + up2+1e4 + up3+pe5

By [2] (B.4), it is clear that the Dieudonne module of the closed fiber of every finite locally free subgroup
schemes of order p is equal to p−1M4/M4. On the other hand, one can check p−1M2/M2 is also OF-stable and
stable under F,V . However, the observation above implies that the corresponding OF-stable subgroup of Xk is
non-potentially-liftable.

Example 3.1.2. Let F = B(Fp3)[π]/(πe + p), where e ≥ 2 and we assume e|p3 − 1, so F/Qp is Galois. Identify
Hom(Fur, B(k)) with {1, 2, 3} as Gal(Fur/Qp) � Z/3-torsors. Let Res : Hom(F,Qp) → Hom(Fur, B(k)) be
the restriction map, let ϕ be an embedding of F in Res−1(3), and define Φ := Res−1({2, 3})\{ϕ}. Let h(x) :=
−πx+xp3

, let h(r)(x) be the r-th iteration of h(x), and hr(x) := h(r)(x)
h(r−1)(x) for all positive integers r. Let π1 be a root of

he(x) in Qp, and let E := B(k)(π1). The minimal polynomial of π1 over B(k) is E(u) =
∏

γ∈Gal(F·B(k)/B(k))
(γ∗he(x)),

its constant term is equal to p. Let E0(u) :=
∏

γ∈Gal(F·B(k)/B(k))
(γ∗h(e−1)(x)). Let X be the OF-linear CM p-divisible

group over OE with p-adic CM type Φ. By [5] (5.1), the attached Kisin moduleM �
3∑

i=1
W(k)[π][[u]]/(πe− p)ei,

where φMe1 = e2, φMe2 = he(u)e3, φMe3 = E(u)e1. By [2] (B.4), the Dieudonne module of the closed fiber is
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M/uM �
3∑

i=1
W(k)[π]/(πe + p)ei. If we denote W(k) · ei by Mi, then

FM1 = M2, FM2 = πM3, FM3 = pM1,V M1 = M3,V M2 = pM1,V M3 = πe−1M2

Let φ be the endomorphism on W(k)[π][[u]]/(πe + p) that induces σ on W(k), fixes π, and sends u to up. Let
v := E0(u)φ

2
h(e−1)(u)φe1 + E0(u)h(e−1)(u)φ

2
e2 + E0(u)φh(e−1)(u)e3. By [5] (5.2) we know all the p-torsion points

on XQp
are rational over E, and the finite Kisin modules attached to finite locally free subgroup schemes of

order p have the form of W(k)((u)){η · v} ∩ p−1M/M, where η ∈ p−1OF/OF .
Note that E0(u)(resp. h(e−1)(u)) is a monic polynomial of degree ep3(e−1) (resp. p3(e−1)) in W(k)[u] (resp.

W(k)[π][[u]]/(πe + p)). So v ≡ uep3e−1
h(e−1)(u)φe1 + uep3e−3

h(e−1)(u)φ
2
e2 + uep3e−2

h(e−1)(u)e3 mod p. By the defi-

nition of h(e−1)(u), one can check that there exist gi(u) ∈ OFur[u], such that h(e−1)(u) ≡
e−1∑
i=1

πigi(u) mod p, gi(u) ∈

OFur((u))×, and ordu gi(u) = p3e−3−3i. When η = π− j with 1 ≤ j ≤ e, we have π− j ·v ≡ π− j(uep3e−1 j−1∑
i=1

πigi(u)φe1 +

uep3e−3 j−1∑
i=1

πigi(u)φ
2
e2 + uep3e−2 j−1∑

i=1
πigi(u)e3) mod M.

(a) If e > p + 1, then one can check u−ep3e−3−p3(e− j)+2
(π− j · v) ≡ cπ−1e2 mod u, where c ∈ W(k)×. In particular,

the Dieudonne module of the closed fiber of the corresponding finite locally free subgroup scheme is equal to
π−1M2/M2, which corresponds to an OF-stable subgroup of X. We denote this subgroup of order p by G2.
Because for every η ∈ p−1OF/OF , there exists some 1 ≤ j ≤ e such that η differs from π− j by a unit in OF ,
this proves all finite locally free subgroup schemes of order p reduce to G2 over k. On the other hand, one can
check π−1M3/M3 is also stable under F,V and the OF-action. Let G3 be the corresponding subgroup of Xk. The
observation above implies that G3 is non-potentially-liftable.

(b) If e < p + 1, then u−ep3e−2−p3e−3
(π−1v) ≡ cπ−1e3 mod u, and u−ep3e−3−p2

(p−1v) ≡ c′π−1e2, where c, c′ ∈
W(k)×. Thus G2 and G3 are both potentially liftable.

The p-adic CM type in Example (3.1.2) can be viewed as a generalization of the p-adic CM type we consid-
ered in §6 of [5]. However, the example shows that a large ramification index of F increases the subtlety in the
CM lifting problem. Nevertheless, in the next subsection we will show that as long as the ramification index of
F is small (less than p − 1), we can still prove a result that is similar to [5] (Thm. 6.1).

3.2. Positive results on question (sCML). Let F be a p-adic local field, π be a uniformizer in OF , κF be its
residue field. Let n be the inertia degree of F, e be the ramification index of F. Suppose F0 is a subextension
in F/Fur such that e0 := [F0 : Fur] < p − 1. Define d0 := e/e0. Denote W(k)[x]/(xe0 − p) by R0. The fraction
field Frac R0 is the unique tamely ramified extension of B(k) with degree e0.

In this subsection we prove the following theorem:

Theorem 3.3. Let a be an integer such that 0 ≤ a ≤ n − 1, and t be an integer such that 0 ≤ t ≤ e0 − 1. Take
i0 ∈ Hom(Fur,Qp), and define Φ′′ := {i0, i0 ◦σ, · · · , i0 ◦σa−1} ⊂ Hom(Fur,Qp). Let Φ∗ be a set of t embeddings
of F0 into Qp that induce i0 ◦σa on Fur. Let Φ′ ⊂ Hom(F0,Qp) be the union of Φ∗ and the pullback of Φ′′. Let
Φ ⊂ Hom(F,Qp) be pullback of Φ′. Let X be the OF-linear CM p-divisible group over R0 with p-adic CM type
Φ. Then for every OF-stable subgroup G of Xk, there exists a finite extension R over R0, such that G lifts to a
finite locally free subgroup scheme of XR.

Remark 3.3.1. It suffices to prove Theorem (3.3) in the case when t ≥ 1 and F = F0. In fact, if t = 0 then
we are reduced to [5] Thm. (6.1). We may assume F = F0 because X is OF-linearly isomorphic to a Serre
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tensor construction from an OF0-linear CM p-divisible group over R0 with p-adic CM type Φ′. For details of
the argument, see the beginning of (6.6) in [5].

Theorem (3.3) has the following consequences:

Corollary 3.4. Notations as in (3.3). Then every OF-linear CM p-divisible group over k with dimension ae+td0

admits an F-linear CM lifting to characteristic 0 with p-adic CM type Φ.

Proof. Every OF-linear CM p-divisible group Y over k with dimension ae + td0 is L-linearly isogeneous to Xk,
hence there exists an OF-stable subgroup G of Xk such that Y is OF-linearly isomorphic to Xk/G. By Theorem
(3.3), there exists a finite extension R over W(k) and a finite locally free subgroup scheme G of XR, such that
Gk = G. Then XR/G is an F-linear CM lifting of Y with p-adic CM type Φ. �

Remark 3.4.1. In the context of question (LTI) for p-divisible groups (cf. [5](3.1.11)), Corollary (3.4) implies
LTI(F,Φ) = {the set of Lie types of dimension ae + td0}.

Corollary 3.5. We have the following positive results on (sCML):
(a) Let K0 be a p-adic local field with absolute ramification index e(K0) < p − 1, let K � K0 × K0. Then the

answer to question (sCML) relative to (K,K0) for p-divisible groups is affirmative.
(b) Let L be a CM field, and L0 be its maximal totally real subfield. If for every place v of L0 above p, v is

either inert in L, or split in L with absolute ramification index e(v) < p − 1, then for the CM field L the answer
to question (sCML) for abelian varieties is affirmative.

Proof. (b) follows from (a) and [5] (6.3(a)) by [5] (3.1.10), so it suffices to prove (a). Let n(K0) be the in-
ertia degree of K0. We mark the two K0-components of K by K0,1 and K0,2. Let ι be the K0-involution
on K such that ι flips the two components. The set of embeddings Hom(K,Qp) is naturally isomorphic to
Hom(K0,1,Qp)

∐
Hom(K0,2,Qp), and the involution ι interchanges between Hom(K0,1,Qp) and Hom(K0,2,Qp).

The set of embeddings Hom(Kur
0,1,Qp) is isomorphic to {1, 2, · · · , n(K0)} as Gal(Kur

0 /Qp) � Z/n-torsors. Take

a p-adic CM type for Kur
0,1 to be Φ′ := {1, 2, · · · , a − 1}. Take Φ∗ to be a set of t embeddings of K0,1 into Qp

such that they induce the a-th embedding on Kur
0,1. Let Φ be the p-adic CM type for K such that Φ is equal to

the union of Φ∗ and the pullback of Φ′.
Let Y be an OK-linear CM p-divisible group over k and suppose dim Y = [K0 : Qp] = n(K0)e(K0), as

in the assumption question (sCML) relative to (K,K0) for p-divisible groups; cf. [5] (3.1.8). The splitting
OK � OK0,1 × OK0,2 induces Y � Y1 × Y2, where Yi is an OK0,i-linear CM p-divisible group over k. The question
(sCML) is trivial if Y1 or Y2 is etale. From now on we assume dim Y1, dim Y2 > 0. Write dim Y1 as ae(K0) + t,
where 0 ≤ a ≤ n(K0) − 1 and 0 ≤ t ≤ e(K0) − 1. The dimension of the Serre dual Y∨2 is also equal to ae(K0) + t.
Therefore by Corollary (3.4), Y1 and Y∨2 both admit K0-linear CM liftings with p-adic CM type Φ. We denote
the liftings byY1 andY2, respectively. ThenY1 ×Y

∨
2 is a K-linear CM lifting of Y1 × Y2. The p-adic CM type

Φ̃ ofY1×Y
∨
2 is equal to Φ̃ := Φ

∐
(Φ◦ι)c, which is compatible with ι in the sense that Φ̃

∐
Φ̃◦ι = Hom(K,Qp).

This proves (a). �

Now we prove Theorem (3.3) under the assumption that t ≥ 1 and F = F0. There exists a finite extension
R1 over R0, such that the pn-torsion points on XQp

are rational over Frac R1. Let us recall from §5 of [5] the

construction of R1 and the Kisin module of XR1 . Let N be the smallest integer such that n|N and e0|
pN−1
pn−1 .

The field B(FpN ) · F0 � B(FpN )[π0]/(πe0
0 + p) is Galois over Qp, and it contains the reflex field of (F,Φ). Let

h(x) = −π0x + xpN
, and define h(r)(x) := h◦h◦ · · · ◦h to be the r-th iteration of h, hr(x) := h(r)(x)

h(r−1)(x) for all positive
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integers r as in the theory of Lubin-Tate formal group laws. Let πn be a root of hne0(x), let pn√
πn be a pn-th root

of πn. Define R1 := W(k)[ pn√
πn], and K1 := Frac R1. By [5] (5.2.7) all the pn-torsion geometric points on XQp

are rational over K1. We make the remark that in fact the pn-torsion points are already rational over B(k)(πn),
here we take a further pn-th root of πn for the convenience in the later computations.

The Eisenstein minimal polynomial of pn√
πn over B(k) is E(u) :=

∏
γ∈Gal(F0·B(k)/B(k))

(γ∗hne0)(upn
). The constant

term of E(u) is equal to p. Denote the natural restriction map from Hom(F,Qp) to Hom(Fur,Qp) by Res.
According to our definition of the p-adic CM type Φ for F, there exists an identification between Hom(Fur,Qp)
and {1, 2, · · · , n} as Gal(Fur/Qp) � Z/n-torsors, such that Φ = Res−1({2, 3, · · · , a + 1})

∐
Φ∗, where Φ∗ is a

subset of Res−1(a + 2). Choose an embedding i∗ ∈ Hom(F,Qp) such that ia+2 induces a + 2 on Fur. Define
S ∗ := {α ∈ Gal(K1/B(k))|α−1 ◦ i∗ ∈ Φ∗}. Define f (u) :=

∏
γ∈S ∗

(γ∗hne0)(upn
), f (u) := E(u)/ f (u). By [5] (5.2.7),

the Kisin module M attached to XR1 is isomorphic to
n⊕

j=1
W(k)[π0][[u]]/(πe0

0 + p)e j, on which φM(ei) = ei+1 if

1 ≤ i ≤ a, φM(ea+1) = f (u)ea+2, and φM(ei) = E(u)ei+1 if a + 2 ≤ i ≤ n.
The endomorphism φ on W(k)[[u]] extends on W(k)[π0][[u]]/(πe0

0 + p), such that φ|W(k) = σ, φ(π0) = π0, and
φ(u) = up. Define

f0(u) :=
∏
γ∈S

(γ∗h(ne0−1))(upn
)φ

N−n+φN−2n+···+φn+1, E0(u) :=
∏

γ∈Gal(F0·B(k)/B(k))

(γ∗h(ne0−1))(upn
)φ

N−n+φN−2n+···+φn+1

Then the pn-torsion points on XR1 are in one-to-one correspondence with {η · v|η ∈ p−nOF/OF}, where

v =
a+1∑
i=1

E0(u)φ
n−1+φn−2+···+φn−a−1+i+φi−2+φi−3+···+1 f0(u)φ

n−a−2+i
ei +

n∑
i=a+1

E0(u)φ
i−2+φi−3+···+φi−a−1

f0(u)φ
i−a−2

ei. For a sub-

group A of p−nOF/OF , define N0
A := W(k)((u)){η · v|η ∈ A}, NA := N0

A ∩ p−nM/M. Let GA be the fi-
nite locally free subgroup scheme associated to NA. When A runs over the finite subgroups of p−nOF/OF ,
GA enumerates all finite locally free pn-torsion subgroup schemes of XR1 . Denote NA/(NA ∩ up−nM/M) �
(NA + up−nM/M)/(up−nM/M) by NA mod u, then NA mod u is the Dieudonne module of the closed fiber of
GA.

3.6. Technical lemmas. We state a few properties on E0(u) and f0(u) in terms of their Newton polygons. For
the definition and basic properties of Newton polygons, see [5] (5.3). We take a valuation ν on B(k)[π0]/(πe0

0 +p)
such that ν(π0) = 1. Denote the Newton polygon of a polynomial g(u) by NP(g(u)). In general suppose K is
a field, for each formal power series g(x) ∈ K((x)), there exists a unique integer t such that g(x) = xtg0(x) and
g0(x) ∈ K[[x]]×. We define this integer t to be the order of g(x), denoted by ordu g(x), or simply ordu g for
short. We include a technical lemma from [5] as the reference of the future computations:

Lemma 3.6.1. Let F be a p-adic local field, and π be a uniformizer in OF . Suppose f (x) = xr f0(x), where r is
an integer and f0(x) is a monic polynomial with nonzero constant term. Let d = r + deg f0. Suppose the slopes

of Newton polygon NP( f ) are λ1 > λ2 > · · · > λr, with heights α1, α2, · · · , αr, respectively. Let s =
r∑

j=1
α j.

Then there exist gi(u) ∈ OFur[u] for i = 1, 2, · · · , s − 1 and gs(u) ∈ OF[u] such that:

(a) f (u) =
s∑

i=0
πigi(u);

(b) gi(u) ∈ OFur((u))× for i = 1, 2, · · · , s − 1, and gs(u) ∈ OF((u))×;
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(c) we have the following estimates on their orders:

ordu gi ≥ d +
k−1∑
j=1
λ−1

j α j + λ−1
k (i −

k−1∑
j=1
α j), if

k−1∑
j=1
α j < i <

k∑
j=1
α j, k = 1, 2, · · · , r

ordu gi = d +
k∑

j=1
λ−1

j α j, if i =
k∑

j=1
α j, k = 0, 1, 2, · · · , r

See [5](5.3) for its proof. The following proposition is a straightforward application of Lemma (3.6.1).

Proposition 3.6.2. Let d := pNne0(1 + p−n + · · · + p−(N−n)).
(a) The vertices of NP(E(u)) are (de0(pn − 1), 0), (0, e0), and the slope of NP(E(u)) is equal to − 1

d(pn−1) with
height e0.

(b) The vertices of NP(E0(u)) are (de0, 0), (de0 p−n, e0), · · · , (de0 p−N(ne0−1), e0(Ne0 −
N
n )), and the slopes of

NP(E0(u)) are − 1
d(1−p−n) > −

1
d(p−n−p−2n) > · · · > −

1
d(p−N(ne0−1)+n−p−N(ne0−1))

, each with height e0.

(c) There exists a polynomial Ê0(u) ∈ W(k)[π0][u, u−1]/(πe0
0 − p) such that E0(u)Ê0(u) ≡ 1 mod pn. The

vertices of NP(Ê0(u)) are (−de0, 0), (de0(−n + (n − 1)p−n), (n − 1)e0), and the slope of NP(Ê0(u)) is equal to
− 1

d(1−p−n) with height e0.
(d) The vertices of NP( f0(u)) are (dt, 0), (dtp−n, t), (dtp−2n, 2t), · · · , (dtp−N(ne0−1), t(Ne0−

N
n )), and the slopes

of NP( f0(u)) are − 1
d(1−p−n) > −

1
d(p−n−p−2n) > · · · > −

1
d(p−N(ne0−1)+n−p−N(ne0−1))

, each with height t.

Apply Lemma (3.6.1), we can deduce the following propery of E0(u) and f0(u). Note that if i > 0 and a
polynomial θ(u) ∈ F[u] can be written as θ0(ud) such that pi|d, then θ(u) is contained in the image of φi :
F[u]→ F[u], therefore θ(u)φ

−i
is well defined.

Lemma 3.6.3. Suppose we have integers x1 > x2 > · · · > xr > y1 > y2 > · · · > ys, such that ys + n ≥ 0 and
y1 + n ≥ xr. Let α be an integer such that y1 + n ≥ α. Let l ≤ r − 1 be the largest integer such that xl > y1 + n;
we treat l = 0 if such an xl does not exist. Then there exists gk(u) ∈ OFur[u] for k = 0, 1, · · · , ne0 − 1, such that
we can write

E0(u)φ
x1 +···+φxr−φx1−N−···−φxl−N−φy1−···−φys f0(u)φ

α

≡

ne0−1∑
k=0

πk
0gk mod pn

with the following estimates on ordu gk:
(a) If α ≤ y1, then

ordu gk ≥

 d((re0 − k)pxr − e0(py1 + · · · + pys) + tpα), for k ≤ re0 − 1
d(−(k − re0 + e0)py1 − e0(py2 + · · · + pys) + tpα), for k ≥ re0

(b) If y1 < α < xr, then

ordu gk ≥


d((re0 − k)pxr − e0(py1 + · · · + pys) + tpα), for k ≤ re0 − 1
d((re0 + t − k)pα − e0(py1 + · · · + pys)), for re0 ≤ k ≤ re0 + t − 1
d(−(k − re0 − t + e0)py1 − e0(py2 + · · · + pys)), for k ≥ re0 + t

(c) If α ≥ xr, then

ordu gk ≥

 d((re0 + t − k)pxr − e0(py1 + · · · + pys)), for k ≤ re0 + t − 1
d(−(k − re0 − t + e0)py1 − e0(py2 + · · · + pys)), for k ≥ re0 + t
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3.7. The proof of Theorem (3.3). The Dieudonne module of Xk is isomorphic toM/uM �
n⊕

i=1
Mi, where Mi

is a free W(k)[π0]/(πe0
0 − p)-module of rank 1. The Frobenius and Verschiebung maps act by

FMi = Mi+1 for 1 ≤ i ≤ a, FMa+1 = πe0−t
0 Ma+2, FMi = pMi+1 for a + 2 ≤ i ≤ n

V Mi+1 = pMi for 1 ≤ i ≤ a, V Ma+2 = πt
0Ma+1, V Mi+1 = Mi for a + 2 ≤ i ≤ n

If G is an OF-stable subgroup of Xk, then the Dieudonne module N attached to G is equal to
n⊕

i=1
π−di

0 Mi/Mi,

where the di’s are non-negative integers satisfying

0 ≤ di+1 − di ≤ e0 for 1 ≤ i ≤ a, t − e0 ≤ da+2 − da+1 ≤ t, − e0 ≤ di+1 − di ≤ 0 for a + 2 ≤ i ≤ n

Such a vector d = (di)i ∈ N
n is called ξ(Φ)-admissible in the sense of [5] (6.5). If moreover, min di = 0, then

we say d is ξ(Φ)-admissible and reduced. For a ξ(Φ)-admissible d, define N(d) to be the Dieudonne module
n⊕

i=1
π−di

0 Mi/Mi, and let G(d) be the associated OF-stable subgroup of Xk. The mapping d 7→ G(d) is a one-to-

one correspondence between ξ(Φ)-admissible vectors and OF-stable subgroups of Xk. Define X(d) to be the
quotient Xk/G(d), it is also an OF-linear CM p-divisible group, and we can write down its Lie type directly
from d; see [5] (6.5.2). We will first prove for every ξ(Φ)-admissible and reduced vector d ∈ Nn, there exists a
subgroup A ⊂ p−nOF/OF such that NA mod u = N(d).

Define qi :=


min{(i − 1)e0, (n − a)e0 − t} if i ≤ a + 1
min{ae0 + t, (n − a)e0 − t} if i = a + 2
min{(n + 1 − i)e0, ae0 + t} if i ≥ a + 3

for each i = 1, 2, · · · , n. One can easily check that

for a positive integer r, there exists reduced ξ(Φ)-admissible d ∈ Nn such that the i-th component di is equal to
r if and only if 1 ≤ r ≤ qi.

Take a set of Qp-basis {ζi|i = 1, 2, · · · , n} of Fur = B(Fpn), such that for any 0 ≤ l ≤ n − 1, the sub-
matrix [ζσ

j

i ]0≤i, j≤l is non-degenerating; cf. [5] (6.6). Take λl = (λl,0, λl,1, · · · , λl,l) in (W(k))l+1 such that

(λl,0, λl,1, · · · , λl,l) · [ζσ
j

i ]0≤i, j≤l = (0, 0, · · · , 0, 1).

Definition 3.7.1. Suppose (s, r) is a pair of integers such that 1 ≤ s ≤ n, 1 ≤ r ≤ qs. Write r = ire0 − jr, where
0 ≤ jr ≤ e0 − 1. Define A(r)

s :=

ir+s−a−3∏
i=0

e0−1∏
j= jr
〈p−irζiπ

j
0〉 ×

ir+s−a−3∏
i=0

e0−t−1∏
j=0
〈p−(ir−1)ζiπ

j
0〉 ×

ir+s−a−4∏
i=0

jr−1∏
j=e0−t

〈p−(ir−1)ζiπ
j
0〉

if a + 2 ≤ s ≤ n, e0 − t ≤ jr ≤ e0 − 1
ir+s−a−2∏

i=0

e0−t−1∏
j= jr
〈p−irζiπ

j
0〉 ×

ir+s−a−3∏
i=0

e0−1∏
j=e0−t

〈p−irζiπ
j
0〉 ×

ir+s−a−3∏
i=0

jr−1∏
j=0
〈p−(ir−1)ζiπ

j
0〉

if a + 2 ≤ s ≤ n, 0 ≤ jr ≤ e0 − t − 1
ir−1∏
i=0

e0−t−1∏
j= jr−t

〈p−(a+1−s+ir)ζiπ
j
0〉 ×

ir−2∏
i=0

e0−1∏
j=e0−t

〈p−(a+1−s+ir)ζiπ
j
0〉 ×

ir−2∏
i=0

jr−t−1∏
j=0
〈p−(a+1−s+ir)ζiπ

j
0〉

if 1 ≤ s ≤ a + 1, t ≤ jr ≤ e0 − 1
ir−1∏
i=0

e0−1∏
j=e0+ jr−t

〈p−(a+2−s+ir)ζiπ
j
0〉 ×

ir−1∏
i=0

e0−t−1∏
j=0
〈p−(a+1−s+ir)ζiπ

j
0〉 ×

ir−2∏
i=0

e0+ jr−t−1∏
j=e0−t

〈p−(a+1−s+ir)ζiπ
j
0〉

if 1 ≤ s ≤ a + 1, 0 ≤ jr ≤ t − 1

as subgroups of p−nOF/OF .
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Define integers

D(s, r) :=

 d(ps−1 − e0(ps−2 + ps−3 + · · · + ps−a−1) − (ire0 − jr)ps−a−2) if a + 2 ≤ s ≤ n
d(ps−1 − e0(ps−2 + ps−3 + · · · + ps−a−1) − (ire0 − jr + t)ps−a−2) if 1 ≤ s ≤ a + 1

By the assumption on (s, r), when a + 2 ≤ s ≤ n we have ire0 − jr ≤ ae0 + t, and when 1 ≤ s ≤ a + 1 we have
ire0 − jr ≤ ae0. Note that e0 < p − 1, hence in either case we have D(s, r) ≥ d(ps−1 − e0(ps−2 + ps−3 + · · · +

ps−a−1) − (ae0 + t)ps−a−2) ≥ d(ps−1 − (p − 2)(ps−2 + ps−3 + · · · + ps−a−1) − (a + 1)e0 ps−a−2) > 0.
For an element x ∈ p−nM0/M0, we define ordu x as the smallest integer d such that u−d x ∈ p−nM/M and

u−d x , 0 mod u.

Proposition 3.7.2. For each pair of (s, r) that satisfies the condition in (3.7.1). Write r = ire0 − jr, where
0 ≤ jr ≤ e0 − 1. Then there exists w(r)

s ∈ NA(r)
s

such that w(r)
s ≡ p−irπ

jr
0 es mod ordu ≥ D(s, r).

Proof. When a + 2 ≤ s ≤ n we prove by an increasing induction on r. When 1 ≤ s ≤ a + 1 we prove by a
decreasing induction on s and an increasing induction on r. By the definition of A(r)

s , the argument will differ
depending on the range of jr, too. We will prove the case when a + 2 ≤ s ≤ n and e0 − t ≤ jr ≤ e0 − 1. The
details for the other cases will be left as exercises.

Suppose we have proved the statement for smaller r’s. Define

v∗ :=
ir+s−a−3∑

k=0

λσ
a+3−ir

ir+s−a−3,kE0(u)−φ
s−2−···−φs−a−1

u−ps−a−2td(p−irζkπ
jr
0 · v)

Then by the choice of λir+s−a−3 one can check in v∗ the coefficient of ei vanishes for a + 3− ir ≤ i ≤ s− 1. Now
we examine the coefficients for ei with i ≤ a + 2 − ir or i ≥ s.

When 1 ≤ i ≤ a + 1 − ir, the coefficient of ei is the product of a scalar in W(k) with

p−irπ
jr
0 · u

−ps−a−2tdE0(u)φ
n−1+···+φmax{s−1,n−a−1+i}−φmin{s−2,n−a−2+i}−···−φmax{s−a−1,i−1}+φmin{s−a−2,i−2}+···+1

f0(u)φ
n−a−2+i

The number of E0(u)φ
j
-factors with j > 0 is equal to n−1−max{s−1, n−a−1+ i}+1 = min{n− s+1, a+1− i},

and n − s + 1 ≥ ir because r ≤ qs, a + 1 − i ≥ ir because of the assumption on the range of i. Therefore apply
Lemma 3.6.3, moduloM we can write it as p−irπ

jr
0 (g1 + π0g1 + π2

0g2 + · · · + π
ire0− jr−1
0 gire0− jr−1), with

ordu gk ≥ d[pmax{s−1,n−a−1+i} − e0(pmin{s−2,n−a−2+i} + · · · + ps−a−1) + pn−a−2+it − ps−a−2t] ≥ D(s, r)

When i = a + 2 − ir, the coefficient of ei is the product of a scalar in W(k) with

p−irπ
jr
0 · u

−ps−a−2tdE0(u)φ
n−1+···+φn+1−ir−φs−2−···−φmax{s−a−1,a+1−ir }+φmin{s−a−2,a−ir }+···+1

f (u)φ
n−ir

This time n− ir ≥ s−1 > s−2, and ire0− jr−1 ≤ (ir−1)e0 + t−1 (Note that here we use the condition that jr ≥
e0−t). Hence by Lemma 3.6.3 (b), modulo 1 we can write it as p−irπ

jr
0 (g1+π0g1+π2

0g2+· · ·+π
ire0− jr−1
0 gire0− jr−1),

with ordu gk ≥ d((t− (e0 − jr) + 1)pn−ir − e0(ps−2 + · · ·+ ps−a−1)− tps−a−2) ≥ d(ps−1 − e0(ps−2 + · · ·+ ps−a−1)−
(ire0 − jr)ps−a−2) = D(s, r)

When i ≥ s + ir + 1, the coefficient of ei is the product of a scalar in W(k) with

p−irπ
jr
0 u−ps−a−2tdE0(u)φ

i−2+···+φmax{i−a−1,s−1}−φmin{i−a−2,s−2}−···−φs−a−1
f0(u)φ

i−a−2

, with estimates on the order of the gk’s. The number of E0(u)φ
j
( j > 0)-factors is i−2−max{s−1, i−a−1}+1 =

min{i − s, a}. If ir ≤ a, then min{i − s, a} ≥ ir. Hence by Lemma 3.6.3 (a) (b), modulo 1 we can write
this coefficient as p−irπ

jr
0 (g1 + π0g1 + π2

0g2 + · · · + π
ire0− jr−1
0 gire0− jr−1), with ordu gk ≥ d[pmax{s−1,n−a−1+i} −

e0(pmin{s−2,n−a−2+i}+· · ·+ps−a−1)+pi−a−2t−ps−a−2t] ≥ D(s, r). If ir = a+1, then i ≥ s+ir +1 implies i−a−2 ≥ s;
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at the same time, ire0− jr −1 ≤ (ir −1)e0 + t−1 (Note that here we use the condition that jr ≤ e0− t). Hence by
Lemma 3.6.3(b), modulo 1 we can write this coefficient as p−irπ

jr
0 (g1+π0g1+π2

0g2+· · ·+π
ire0− jr−1
0 gire0− jr−1), with

ordu gk ≥ d((t−(e0− jr)+1)pi−a−2−e0(ps−2 + · · ·+ ps−a−1)−tps−a−2] ≥ d[ps−e0(ps−2 + · · ·+ ps−a−1)−tps−a−2) ≥
D(s, r), too.

When s + 1 ≤ i ≤ s + ir, the coefficient of ei is the product of a scalar in W(k) with

p−irπ
jr
0 u−ps−a−2tdE0(u)φ

i−2+···+φmax{i−a−1,s−1}−φmin{i−a−2,s−2}−···−φs−a−1
f0(u)φ

i−a−2

From the assumption on s and i we know i ≤ s + ir. If ir ≤ a or if ir = a + 1 and i ≤ s + a, then i− a− 2 ≤ s− 2,
hence by Lemma 3.6.3 (a), modulo 1 we can write it as p−irπ

jr
0 (g1 + π0g1 + π2

0g2 + · · ·+ π
ire0− jr−1
0 gire0− jr−1) with

the following estimates on the order of the gk’s: ordu gk ≥ d(ps−1−e0(pi−a−2 + · · ·+ ps−a−1)+tpi−a−2−tps−a−2) ≥
D(s, r) when k ≤ (i− s)e0−1, and ordu gk ≥ d(−(k− (i− s)e0 +e0− t)pi−a−2−e0(pi−a−3 + · · ·+ ps−a−1)− tps−a−2)
when k ≥ (i− s)e0. If ir = a + 1 and i = s + ir, because i− a− 2 = s− 1, and ire0 − jr − 1 ≤ ae + t− 1 (Note that
here we use the condition that jr ≤ e0 − t), hence apply Lemma 3.6.3 (c) we can write it as p−irπ

jr
0 (g1 + π0g1 +

π2
0g2 + · · · + π

ire0− jr−1
0 gire0− jr−1) with ordu gk ≥ D(s, r).

When i = s, the coefficient of es is equal to p−irπ jr u−ps−a−2td f0(u)φ
s−a−2

. Note that f0(u) is a monic Eisenstein
polynomial of degree ps−a−2td. By Proposition 3.6.2(d) and Lemma (3.6.1), we can write it as p−irπ

jr
0 (g0 +

π0g1 + π2
0g2 + · · · + π

ire0− jr−1
0 gire0− jr−1) with g0 = 1, and ordu gk ≥ −kps−a−2d.

Now let us summarize the estimates above and write down a representation of v∗. The formula will differ
slightly according to whether ir ≤ a or ir = a + 1.

(i) First suppose ir ≤ a, then we can write

v∗ = p−irπ
jr
0 es +

∑
i≤a+2−ir , or i≥s+ir+1

v∗(i)ei +
∑

s+1≤i≤s+ir

ire0− jr−1∑
j=0

hi, j p−irπ
jr+ j
0 ei +

ire0− jr−1∑
j=1

hs, j p−irπ
jr+ j
0 es

knowing:
(a) when i ≤ a + 2 − r or i ≥ s + ir + 1, ordu v∗(i) ≥ D(s, r).
(b1) when s + 1 ≤ i ≤ s + ir and j ≤ (i − s)e0 − 1, ordu hi, j ≥ D(s, r).
(b2) when s + 1 ≤ i ≤ s + ir and j ≥ (i − s)e0, ordu hi, j ≥ d(−( j − (i − s)e0 + e0 − t)pi−a−2 − e0(pi−a−3 + · · · +

ps−a−1) − tps−a−2).
(c) when i = s and 1 ≤ j ≤ ire0 − j1 − 1, ordu hi, j ≥ − jps−a−2d.
For each j satisfying 0 ≤ j ≤ ire0 − jr, there exists a unique pair of (i′r, j′r) with 0 ≤ j′r ≤ e0 − 1 such that

i′re0− j′r = ire0− jr− j = r− j. For each 1 ≤ i ≤ n, let εi, j be the unit in W(k) such that ε−1
i, j p−irπ jr+ j ·ei = p−i′rπ j′r ·ei.

Now we define
w(r)

s := v∗ −
∑

(i, j)as in (b2) and (c)

hi, jεi, jw
(r− jd0)
i

By induction hypothesis we have already constructed w(r− jd0)
i inNA(r− j)

i
. One can check that under the conditions

on the range of i, j, we indeed have A(r− j)
i ⊂ A(r)

s . Next we verify ordu (w(r)
s − p−irπ

jr
0 es) ≥ D(s, ir). Write

w(r)
s − p−irπ

jr
0 es as∑

i≤a+2−ir
or

i≥s+ir+1

v∗(i)ei +
∑

s+1≤i≤s+ir
j≤(i−s)e−1

hi, j p−irπ jr+ jei −
∑

s+1≤i≤s+ir
j≥(i−s)e

hi, jεi, j(w
(r− jd0)
i − ε−1

i, j p−irπ jr+ jei)

−
∑

1≤ j≤ire0− jr−1
hs, j(w

(r− jd0)
s − ε−1

s, j p−irπ jr+ jes)
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We have shown the first two terms in the formula have orders higher than or equal to D(s, r). For the third term,
by the induction hypothesis and the choice of εi, j we know ordu (w(r− j)

i − ε−1
i, j p−irπ jr+ jei) ≥ D(i, r − j), and we

have shown ordu hi, j ≥ d(−( j − (i − s)e0 + e0 − t)pi−a−2 − e0(pi−a−3 + · · · + ps−a−1) − tps−a−2), therefore we are
reduced to the inequality which is an easy exercise:

pi−1 − e0(pi−2 + · · · + pi−a−1) − (ire0 − jr − j)pi−a−2

−( j − (i − s)e0 + e0 − t)pi−a−2 − e0(pi−a−3 + · · · + ps−a−1) − tps−a−2

≥ ps−1 − e0(ps−2 + · · · + ps−a−1) − rps−a−2

For the fourth term, since ordu (w(r− j)
s − ε−1

s, j p−irπ jr+ jei) ≥ D(s, r − jd0), and ordu hs, j ≥ − jps−a−2d, hence its
order is greater than or equal to D(s, r − j) − jps−a−2d = D(s, r).

(ii) If ir = a + 1, then according to the estimates on the cofficient of each ei, we can write

v∗ = p−irπ
jr
0 es +

∑
i≤a+2−ir , or i≥s+ir

v∗(i)ei +
∑

s+1≤i≤s+ir−1

ire0− jr−1∑
j=0

hi, j p−irπ
jr+ j
0 ei +

ire0− jr−1∑
j=1

hs, j p−irπ
jr+ j
0 es

knowing:
(a′) when i ≤ a + 2 − r or i ≥ s + ir, ordu v∗(i) ≥ D(s, r).
(b1′) when s + 1 ≤ i ≤ s + ir − 1 and j ≤ (i − s)e0 − 1, ordu hi, j ≥ D(s, r).
(b2′) when s + 1 ≤ i ≤ s + ir − 1 and j ≥ (i − s)e0, ordu hi, j ≥ d(−( j − (i − s)e0 + e0 − t)pi−a−2 − e0(pi−a−3 +

· · · + ps−a−1) − tps−a−2).
(c′) when i = s and 1 ≤ j ≤ ire0 − j1 − 1, ordu hi, j ≥ − jps−a−2d.
Define w(r)

s := v∗ −
∑

(i, j)as in (b2′) and (c′)
hi, jεi, jw

(r− jd0)
i , by the same argument as in the case when ir ≤ a we can

prove ordu (w(r)
s − p−irπ

jr
0 es) ≥ D(s, ir), too.

This finishes the inductive proof of the proposition. �

Now for any reduced ξ(Φ)-admissible vector d = (ds)s ∈ N
n, we define a subgroup A(d) ⊂ p−nOF/OF

such that #A(d) = p
n∑

s=1
ds

, and A(r)
s ⊂ A(d) for all s = 1, 2, · · · , n and r = 1, 2, · · · , ds. We first make a few

combinatorical definitions:

• Define a subset H(d) ⊂ {1, 2, · · · , n} × N∗ as H(d) := {(s, r)|1 ≤ s ≤ n, 1 ≤ r ≤ ds}.
• For k = 1, 2, · · · , a + 1, l = 0, 1, · · · , e0 − 1, define Γk,l := {(n, ke0 − l), (n − 1, ke0 − l), · · · , (a + 2, ke0 −

l), (a + 1, ke0 − l − t), (a, (k − 1)e0 − l − t), (a − 1, (k − 2)e0 − l − t), · · · }.

• Define hk,l := #(H(d) ∩ Γk,l), d′l :=
a+1∑
j=1

hk,l − 1, and mi,l := k if
a+1∑

j=k+1
h j,l ≤ i ≤

a+1∑
j=k

h j,l − 1.

By the definition of the Γk,l’s, one can check that if d is ξ(Φ)-admissible and reduced, then H(d) ⊂
a+1⋃
k=1

e0−1⋃
l=0

Γk,l,

and one can also prove the following chain of inequality: hk,e0−1 ≥ hk,e0−2 ≥ · · · ≥ hk,e0−t ≥ hk,e0−t−1 − 1 ≥
hk,e0−t−2 − 1 ≥ · · · ≥ hk,0 − 1 ≥ hk+1,e0−1 − 1 ≥ hk+1,e0−2 − 1 ≥ · · · .

Definition 3.7.3. With the above notations, define h(d) := the largest integer k such that H(d) ∩ Γk,l , ∅ for

some 0 ≤ l ≤ e0 − 1. Define A(d) :=
e0−1∏
l=0

d′l∏
j=0
〈p−m j,lπl

0ζ j〉 ⊂ p−h(d)OF/OF .

Proposition 3.7.4. We have #A(d) = p
n∑

s=1
ds

and A(r)
s ⊂ A(d) for all s = 1, 2, · · · , n and r = 1, 2, · · · , ds.



30 TAISONG JING VERSION: 01/09/2014

Proof. The first statement is a direct corollary of the fact that H(d) ⊂
a+1⋃
k=1

e0−1⋃
l=0

Γk,l. For the second statement, we

can write r = ire0 − jr with 0 ≤ jr ≤ e0 − 1. The definition of A(r)
s differs according to the range of s and jr.

Similarly as in Proposition 3.7.2, we give a proof when a + 2 ≤ s ≤ n and e0 − t ≤ jr ≤ e0 − 1, and the details
for the other cases will be left as exercises.

The fact that (s, ire0− jr) ∈ H and s ≥ a+2, jr ≥ e0− t implies hir , jr ≥ s+ ir−a−2. Moreover, for any j ≥ jr,

hir , j ≥ hir , jr ≥ s+ir−a−2; hence
a+1∑
i=ir

hi, j−1 ≥ s+ir−a−3. For any j ≤ e0−t−1, hir−1, j ≥ hir−1,0 ≥ hir ,e0−1 ≥ hir , jr ;

hence
a+1∑

i=ir−1
hi, j − 1 ≥ s + ir − a − 3. For any e0 − t ≤ j ≤ jr − 1, hir−1, j ≥ hir−1,0 − 1 ≥ hir ,e0−1 − 1 ≥ hir , jr − 1;

hence
a+1∑

i=ir−1
hi, j − 1 ≥ s + ir − a − 4. This proves A(r)

s is contained in A(d). �

By a combination of Proposition (3.7.2) and (3.7.4), we deduce that NA(d) mod u = N(d). This proves
for every reduced ξ(Φ)-admissible vector d ∈ Nn, G(d) lifts to a finite locally free subgroup scheme GA(d) of
XR1 . For a general ξ(Φ)-admissible vector d′ ∈ Nn, there exists a reduced ξ(Φ)-admissible vector d and a non-

negative integer i, such that d′ = d + (i, i, · · · , i). If we compose the isogenies XR1

i
−→ XR1

π
−→ XR1/GA(d), where

π : XR1 → XR1/GA(d) is the quotient isogeny, then the reduction of Ker(π ◦ pi) is equal to G(d′). This finishes
the proof of Theorem (3.3).

Remark 3.7.5. From the definition of A(d) we can see it is in fact ph(d)-torsion, where the integer h(d) is defined
in (3.7.3). Therefore in Theorem (3.3), for each OF-stable subgroup G of Xk, we can have control on the
extension R/W(k) such that G admits a lifting to a finite locally free subgroup scheme of XR. Similarly, in
Corollary (3.4), we can also have control on the endomorphism ring of the CM lifting and the ramification of
the base ring of the CM lifting.
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