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ABsTRACT. Itis known that an abelian variety over a finite field may not admit a lifting to an abelian variety with
complex multiplication in characteristic 0. In this article we study the question of strong CM lifting (sCML):
can we kill the obstructions to a CM lifting by requiring the whole ring of integers in the CM field act on the
abelian variety? We give counterexamples to question (sSCML), and prove the answer to question (sSCML) is
affirmative under the following assumptions on the CM field L: for every place v above p in the maximal totally

real subfield Ly, either v is inert in L, or v is split in L with absolute ramification index e(v) < p — 1.

1. INTRODUCTION

In this article we study the following question concerning lifting abelian varieties over a finite field to
characteristic 0:

Strong CM lifting (sCML): Let (A,O;, — End(A)) be a g-dimensional abelian variety over
IF, with an action by the whole ring of integers in the CM field L of degree 2g. Does there
exist a local domain R of characteristic 0 with residue field IF;, an abelian scheme A over R
equipped with a CM structure L < End’(A) := End(A) ®z Q, such that Ag, is L-linearly
isomorphic to A?
We give counterexamples to question (sSCML) and show that it has an affirmative answer under the fol-
lowing additional assumptions on L: for every place v above p in the maximal totally real subfield Ly, either
visinert in L, or v is split in L with absolute ramification index e(v) < p — 1.

History. If we drop the assumption that Oy acts on A and only require End’(A) contains L, the resulted CM
lifting question, denoted by (CML) in [ 1], was first addressed by F. Oort in [9] (Thm. B). A sharper version
proved in [1] (3.5.6) said that if g > 2, in any isogeny class of abelian varieties over k with p-rank at most
g — 2, there exists an abelian variety that does not admit a CM lifting to characteristic 0. Moreover, there are
effective controls on the finite fields over which such examples can be constructed. Therefore (CML) does
not hold in general.

The question (sCML) can be considered as a first step in studying which abelian variety over [F, admits a
CM lifting. For an abelian variety A in characteristic 0 with complex multiplication by L, the isomorphism
class of the representation of L on Lie(A) is called the CM type of A. On the other hand, if A is an abelian
variety in characteristic p with complex multiplication by Oy, there is the notion of Lie type to describe
the representation of Or/p on Lie(A); see (3.1) for its definition and basic properties. As an analogy of the
CM type, the Lie type turns out to be a useful tool in characteristic p, but it is not invariant under L-linear
isogenies. Concerning the interaction between the invariants in characteristic 0 and p, the following question
(with slight variation) was asked in [1] (4.1.9):

Lie types of closed fibers of CM abelian schemes isogeneous to a CM lift (LTI)
1
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Consider the family P(L, @) of abelian schemes (A that have sufficiently many complex
multiplications by L with CM type @ over a complete discrete valuation ring of character-
istic 0 with residue field E,, such that the whole ring of integers Oy operates on the closed
fiber .?IE via the induced CM structure L — Endo(ﬂ@p). Let LTI(L, @) be the set of Lie
types of the closed fiber of CM abelian schemes in (L, ®). What can we say about the
subset LTI(L, ®) of the set LT(Oy, p) of all Lie types for the CM field L?

In particular, (sSCML) amounts to asking whether every Lie type of dimension g is contained in at least one
of the LTI(L, ®)’s when O runs over all CM types for L.

Main results and tools. It is known that the closed fibers of abelian schemes in the family $(L, ®) are
L-linearly isogeneous to each other, due to the assumption that their generic fibers have the same CM type.
In particular, they are L-linearly isogeneous to the closed fiber of an abelian scheme in characteristic O with
complex multiplication by Oy, whose Lie type can be concretely written down from ®; see (3.1.3) and
(3.1.4). We will refer to this constraint on LTI(L, @) as the “L-linear isogeny constraint” in the future. In
this article we will first show examples of @ such that the L-linear isogeny constraint on LTI(L, @) is not the
only constraint. For a place w of L above p, ® induces a p-adic CM type for L,,. If the reflex field of this
p-adic CM type has a “small” residue field, then there is an extra symmetry on the w-component of the Lie
types in LTI(L, @). If there exists such a common extra symmetry on all the LTI(L, ®)’s when ® runs over
all CM types, then we obtain counterexamples to (SCML).

On the other hand, we will show that for a certain class of CM types ®, the L-linear isogeny constraint
on LTI(L, ®) is the only constraint; see (6.1) and (6.2). This leads to a lot of examples of abelian varieties
over k with Op-action such that they admit CM liftings over characteristic 0 with actions by orders (usually
smaller than Oy) in L. As a corollary, we prove that the answer to the question (sSCML) is affirmative when
every place v of Ly above p is inert in L; see (6.3).

In this article we mainly work with p-divisible groups and their finite locally free subgroup schemes,
not only over a field, but also over a complete discrete valuation ring of mixed characteristic. To construct
CM liftings of CM abelian varieties with Oy -action, it suffices to construct CM liftings of Op-linear CM p-
divisible groups, where F is a p-adic local field. The main tool we employ in computations is the theory of
Kisin modules from p-adic Hodge theory. For each p-adic CM type ® for F, we construct via Kisin modules
a class of Op-linear CM p-divisible groups with p-adic CM type @ over the ring of integers in any finite
extension of the reflex field; see (5.1). An important unresolved problem in integral p-adic Hodge theory is
that the theory does not behave well under base change. However, this base change problem for Op-linear
CM p-divisible groups has a satisfactory solution; see (3.1.5). We would like to thank C.-L. Chai for that
observation. Therefore we are able to tell whether the constructions are compatible with base change; see
(5.1.7). For each positive integer m, the p”-torsion points on the geometric generic fiber of the constructed
p-divisible group become rational over a certain finite abelian extension of the base ring. In the Kisin module
after such a base change, we can explicitly compute the elements corresponding to the torsion points with
the help of the theory of Lubin-Tate formal group law; see (5.2.7). These constructions and computations
serve as the foundation of our approach on the strong CM lifting problem, but they are interesting in their
own right as well.

Let X be an Op-linear CM p-divisible group constructed above with p-adic CM type ® over a complete
discrete valuation ring Ry with residue field Fp. If we can lift an Op-stable subgroup G of XE, into a finite
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locally free subgroup scheme G of Xz, where R is a finite extension of Ry, then X/G is an F-linear CM
lifting of the Op-linear CM p-divisible group XE /G. Therefore to construct an F-linear CM-lifting for an
Op-linear CM p-divisible group that is F-linearly isogeneous to XFp’ we are reduced to lifting certain Op-
stable subgroups of X@p into finite locally free subgroup schemes of X for some finite extension R of Ry; see
(6.5). One advantage of using Kisin modules is that, for a p-divisible group or its finite locally free subgroup
scheme over a complete discrete valuation ring of mixed characteristic, we can write down the Dieudonne
module of the closed fiber in a direct way from its Kisin module. To be more specific, a Kisin module is a
W(x)[[u]]-module satisfying certain additional conditions, where « is a perfect field of characteristic p and
W(«) is the ring of Witt vectors over k. We can associate a p-divisible group or a finite locally free subgroup
scheme in mixed characteristic to a Kisin module, and roughly speaking the Dieudonne module of the closed
fiber is the quotient module by “modulo «”’; for a precise statement, see (3.2.2) or [1] (B.4.17). The localized
W(x)((u))-module of the Kisin module carries the information on the generic fiber. For a finite locally free
subgroup scheme of X, this localized W(«)((x))-module is generated by the elements that we have computed
corresponding to the torsion points. Hence, in order to lift a certain subgroup of XE,’ it suffices to find
an appropriate collection of torsion points such that the attached W(k)((«))-module contains a lifting of the
Dieudonne module of the subgroup; see (6.6.3). This computation is possible because of our knowledge on
the torsion points, based on the explicit information on their coordinates provided by the Lubin-Tate theory;
see (5.3.5).

What’s next. In this article, we mainly study the p-adic CM type @ that is induced from an unramified
extension of Q,. In the future, we will consider the case when ® is induced from a primitive p-adic CM
type for a ramified p-adic local field. We will give examples to indicate why the ramification index matters
in the study of this CM lifting problem, and show that the answer to the question (SCML) is affirmative
under a broader condition on the CM field L. Besides that, for a special example of p-adic CM type @ for a
p-adic local field F of degree 4, we compute the closed fiber of every finite locally free subgroup scheme of
the Op-linear CM p-divisible groups with a primitive p-adic CM type in mixed characteristic. It reveals an
interesting phenomenon that the finite locally free subgroup schemes seem to “try very hard” to have an Op-
stable reduction. As a corollary, we can have a complete description on the closed fiber of all the F-linear
CM p-divisible groups with a primitive p-adic CM type in mixed characteristic. As a further corollary, we
will obtain a counterexample to (SCML) which does not come from the obstruction we explain in §2 and §4
of this article. So in particular, the L-linear isogeny constraint and the symmetry caused by the residue field
of the reflex field do not exhaust all the constraints on LTI(L, ®).

Acknowledgement. This work is part of the author’s doctoral dissertation. Many thanks to C.-L. Chai for
introducing the question to me and for many discussions and encouragement. I also thank F. Oort for his
questions and suggestions. I thank Institute of Mathematics, Academia Sinica for hospitality during the first
half of 2013, where the main part of this work was done.

2. A COUNTEREXAMPLE

Throughout this article, let p be a prime number, g be a power of p, and k := Fp. For a perfect field k of

characteristic p, let W(x) be the ring of Witt vectors over «, and let B(k) := W(K)[]l—j]. Denote the Frobenius
automorphism on B(k) by o. For a p-adic local field F', we denote its maximal unramified subextension of



4 TAISONG JING VERSION: 01/09/2014

Qp by F', and its residue field by xr. Let L be a CM field of degree 2g, Ly be its maximal totally real
subfield, and ¢ be the complex conjugation.

We first give a counterexample to (sSCML). In this subsection, we consider the example where p = 3,
L =Q( V5, V¥=3). The maximal totally real subfield Lo = Q( \/5), in which p is inert. Denote the completion
of L at its unique place above p by F. Pick and fix an isomorphism of F** with B(F,.) in B(k). The degree
4 extension F = F“[x]/(n*> + p) is Galois. The involution on F induced by complex conjugation on L
sends 7 to —7 and acts trivially on B(F 2); we still denote this involution by ¢. Define 7 : F' — F such that
Tla(e,) = 0, 7(m) = m. The Galois group Gal(F/Q,) = (tl? = 1) x () = 1).

Let B be an abelian surface over k with Oy -action, such that the Dieudonne module M attached to B[p™]
with Op-action is as follows: M = W(k)[n]/(7* + p)e1 @ W(k)[x]/(n® + p)es, where the Op-action is 7-e; =
nme;,a-e; = aej,a-ey = a’ey fora € W(F ), and the Op-linear Frobenius and Verschiebung maps are defined
by Fe; = Ve = ey, Fey = Vey = pey. See (3.1.7) for the existence of such an abelian surface. We claim B
does not have an L-linear CM lifting to characteristic 0.

Suppose R is complete discrete valuation ring of characteristic 0 with residue field k = Fp, E is its fraction
field, and fix @ to be an algebraic closure of E. Let A be a CM abelian scheme with sufficiently many
complex multiplications by L over R, and X := A[p*] be the associated p-divisible group. The p-divisible
group X is an F-linear CM p-divisible group; see (3.1) for the definitions and basic properties. Then there
exists a subset ® of Hom(F, (QT,,) such that Lie(X) ®EQTP splits into ]_([D((QTI,)i as an F'-module, where the index

i€
of (QTP),- indicates the action of F on QT,, is given by the embedding i. This ® is called the p-adic CM type
of X, and it is compatible with ¢ in the sense that ® [ [ ® o« = Hom(F, @); for more on its properties, see
(3.1). Because of the structure of Gal(F'/Q,), ® is invariant under either 7 or 7¢. Therefore the reflex field
F’ for (F, ®) is a ramified quadratic extension over Q,, and the residue field kz» = F),.

It has been observed in [1] (3.8) that a “small” residue field of the reflex field for (¥, ®) will prevent a CM
lifting over characteristic 0 with p-adic CM type ®. For the convenience of the readers, we include a sketch
of their argument and deduce a constraint on the reduction Xj. Let Y be an Op-linear CM p-divisible group
over O+ with p-adic CM type @; for its existence, see [1] 3.7.3 (1). Let p : Gal(F)*/F") — O; be the

Galois representation associated to Y. If another Galois representation p’ : Gal((F")*/F’") — O} agrees

b
IIa:'/’

the Galois representation associated to an Op-linear CM p-divisible group over Op- (see [1] 1.4.3.2). Take a

splitting of Gal((F")*/F") = Z x 1%, where I is the maximal abelian quotient of the inertia subgroup /-,
= (o)™
then after twisting p with the unramified character y : Gal((F "ab "y M, 7 — O, we may assume p

carries Iféb onto its entire image. In particular, this implies for any positive integer m, the field generated by

with p when restricted to then we say p’ is an unramified twist of p. An unramified twist of p is also

the p™-torsion points on X@ is a totally ramified finite extension of . We denote this extension by F/,.

With the same p-adic CM type, Y Xspeco,, Spec R and X are F-linearly isogeneous, hence there ex-
ists a finite locally free subgroup scheme G of Y Xspec0,, Spec R such that X is F-linearly isomorphic to
(Y Xspeco,» Spec R)/G. Suppose G is of p™-torsion. Without loss of generality we may assume E contains
F,. Then there exists a finite locally free subgroup G| of Y Xspec 0, Spec F, such that G Xspec 7, Spec E =
G Xspecr Spec E. Take G to be the scheme-theoretic closure of G in Y Xgspeco,, Spec O, and let
Y1 := (Y Xspeco,. Spec OF;,)/G1. Then X is F-linearly isomorphic to Y Xspeco,, Spec R.

Since F,, is totally ramified over F’, its residue field kr;, = kpr = F),. Over thg closed fiber, X := X is
F-linearly isomorphic to (Y XSpecOp Spec kg ) Xspec - Spec k. Now suppose the closed fiber X := X}
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has a compatible Op-action. This implies that G, Xspec0,, Speck is invariant under the Op-action on
(y XSpec O Spec OF/

m

(«y XSpec O SpeCOF’

m

) XspecO,, Speck, therefore G1 Xspeco,, Spec K, is invariant under the Or-action on
) Xspec,, SPECKF:, 100. S0 Y1 Xspeeo,, Speckp; is an Op-linear CM p-divisible
group and its base change to Snll)eck is Op-linearly isomorphicmto X. In other words, X together with its
Op-structure descents to F),.

Now we claim B[p*] together with its Op-structure does not descent to FF,. In fact, the Lie algebra
Lie(B[p®]) = key @ kmneq, where the actions of Opur/p = F» on the two summands are both induced from
the chosen embedding F*" < B(k). Such an F-action does not descent to [F,. Thus B does not have an
L-linear CM lifting, and we obtain a counterexample to the question (SCML).

The key point of this counterexample is that the residue field of the reflex field F’ does not contain the
residue field of F. This implies that if B has an L-linear CM lifting, then B[p*] together with the Op-
structure descents to a “small” field, and there will be an extra symmetry on the representation of Or on
Lie(B[p*]). The importance of the representation O — Endy(Lie(B[p*])) was noticed and studied in §4 of
[1]1in terms of Lie types. We take the next section to review the basic facts from the CM theory of p-divisible
groups, and then in §4 we will classify the counterexamples caused by the extra symmetry described above.

3. PRELIMINARIES

3.1. CM p-divisible groups. In this subsection we review some facts on CM p-divisible groups.

3.1.1. Let R be either a complete discrete valuation ring of mixed characteristic (0, p), or a field of charac-
teristic p. Let X be a p-divisible group over R, and F' be a commutative semisimple Q,-algebra of dimension
ht(X), where ht(X) is the height of X. We say X is a F-linear (resp. Op-linear) CM p-divisible group, if
F— EndO(X) (resp. O — End(X)). If X is an F-linear CM p-divisible group over R, then relative to the
decomposition F' = [] F; as a finite product of p-adic local fields, X is isogeneous to [] X;, where X; is an
F;-linear CM p-divisible group over R.

If F is a p-adic local field, then an F-linear CM p-divisible group X over a field of characteristic p is
isoclinic; see [1] 3.7.1.6.

3.1.2. Let F be a finite dimensional commutative semisimple Q,-algebra, and (X, @ : Or — End(X)) be an
Op-linear CM p-divisible group over a field k of characteristic p, then Lie(X) is a finitely generated Of ®z k-
module. Let [Lie(X)] be its class in the Grothendieck group R,(OfF) of the category of finitely generated
Or ®z k-modules, this class is called the Lie type of the Op-linear CM p-divisible group X.

When « = k let us look at the structure of the Grothendieck group Ry (OFr). Suppose F = [] F; as a finite
product of p-adic local fields, then Ri(OF) = R¢(OF,), so we may assume F is a p-adic local field. Let kr be

the residue field of F, er be the ramification index of F/Q,. Then we have Or ®z k = I OF ®0,ur,i
ieHom(F'r,Q,)

k, and each Of ®¢,..; k = k[t]/t". For each i € Hom(F “r,QTp) there exists a canonical isomorphism
€: Ri(OF ®0u,i k) = Z that sends each effective class to its dimension over k. They induce a canonical
isomorphism
= [Te
Ri(OF ®z k) — l_l Ri(OF ®0pur,i k) — Z
ieHom(F'r,Q,) ieHom(Fr,Q,)
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A class 6 in Ry (Op) is called a Lie type, if for any i € Hom(F"", (QT,,) the component 9; satisfies 0 < €(0) < er.
Denote the set of Lie types in Ry (OF) by LT(OF). Define € : Ry(Or) — Z to be the homomorphism

€0 Z €(0)

icHom(Fr,Q,)

We call €(6) the dimension of ¢, and i 15:(8,,] the slope of 6. Two Lie types are said to be isogeneous if they

have the same slope. These definitions naturally generalize to the situation when F is a finite product of p-

adic local fields. When ¢ = [Lie(X)], these definitions are all compatible with the corresponding definitions
for the p-divisible group X; see [1] (4.2.6) (i), (ii) and (iii).

For each Lie type 6 € Ri(Or), up to Op-linear isomorphism there exists a unique Op-linear CM p-
divisible group (X, @ : Or — Endi(X)) over k with [Lie(X)] = 6; see [1] (4.2.6) (iv).

3.1.3. Let F be a finite dimensional commutative semisimple Q-algebra. If F' = [] F; as a finite prod-

uct of p-adic local fields, then Hom(F, (QTP) = [ Hom(F i,QTp). A p-adic CM type © for F is a subset

of Hom(F, QT,,), and the reflex field F’ of @ is the p-adic local field fixed by the open subgroup {g €

Gal(QTp/Qp)lgCD = @} of Gal(QTp/Qp). Suppose R is a complete discrete valuation ring of characteristic

0 with residue characteristic p, and Frac R is embedded in QTP For an F-linear CM p-divisible group X over

R, there exists a p-adic CM type ® for F such that Lie(X) ®g @ = _[l(@)i as F ®q, @—modules, where
IS

the index of ((QT,,)i indicates the action of F on QTP isgivenbyi: F — @; this @ is called the p-adic CM
type of X. The cardinality of @ is equal to the dimension of X.

The p-adic CM type of F-linear CM p-divisible groups is invariant under isogenies. Conversely, if the
residue field of R is algebraically closed and two F-linear CM p-divisible groups over R have the same
p-adic CM type, then they are F-linearly isogeneous. There exists an Op-linear CM p-divisible group
(X,a : O — Endg(X)) over R with p-adic CM type @ if and only if Frac R contains the reflex field F’.
If we assume the residue field of R is algebraically closed, then the Of-linear CM p-divisible group with
p-adic CM type ® over R is unique up to an Of-linear isomorphism; see [1] (3.7.3) and (3.7.4).

3.1.4. Suppose F is a p-adic local field. Define a map from the set of p-adic CM types to Ry (OF):

é‘; . 2H0m(F,Frac R) N Rk(OF)
such that under the identification Ry (OF) = I Ri(OF ®0,ur,i k) EN—EQ I Z, the component
icHom(Fr,Q,) = ieHom(F™,Q,)
€(£(®)) is equal to #{¢p € D|p|pw = i}. If R is a complete discrete valuation ring of characteristic O with

residue field of characteristic p, and X is an Op-linear CM p-divisible group over R with p-adic CM type
®, then its reduction (Xg); is an Op-linear CM p-divisible group with Lie type &(®); see [1] (4.2.3). These
definitions and properties naturally generalize to the situation when F is a finite product of p-adic local
fields.

Proposition 3.1.5. Let k be a perfect field of characteristic p, and R be a complete discrete valuation ring
of characteristic 0 with residue field k. Suppose X\ and X, are Op-linear CM p-divisible groups over R
with the same p-adic CM type ®. Let X| and X, be their closed fibers over k, respectively. Then for any

Og-linear isomorphism vy : X1 — X, there exists a unique Op-linear isomorphism ¥y : X1 — X, such that

Ye =7
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Proof. Let a; : O — End(X;) be the Op-structure on X; for i = 1,2. For every map Spec R* — SpecR,
let (@)r : O — End((X;)r’) be the induced Op-structure on (X;)g. Let R be the ring of integers in the
compositum Frac R - B(k), then there exists an Op-linear isomorphism 8 : (X1)z — (X2)z because they have
the same p-adic CM type ®. We first show any Op-linear isomorphism between (X;)z and (X»)z over the
closed fiber has a unique lifting to an Op-linear isomorphism between (X)z and (X;)z. Let 8 : (X)) —
(X»)z be an Op-linear isomorphism over the closed fiber. Then 3 o (87'|,) is an Op-linear automorphism
of (X2)z. Since (a2)x(OF) is equal to its own centralizer in End((X3)z), there exists b € Op such that
Bob I = (a2)e(b). Then (a2) #(b) o 6 is alifting of B to R. By the faithfulness of the specialization functor
Y ~» Yg for p-divisible groups over the Noetherian local ring R (see [1] (1.4.2.3)), this lifting is unique.
LetI': (X1)z — (X2)z be the lifting of yz. We claim I" descents to an Op-linear isomorphism ¥ : X| —
X>. In fact, it suffices to check the restriction I', : X[p"]z — Xz2[p"]; descents to R for each positive
integer n. Since X{[p"], X2[p"] are finite over R, [, is already defined over a finite Galois extension of R.
Again by the faithfulness of the specialization functor for p-divisible groups over R, it suffices to check the
condition of finite Galois descent over the closed fiber, which is satisfied because yz over k descents to y
over K. O

Remark 3.1.6. The closed fibers X; and X, are indeed Op-linearly isomorphic because they have the same
Lie type. We would like to thank C.-L. Chai for his observation on (3.1.5).

3.1.7. Suppose Lis a CM field of degree 2g, and L is its maximal totally real subfield, and ¢ is the complex
conjugation. Let S¢ and S be the set of places above p in Ly and L, respectively. Then for each place
veSy L, :=L® Loy, is a 2-dimensional commutative L ,-algebra, and the involution in Aut(L,/Ly,) is
induced by ¢. For any field « of characteristic p, the Grothendieck group R,(Oy) is naturally isomorphic to

[T R«(Or,). If A is a g-dimensional abelian variety over k with Oy -action, then Lie(A) is a finitely generated
VGSO

module over O;, ®7 k, and we define the class [Lie(A)] in R(Op) to be the Lie type of A. The Lie type of the

abelian variety A is equal to the Lie type of its attached p-divisible group A[p] via the natural isomorphism

R.(O1) > R«(O1®zZ,), and the latter is further naturally isomorphic to [] R«(Or,) = [] R«(Op,). When
wes

VESQ
k = k, we define a class in Rx(OL) to be a Lie type, if for each w € S its component in R¢(Op,,) is a Lie type

in the sense of (3.1.2). Denote the set of Lie types in Ri(Oy) by LT(Oy, p).
Suppose A is a g-dimensional abelian variety over k with complex multiplication by L. The decomposition
L®g Qp = [I L, induces an L-linear isogeny A[p™] ~ [] A[v*], and each A[v*’] is an L,-linear CM p-

VES veS
divisible group over k. If we denote the CM structure L — Endg(A) by @, then the dual abelian variety
AV has an L-action ()" o ¢ via the composition of the dual action with the complex multiplication, and
(A,a°) is L-linearly isogeneous to (AY, (@®)" o 1). If we look at the attached p-divisible groups, it implies
for each place v € Sy, the L,-linear CM p-divisible group A[v*°] has a symmetric Newton polygon, which
is equivalent to saying dim A[v*] is equal to [Lg, : Q,]. If we know the whole ring of integers Oy, operates
on A, then A[v*] is an Oy -linear CM p-divisible group with dimension [Lg, : Q,]. Conversely, if for every
v € So, X, is an Oy, -linear CM p-divisible group over k with dimension [Lg, : Q,], then there exists an

abelian variety A over k with Op-action such that A[p™] is Or, ®z Z,-linearly isomorphic to [] X,.
veSo
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n
3.1.8. Let Fo = [] Fo,; be a finite dimensional commutative semisimple Q,-algebra, where each F; is a
i=1

n
p-adic local field. Let F := [] F;, where F; is a 2-dimensional commutative semisimple Fy ;-algebra. Let ¢
i=1
be the involution in Aut(F'/Fy) such that (|r, is nontrivial for all i = 1,2,--- ,n. We say a p-adic CM type ®
for F' is compatible with ¢, if ® [] ® o« = Hom(F, QTI,).
Analogous to the question (SCML) for abelian varieties (see §1 for the statement), we can formulate the
following question (SCML) for p-divisible groups:

(sCML) relative to (F, Fy) for p-divisible groups: Let F, Fy,t be as above. Let X; be an
Or;-linear CM p-divisible group over k with dimension [Fy; : Q,] fori = 1,2,--- ,n. Let

n

X := [] X;. Does there exist an F-linear CM p-divisible group X over a complete discrete
i=1

valuation ring of characteristic O with residue field k, such that the p-adic CM type of X is

compatible with ¢, and the closed fiber of X is F-linearly isomorphic to X?

Remark 3.1.9. If we drop the requirement that the p-adic CM type is compatible with ¢, then the answer
is trivially affirmative. The compatibility condition with ¢ on the p-adic CM type is for the purpose of
algebraization; see (3.1.10) below.

Proposition 3.1.10. The answer to question (sCML) for abelian varieties is affirmative if and only if the
answer to question (sCML) relative to (Lp, Ly ) for p-divisible groups is affirmative.

Proof. First of all, the question (sCML) for abelian varieties is equivalent to the apparently weaker version
when F, is replaced by k by deformation theory; see [1] (4.1.9).

Second, in the question (SCML) for abelian varieties over k, we may assume the base ring of the CM
lifting is a complete discrete valuation ring of characteristic 0 with residue field k. To see this, let D be a
local domain of characteristic 0 with residue field k, and A be a CM lifting over D of A. Since A is of
finite type over D, we may assume D is Noetherian. By taking the completion along a minimal prime of
characteristic 0, we may assume D is a complete local Noetherian domain. For such D, the residue field
of every maximal ideal m in D[%] is a finite extension of B(k) ([4] (7.1.9)), therefore by a base change to
Spec D/(m N D) if necessary, we may assume D is a 1-dimensional complete local Noetherian domain of
characteristic 0 with residue field k. Then by a base change to the normalization of Spec D and restricting
to an irreducible component of characteristic 0, we may assume D is a complete discrete valuation ring R of
characteristic 0 with residue field k, and we have produced a CM lifting over R of A.

Because of the two facts above, the necessity is obvious. For sufficiency, let A be an abelian variety over
k with complex multiplication by O;. Suppose R is a complete discrete valuation ring of characteristic 0
with residue field k, and X, is an L,-linear CM lifting of A[p™] with p-adic CM type compatible with ¢. By
Serre-Tate theorem, there exists a formal abelian scheme (A over R to serve as an L-linear CM lifting of A,
and the p-adic CM type @ of A is compatible with the complex conjugation ¢, i.e., ® [ [ ® o« = Hom(L, QT,,).
By [1] (2.2.3) A is algebraizable, and the sufficiency direction is proved. O

3.1.11. LetF, Fy,tasin (3.1.8). Consider the family of F-linear CM p-divisible groups X with p-adic CM
type @ over a complete discrete valuation ring of characteristic 0 with residue field k, such that O operates
on the closed fiber X via the induced CM structure F — End®(X}). Let LTI(F, ®) be the set of Lie types
of X; when X runs over the family above. Analogous to the question (LTI) for abelian varieties (see §1),
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we can ask what we can say about LTI(F, ®). Let X; and X, be two F-linear CM p-divisible groups over
Ry and R in the family. For a complete discrete valuation ring R of characteristic with residue field k such
that R contains both R; and R,, we deduce (X|)g and (X,)g are F-linear isogeneous since they have the
same p-adic CM type. Because there exists Op-linear CM p-divisible groups in the family, the Lie types in
LTI(F, ®) are all isogeneous to £(D) by (3.1.4). We call this constraint on LTI(F, ®) as the “F-linear isogeny
constraint”.

If ® ¢ Hom(L, (QT[,) is a CM type for a CM field L, ® = [] @, where each @, is a p-adic CM type for

veSy

L,. Under the naturally ismorphism R;(Op) 5 [T R«(OL,), each v-component of LTI(L, ®) is isogeneous

VESQ

to £(®,). We call this constraint on LTI(L, ®@) as the “L-linear isogeny constraint”; cf. §1.
It is clear that [] LTI(L,,®,) is contained in the LTI(L, ®). Note that ® is a CM type if and only if for

VESQ
each v € Sy, @, is compatible with ;. For a g-dimensional abelian variety A over k with Oj-action, the

answer to question (SCML) for A is affirmative if for each v € S, the v-component [Lie(A[v*])] € R«(OL,)
of [Lie(A)] € R¢(Oy) falls into at least one of the sets LTI(L,, ®,)’s, when ® runs over the p-adic CM types
for L, compatible with ¢.

3.2. Kisin modules. We take this subsection to review some facts on the theory of Kisin modules, which
will be used extensively in this paper. Let « be a perfect field of characteristic p. Let © := W(«x)[[u]], and let
¢ : © — G be the endomorphism of & such that ¢(u) = u”, and ¢|w) = o. Let S .= 6[%] = W(k)((n)).
For any S-module i, let MO = S0 @z M. Let E/B(x) be a finite (totally ramified) extension, m be a
uniformizer in O, and E(u) = u® +ap_ju°~" +- - -+ aju + ag be the Eisenstein monimal polynomial of  over
Og; in particular, e is equal to the ramification index of E/B(k), pla; foralli = 0,1,--- ,e — 1, and ag = pc
with ¢ € W(k)*.

3.2.1. Let BT?6 (resp. (Mod/©) ) be the category of finitely generated S-modules 9 that are free (resp.
that are killed by a power of p and have projective dimension 1), and are equipped with a ¢-linear endomor-
phism ¢y : M — IN, such that the cokernel of 1®@@pgy : ¢*M = S®y 9 M — M is killed by E(u). The objects
in BT (resp. (Mod/) ) are called Kisin modules (resp. finite Kisin modules). We give BT} and (Mod/ &)
the structure of exact categories (in the sense of Quillen) induced from the abelian category of S-modules.
The conditions in the definition guarantee that there exists a unique S-homomorphism gy, : M — ¢*Nt such
that (1 ® ¢op) o Yy = E(u)ld. We say It is connected if when n is sufficiently large,

Y = " g 0 6" Pap 0+ 0 ¢ 0 Y : M — @M
has image contained in (u, p)¢™*M. The full subcategory of connected objects of BT(fS (resp. (Mod/G) )
are denoted by BT‘fg (resp. (Mod/©)°).
Let p-div/Og (resp. p-Gr/Og) be the category of p-divisible groups (resp. finite locally free group
schemes with order equal to a power of p) over O, and let (p-div/Og)/ (resp. (p-Gr/Og)°) be the full
subcategory of connected objects. By [7] (2.2.22), when p > 2 there exists equivalences of exact categories:

p-Divkis : BT‘76 — p-div/Og, p-Grkis : Mod/S — p-Gr/Og
When p = 2, it was proved in [6] (1.2.8) that there exists an equivalence between the subcategories:

p-Divkis : BT — (p-div/Op)!,  (p-Grii)* : (Mod/ @) — (p-Gr/Op)*
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For a Kisin module I in BT‘fS, let X be the associated p-divisible group over O under p-Divgjs, then

ranke¥t = htX, where htX is the height of X; it is a consequence of the isomorphism (1.2.9) in [6]. The Lie
algebra Lie(X) = ¢*0t/yIN, see [1] (B.4.16).

3.2.2. Let X be a p-divisible group over O, and assume it is connected when p = 2. Let 9t be the attached
Kisin module. Let X be the closed fiber of X, and let M be the attached Dieudonne module. It was proved in
[1] B.4 that M is canonically isomorphic to M/uI, with the o-linear Frobenius endomorphism F : M — M
given by ¢gy mod u, and the Verschiebung homomorphism V : M — MY given by %(,/Igm mod u.

3.2.3. Suppose M" is the Kisin module attached to the Serre dual XV. The description of M" was given in
§3 of [8]. Namely, " is naturally isomorphic to Homg (I, ©), with ¢y (T) := %(1 ®T) oYy for T € MY,
and Yoy (T) := cT o (1 ® ¢). To be more explicit, let (ej, e, - ,e,) be an S-basis of M, and suppose
pm(er, e, ,eq) = (e1,e2,- -+ ,e,)A, where A is an n X n matrix with entries in . Let (e/, e}, --- ,e,) be
the dual S-basis of M", then gyyv (e}, ey, ,ey) = (e], ey, ,ey) - %E(u)(A_l)’.

3.2.4. For a Kisin module 9t in (Mod/3)¢, the condition that 9t is killed by a power of p implies M has
finite length over G°. If length 59’ = d, then the associated finite locally free group scheme G over Of
has order p?.

To see this, fist by a devissage argument it suffices to prove the case when 9t is killed by p. The condition
that the projective dimension of 9t (as an S-module) is equal to one then implies that 9t is a free «[[u]]-
module of finite rank. Let G be the associated finite locally free group scheme over Og. It suffices to

rankka,,,,a“u”‘)ﬁ.

prove the order of G is equal to p Applying (3.2.2), we are reduced to proving the order of a

rankcM - \where M is the attached Dieudonne module. Without

finite p-torsion group G over « is equal to p
loss of generality, we may and do assume « is algebraically closed. Therefore G has a filtration with each
subquotient isomorphic to Z/pZ, u,, or a,. Then it becomes clear since each of them has order p and the

rank of the attached Dieudonne module over « is equal to one, too.

3.2.5. If X; — X; is an isogeny between two p-divisible groups over O, then the attached S-module
homomorphism Mi; — M, is injective, and Coker(W; — Miy) is the Kisin module in (Mod/S)¢ attached to
KCF(X 1 — Xz)

3.2.6. Let 9 be a finitely generated G-module Mt which is killed by a power of p. The projective dimension
of M is equal to 1 if and only if u is regular for 9. In fact, by a straightforward devissage argument we can
show that Mt has finite projective dimension, then the statement above follows from Auslander-Buchsbaum
Theorem. As a corollary, the projective dimension of a submodule 9t of M is also equal to 1, and the
projective dimension of the quotient 9t/ is equal to 1 if and only if N is saturated in M in the following
sense:

Definition 3.2.7. Let 9)t be a finitely generated S-module. A submodule 9t C 9t is said to be saturated (in
m) if N =N N M.

In combination with the equivalence between the category of finite Kisin modules and finite locally free
group schemes with order equal to a power of p, we deduce
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Corollary 3.2.8. Let M be a finite Kisin module, and G be the associated finite locally free group scheme
over Og. Then a finite Kisin submodule Wt C M corresponds to a finite locally free subgroup scheme H C G
if and only if W is saturated in IN.

If we know a submodule of a finite Kisin module is saturated, we can simplify the condition to check
whether it is a Kisin submodule.

Proposition 3.2.9. Let M be a finite Kisin module, and Mt C M be a saturated submodule. Then N is a finite
Kisin submodule if and only if  is invariant under ¢9y.

Proof. It suffices to check under the assumption in the proposition, the cokernel of 1 ® ¢aplgn : #*N — N
is killed by E(u). Since the cokernel 1 ® ¢y, : ¢*0t — M is killed by E(u), for any x € 9t at least we know
there exists a € ¢*IM such that (1 ® ¢gy)(a) = E(u)x. We need to show a € ¢*N.

If we base change to S (1e ¢S«m)o : (¢*§Ui)0 — M0 is surjective because MO is killed by p" for some m
and E(u) is aunitin °/p™. On the other hand, both (¢*9)° and M are S°-modules of finite length and their
lengths are equal, so a surjective S°-homomorphism between such two modules must be an isomorphism.
In particular, this tells (1 ® o) is injective, and so is its restriction to (") — NO. Again because the two
modules have equal lengths, the restriction (1 ® ¢5~m)0|(¢*gﬁ)o is an isomorphism. In particular, for any given
x € N, there exists b € (¢*N)° such that (1 ® pogp)(b) = E(u)x.

In summary, we have E(u)x = (1 ® ¢gp)(a) = (1 ® ¢a)(b). By the injectivity of 1 ® ¢y, we have
a=beMngN° =" MNNR) = p*N. O

4. AN OBSTRUCTION ON THE LIE TYPE FOR A CM LIFTING TO A CERTAIN P-ADIC CM TYPE

With the notion of Lie types for Op-linear CM p-divisible groups, it is straightforward to summarize the
argument in §2 into the following proposition.

n

Proposition 4.1. Let F = [] F; be a finite dimensional commutative semisimple Q,-algebra, where each
i=1

Fi is a p-adic local field. Let ® be a p-adic CM type for F, and F' be the reflex field for (F, D). Let kr, be

the residue field of F;, and kg be the residue field of F’. Suppose R is a complete discrete valuation ring of
characteristic 0 with residue field k, and X is an F-linear CM p-divisible group over R with p-adic CM type
®. If Xy has a compatible Op-action, then the class of [Lie(Xy)] in the Grothendieck group Ri(OF) is in the
image of homomorphism R, (Or) — Ri(OF) induced by the inclusion kg — k.

In particular, if there exists 1 < i < n such that kr, is not contained in k+, then there exists an Op-linear
CM p-divisible group X' over k such that X' does not admit an F-linear CM lifting over characteristic 0
with p-adic CM type ©. O

In other words, if @ is a p-adic CM type such that the residue field of the reflex field is “small”, then there
is an extra symmetry on the Lie types when we consider the reduction of CM p-divisible groups with p-adic
CM type ®@. In terms of question (LTI) for p-divisible groups (see (3.1.11)), the statement of Proposition
(4.1) can be written as LTI(®, F) C Im(Ry,,(Or) — Ri(OF)).

4.2. Counterexamples to (sSCML). Let (F, Fy) be a pair as in (3.1.8). Based on Proposition (4.1), if there
exists an Op-linear CM p-divisible group X over & such that [Lie(X)] is not in Im(R,,, (Of) — Ri(Or)) for
all p-adic CM types @ for F that are compatible with ¢, then X is a counterexample to question (sCML)
relative to (F, Fo) for p-divisible groups. Concerning question (SCML) for abelian varieties, if (L, Lo )
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is equal to one of the following pairs (F, F), then the answer to question (SCML) for abelian varieties is
negative.

o [ = B(sz)[fr] /(7 - p), Fo = B(]sz). The Grothendieck group Ri(Op) is naturally isomorphic to
ZHomBEQ) Ror all p-adic CM types ® for F' compatible with ¢, one can check kpr = F), & kp =
F . Let X be an Op-linear CM p-divisible group over k with Lie type equal to (2,0) or (0, 2), then
X does not have an F-linear CM lifting over characteristic 0 with p-adic CM type compatible with «.
e Suppose p =3 mod 4, and F' = B(F »)[n]/ (n*=p), Fo = B(sz)(nz) C F. The Grothendieck group

Hom(B(sz)’@). For all p-adic CM types @ for F compatible with

Ry (OF) is naturally isomorphic to Z
t, one can check kpr = F, G «kp = sz. Let X be an Op-linear CM p-divisible group over k with
Lie type equal to (4,0), (3,1), (1,3), or (0,4), then X does not have an F-linear CM lifting over

characteristic 0 with p-adic CM type compatible with «.

When p > 2, the following proposition says that the list above gives all the “essential” counterexamples
to question (sCML) caused by the extra symmetry in Proposition (4.1)".

Proposition 4.3. Suppose p > 2. Let L be a CM field, Ly be its maximal totally real subfield. Let ¢ be the
complex conjugation on L. Let S be the set of places of Ly above p.

(a) Letv e So, and L, := L®r, Lo,. Let k, be the residue field of L, when L, is a field, or the residue field
of Loy when L, = Ly, X Lo,. Suppose for all p-adic CM types for L, that are compatible with i, the residue
field of the reflex field does not contain k,, then there are only two possibilities for (L,, Lo ):

(1) F = B )[n]/(n* = p), Fo = B(F ).

2)p=3 mod4, F = B(IF‘pz)[Jr]/(ﬂ4 = p), Fo = B(F2)(m).

(b) Let X = [] X[v*]be an Or p-linear CM p-divisible group over k, where each X[v*| is an Oy ,-linear

veS o

CM p-divisible group. For a p-adic CM type @ for L, let kj, be the residue field of the reflex field Fy,. If for
all p-adic CM types @ for L, that are compatible with 1, [Lie(X)] is not contained in Im(RK&) (Or) = R (Oy)),
then there exists a place v € S, such that (L,, Ly ,) and the Oy, -linear CM p-divisible group X[v*] are in
the list given in (4.2).

Proof. We first prove (b) assuming (a). If [Lie(X)] is not contained in Im(RKéD(OL) — Ri(0OL)), then there
exists v € S such that [Lie(X[v™])] is not contained in Im(RK&)(OLV) — Ri(Op,)). Note that ® = [] D,

veS
where each @, is a p-adic CM type for L,. Let K:DV be the residue field of the reflex field of ®,, then K:DV C K-

Therefore [Lie(X[v™°])] is not contained in Im(RK&)V (OL,) = Ri(OL,)), either. In particular, this implies K&)v
does not contain «,. Note that ® is compatible with ¢ if and only if each ®, is compatible with :. Hence
when @ runs over the p-adic CM types for L, that is compatible with ¢, @, also runs over the the p-adic CM
types for L, that is compatible with ¢. Therefore v satisfies the assumptions in (a), and (b) is proved.

Now we prove (a). Let F := L,, and Fy := Lo,. Letn := [«r : Fp], e := [F : F""]. Fix an embedding of
Fin (QTP. Let K be the Galois closure of F in (QTP, and let K' be the maximal tamely ramified subextension of
K, K" be the maximal unramified extension of K. Denote d := [K" : F"]. Let {, be a fixed primitive e-th
root of unity in (QT,,. Let G := Gal(K/Q)), I' := Gal(K/F"), H := Gal(K/F), P := Gal(K/K"). The various

“We have found another counterexample to question (sSCML) that does not come from this extra symmetry. This example will come
out in a future article.
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fields and Galois groups are shown in the following diagram:

| G/r

Qp

The set Hom(F, @) is naturally identified with G/H. If we fix an embedding of F"" = B(F,) — @, then
Hompu(F, Q,) is identified with '/ H.

We first show F/Fo must ramify. If F//Fy splits, we write F' = F 1 XF( 2, where the second index indicates
the two copies of Fy. The set Hom(F, @) = Hom(Fo,l,(QTg) 11 Hom(Fo,z,(QTp). Take one embedding i €
Hom(Fo,l,QTp) and let ® := {i} L[(Hom(Fo,z,QTp)\{i o t}). The reflex field F/ = Fy, hence kpr = «kp,
contradiction.

If F/Fy is inert, then ¢ induces an involution on Hom(F “r,QTp). There is a natural fiberation Res :
Hom(F, (QT[,) — Hom(F", (QT[,) by restriction. Identify Hom(F “r,QTp) with the Gal(F"'/Q,) = Z/n-torsor
{1,2,--- ,n}, then ¢ sends i to i + g modulo n. Take @ := {1,2,---, %}, and @ := Res !(®’), then @ is
compatible with ¢. If g € G stabilizes ®, g must induce identity on Hom(F™, (QT,,). This implies kgr D kF,
contradiction.

Now we may and do assume F/Fj ramifies. Next we show F' is tamely ramified over F'. Because F and
Fy are completions of a CM field and its maximal totally real subfield, and the involution ¢ is induced by
the complex conjugation, we deduce that the action of ¢ on G/H commutes with the left action by G. Since
Fg' = F", tinduces an involution on T'/H.

We say a subset A C I'/H is compatible with ¢ if A[[«A = T'/H. Define S := the set of subsets of
I'/H that are compatible with ¢. Then I' acts on S because the action of I' commutes with «. We claim
the action of I on § is transitive. Otherwise, let 8’ [[ S” be two disjoint ['-orbits on &, and take A", A”
from &', 8" respectively. Let o be the Frobenius automorphism on F'', and 6 be a lift of o in G. Define
®:=A[JOA” []6*A” []---1] 0" 'A”, then @ is compatible with ¢. The assumption that k- 2 kr implies
the existence of g € G\I' such that g® = ®. Suppose gI' = 6T where 1 < s <n— 1, then A’ = g7 '6°A”".
This contradicts the fact that A’ and A’ are in different I"-orbits.

Note that #S = 22. We have assumed p > 2, hence as a normal p-subgroup of I, P = Gal(K/K") must act
trivially on S. In other words, it stablizes each A € S. We claim this forces P = (1). Otherwise, take g # 1
in P. Because the action of I on I'/H is faithful, there exists x € I'/H such that gx # x. Therefore there
exists A € § that contains both x and ¢(g(x)). Since g stabilizes A, this implies g(x) and ¢(g(x)) are both in
A, contradiction. This proves that F' is tamely ramified over F™.

Now we may and do F is a tamely ramified extension over F"'. There exists a Teichmuller lift w €
W(F,»)* such that F = B(F,»)[x]/(7¢~wp). Under our assumption, the Galois closure K = B(Fpmz)X [7]/(m*—
wp), where d is the smallest positive integer such that: (a) e| p™ — 1; (b) there exists an e-th root of w”~! in
W(E ).
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Let 7 be the automorphism on K that fixes B(F,»;) and sends 7 to {.n. Let o : K — K be the automor-
phism that induces Frobenius on B(F ) and sends 7 to yn. Then G = (o, Tlo™ = 1,7¢ = 1,010 = 1P),
and we may identify G/H with the complete set of representatives {7'0/|0 <i <e—-1,0 < j <n—1}. Since
F(‘)1r = F"Yand [F : Fo] = 2, we have Fy = B(Fpn)(nz), hence the action of ¢ on G/H sends 7'o”/ to ¥ 307,
Now the question has turned to a concrete property on a metacyclic group G with clearly described group
structure. We leave the details to the readers to conclude that all the possibilities are what we have stated in
the proposition. O

5. THE CONSTRUCTION OF A SPECIAL CLASS OF O F-LINEAR CM P-DIVISIBLE GROUPS AND THEIR TORSION POINTS

Let F be a p-adic local field, ® ¢ Hom(F, @) be a nonempty p-adic CM type for F valued in @ and
F’ be the reflex field. Let E be an extension of F’ in @, and e(E) be its ramification index over Q,. Each
uniformizer 7 € Of gives an isomorphism E* N O%. By a projection onto Oy and modulo 7" for a
positive integer r, we get a surjective homomorphism E* - (Og/n™)*. Let E(n, r) be the corresponding
totally ramified extension of E via local class field theory. With any pair of (E,ng) where E contains F’
and g is a uniformizer in O, we will construct the Kisin module of an Op-linear CM p-divisible group
X with p-adic CM type @ over Og, such that for any m > 1 the p™-torsion points on X@ are rational over
E(—ng, me(E)).

5.1. The construction of Kisin modules. We first give a generalized definition of the reflex norm of the
p-adic CM type (F, ®) and some other related notions. Let R = F} X F X --- X F, be a product of fields,
and V be a finitely generated R-module. Then V = V| X V;, X --- X V,,, where each V; is a finite dimensional
Fi-vector space.

Definition 5.1.1. For any T € Endgr(V), let T; be the induced endomorphism on V; fori = 1,2,--- ,n,
and Pr,(u) be the characteristic polynomial of 7; on V;. Define the determinant of 7" to be det(T) :=
(det(Ty), det(T7), - - - det(T},)), and the characteristic polynomial to be Pr(u) := (Pr,(w), Pr,(u),-- - , Pt,(1)).

Lemma 5.1.2. Let Ky be a field of characteristic 0, K be a finite dimensional commutative semisimple K-
algebra. Let E be a finite field extension of Ko, V be a finitely generated E ®k, K-module. There exists a
unique map Agy : Elu] — Klu] satisfying the following properties:

(a) Apyv(f(u)gw) = Ap,y(f()AEv(gw)), for f(u), g(u) € Elul.

(b) For every finite field extension E'|E and x € (E'), if we denote the minimal polynomial of x over
E by Qg x(u), denote the characteristic polynomial of the action of x on the finitely generated K-module
E' ®g V by Pps x(u), then Ag v(Qp /gx(1) = PEr ().

Proof. Tt suffices to prove in the case when K is a field. For the K-representation V of E, if we base

change to K, then it splits into  [] (f))(, where (V) is a collection of embeddings of E into K (allowing
xex(V)
repeatedness), and the index y of K indicates the E-action. For the K-representation E’ ®g V of E’, if

we define y(V ®g E’) in the same way, then y(V ®g E’) is the pullback of y(V) via restriction. Define

Agv(f(w) = T[] x«f(u)for f(u) € E[u], then the property clearly follows. O
xex(V)

Let F be a p-adic local field, @ be a p-adic CM type for F, F’ be the reflex field, and E is an extension over
F’. Let g be a uniformizer in O. Let A be a p-adic local subfield of E with finite index. The tensor product
A ®q , F is a product of fields. We define a reflex norm Ng, E.A8q,F EX—> (A ®q, F )* as follows: consider



STRONG CM LIFTING PROBLEM I 15

the finitely generated Qp ®q, F-module H (Qp),, where x € F acts by mutiplying i(x) on the i-component.

It descents to a finitely generated E ®q, F module Vg g. When view Vo g as an A ®q, F- module, for any
x € E*, multiplication by x induces an A ®q, F-endomorphism on Vg £.

Definition 5.1.3. For x € E*, define its reflex norm in (A ®q, F )* with respect to @ as N@,E,A%p r(x) =
det(xly,, ;), and denote the characteristic polynomial by P¢,X7A®Qp F(u) € A®q, F[u]. Denote the map E[u] —
A®q, Flu] given in Lemma (5.1.2) by A<D,E,A®Q,, F.

Remark 5.1.4. (a) When A = Q),, we recover the usual definition of the reflex norm EX — F*.

(b) If @1 [[ Dy = D3, then Vo, g ® Vo, r = Vo, g as a direct sum in the sense of E ®q, F-modules.
In particular, this implies Po, a0, F(M)Pd)l,x,A@Qp r(u) = Po, x40, r(u). When ® = Hom(F,Q)) is the set
of all the embeddings of F' into @ the corresponding reflex norm of x € E* is simply Nmg/a(x), and its
characteristic polynomial is the minimal polynomial of x over A.

(c¢) For a finite extension E’/E, one can check N‘D’E’A@Qp rFoNmg /g = N@,E/,A%p r. For x € (E')*, the
property AQ)’E’A®QP F(QF /e x(1)) = Po, xA®q, r(u) can be viewed an analogy of this property.

Under such definitions, now we construct the Kisin module that corresponds to an Op-linear CM p-
divisible group over Og with p-adic CM type ®. Take A = B(kg). Let E(u) be the minimal Eisenstein

N/ ) (- . .
mE/3+W, then cp is the constant term of E(u). Let @€ be the

complement of ® in Hom(F, @), then E(u) = Po x,, B(kg)®q, F) - Poe . B(ke)®q, r(u).

Define Mt to be the rank 1 free W(kg)[[u]] ®z, Op-module W(KE)®Zp Ore. There is a natural identification
g M = Wkp)llul] @ wiima (Wkp)llul]l ®z, Ore) = W(kg)[[ull ®z, Ore. Define the ¢-linear
endomorphism ¢gy : M — M by Pm(e) = %P(DL-,,,E,B(KE)@QPF(u)e, and define the W(kg)[[u]] homomorphism
Yan - M — "M by yap(e) = ,u_l(CP(D,HE,B(KE)®@I,F(M))6-

polynomial of ng over B(kg). Define ¢ :=

Proposition 5.1.5. The p-divisible group associated to the Kisin module I constructed above is an OF-
linear CM p-divisible group over O with p-adic CM type ©.

Proof. Everything is clear from the definition of 9t except for the statement on the p-adic CM type. The Lie
algebra Lie(X) is naturally isomorphic to

&M/ Yon M 7 W(kp)[[1]] ®z, OF [ (Po ny. Bz )00, (1))

Define a F-linear homomorphism on (QTP ®z, Or-modules

L:Q, @0, (Wkp)l[ull ®z, O /(P xy Busyeg, F(1)  — Il (@i
1€
1®(f(w)®y) = (f(re) - ()i
Here the index i for (QT[, indicates the F-action is given by i : F — (QTP. The F-linear homomorphism

L is well-defined because of Cayley-Hamilton Theorem. It is surjective because by Dedekind’s theo-
rem the embeddings of F in QTP are linearly independent. Count the Q,-dimension of the left hand side:

dimQTpQTp ®0,; (Wkp)l[ull®z, OF [ (Po xp Biki)og, F(1))) = dimp(B(kp)[[u]] ®q, F/(Po ;. Bup)ey, F(1)) = @
Hence L is an F-linear isomorphism and the Proposition follows. O

It is an immediate corollary of (3.2.2) that
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Proposition 5.1.6. The Dieudonne module of the closed fiber X of the p-divisible group constructed above
is given by M := W(kg) ®z, Ore, Fe = e, Ve = Nq),E,B(KE)Q;QPF(—nE) Re. m|

I
No.EB« 080, F (=7E)

The construction is compatible with base change in the following sense.

Proposition 5.1.7. Suppose E’ > E D F’ are field extensions in @. Let kg and kg be the residue field
of E,E’, respectively. Let E* := B(kg') - E, and assume [E’, E*] < co. Suppose ng:,ng are uniformizers
in E', E such that Nmg: jp-(—ng) = —ng. Let I, be the Kisin modules constructed above with (E,ng)
and (E’,ng), respectively. If we denote the p-divisible group associated to M, M’ by X, X', then X' is
Or-linearly isomorphic to X Xspec 0, Spec Op.

Proof. Let X and X’ be the closed fiber of X and X’ over xg and kg, respectively. By (3.1.5), we only
need to show X Xgpec «, kg 18 Op-linearly isomorphic to X”. It suffices to prove in the situations when E’"/E
is totally ramified or unramified. When E’/FE is totally ramified, E* = E. Proposition 5.1.6 it suffices to
show N(D,E,B(KE)Q@QPF(—HE) = N¢,Er,B(KE)®Qpp(—7TEr), which follows from the condition Nmg:/g(=ng/) = —ng.
When E’/E is unramified, n7gr = ng and E’ = B(k};) - E. One can show for any x € O C Op, we have

N(D,E,B(KE)®QPF(X) = N(D,B(K;;)'E,B(K;;)‘@QPF(X)’ this finishes the proof. O

5.2. Torsion points. Let k be a perfect field of characteristic p, and E be a finite totally ramified extension
over B(k). Let g be a uniformizer in O, and E(u) be its minimal Eisenstein polynomial over B(k). Assume
the constant term of E(u) is equal to pc, where ¢ € W(k)*. Let X be a p-divisible group over O (connected
if p = 2), and let 9 be the attached Kisin module. By the theory of Kisin modules, to find a torsion point
on X is equivalent to solve a certain equation on p~* 9t/ as follows.

Lemma 5.2.1. Let m > 1 be a positive integer. Then there is a natural one-to-one correspondence between
the p™-torsion points on X and the set {x € p~™IN/IM|pm(x) = %E(u)x}.

Proof. When p > 2, the equivalence between finite Kisin modules and finite locally free group schemes
killed by a power of p covers the etale group scheme Z/p™. The attached Kisin module M(Z/p™) is iso-
morphic to (S/p™) - e, with ¢,e = %E(u)e, Yue = ¢ ® e. Then the statement follows directly from the
identification between Hom(Z/p™, X[p™]) and Homg,»(I(Z/p™), p~"M/M). When p = 2, we can take a
detour via their Cartier dual by the identification Hom(Z/p™, X[p™]) = Hom(X*[p™], upn). The details are
left as exercises. O

5.2.2. Let X be the p-divisible group over O associated to the Kisin module 9t constructed in (5.1). By
CM theory we know the p™-torsion points on X@ generate an abelian extension of E. Let Gal(E*/E) and
Igb be the abelianized absolute Galois group of E and its inertia subgroup. If we would expect the Galois
representation p : Gal(E®®/E) — O5 attached to X to bring Igb onto the image of p, then there exists a
splitting Gal(E*|E) = 7 x I%b such that the first component acts on X[p™] trivially, and the action of the

N.
second component is compatible with the reflex norm O, =5 Oy —» O%/p™ vialocal class field theory. In
particular, 1+ p’"()z acts trivially on X[p™]. This hope guides us to search for the solution to ¢y (x) = %E (w)x
in the Kisin module after a base change to a class field of E.

5.2.3. The theory of Lubin-Tate formal group law provides us with information on the explicit Eisenstein
polynomial of a class field of E. Let us take a brief review on the set up of Lubin-Tate theory. Let E be a p-
adic local field and 7 be a uniformizer. Let kg be the residue field, and N := [« : F,]. Let h(x) be a degree pV
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polynomial in Og[[x]] such that h(x) = mx + terms of degree > 2 and h(x) = x”" mod n. For any positive
integer r, let h)(x) := ho ho--- o hbe the r-th iteration of h(x). Since x|h(x), we deduce A"~V (x)|h"(x).
Define h,(x) := hf’,(i),()fi). It is clear that /,(x) is an Eisenstein polynomial of degree p" — pN=D over E.
There exists a unique one dimensional formal group law Fj(X, Y) over O such that Fj, o h = h o F},. For

any a € O, there exists a unique element [a], € Og[[x]] such that [a];(x) = ax + terms of degree > 2 and
Fj o [aly = [alp o Fy; in particular & = [r],. The p-divisible group X}, attached to Fy, is an Og-linear one
dimensional CM p-divisible group over O, and the roots of h")(x) are the coordinates of 7”-torsion points
on X;. The field E(x, r) generated by these coordinates is an abelian extension of E with Galois group

OE /x", and it corresponds to E 5% OE P, OE - OE /m" via local class field theory.

Lemma 5.2.4. Let r be a positive integer. For any yi,y, € Og[[x]] such that yi = y» mod &, we have
h(y1) = h9(y,) mod a1,

Proof. Let logp(x) be the logarithm of the Lubin-Tate formal group law Fj(X, Y), it satisfies a functional
equation log,(x) = g(x) + %logF(x”N) for some g(x) = x + terms of degree > 2; see [3] (1.8.3.6). For any
a(x) € Og[[x]] and B(x) € E[[x]] and any positive integer k, we have log,(a(x)) = logz(B(x)) mod 7k if
and only if @(x) = S(x) mod 7f by [3] (1.2.2). Since logy oh' = 7" o log, it suffices to check log,(y) =
log;(y2) mod 7. Let v be a valuation on E such that v(r) = 1. It follows from the functional equation that

logp(x) = 3, a;x', where p™|i if v(a;) = —j. This guarantees a,-yi1 = a,-yé mod 7 when y; =y, mod =, and
i=0

the lemma now follows. O

Corollary 5.2.5. For any positive integer r, h"" ‘1)(x”N) = h"D(x)h(x) mod n". O

5.2.6. Let X be the p-divisible group over O associated to the Kisin module 9t constructed in (5.1). Now
we are ready to compute the coordinates of the torsion points on the geometric generic fiber of X in the
sense of Lemma 5.2.1, after a base change to an abelian extension of E. First let us make some notations:

e Let F’ be the reflex field of the p-adic CM type (F,®), E be a finite extension of F’, ng be a
uniformizer in Of, and kg be the residue field. Let e(E) be the absolute ramification index of E.
Define n := [kr N kg : Fpl, N := [kg : Fpl.

e Let A(x) be a degree pV polynomial in Og[[x]] such that h(x) = —mgx + terms of degree > 2 and
h(x) = x"" mod 7. Let h(x):=hoho---oh,and h(x) := % for all positive integers r.

e Let m be a positive integer, and M := me(E). Let m,, be a root of the Eisenstein polynomial /;(x).
Let E,, := E(m,,) = E(—mg, M) be the abelian extension of E given by Lubin-Tate theory.

e Let E(u) and E,;,(«#) be the minimal Eisenstein polynomial of 7 and &, over B(kg), and let cp and
cmp be the constant terms of E(u) and E,;,(u).

e Let Mt and M, be the Kisin modules constructed as in (5.1) with (E, ng) and (E,,, 7,,,), and let X and
X, be the associated p-divisible groups.

e Define v := (Ad),E,B(KE)@QpF(h(M_l)(u)))(pNil+¢N72+m+¢+1€ € M,; see (5.1.3) for the definition of
A E Beeyoo, F(HM ™D ().

e For any subgroup A of the finite abelian group p™"Or/OF, define iﬁg to be the °-module S°{n-v|n €
A}, define 914 to be the saturated finite Kisin module ‘ﬁg N (p~™"M,,,/M,,). Let G4 be the p™-torsion
finite locally free subgroup scheme of X, attached to 9i4.

e For each T € Hom(B(kg) N F, QTP), choose an embedding i € Hom(F, QTI,) such that i-|g)nF = 7.
Let @, := {i € ®lilp,nr = 7). Define S, := {a € Gal(Q,/B(kg))/Gal(Q,/E)|la"" oi, € ®.}. Define
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a homomorphism ¢ : Op,).i.(r)[[]] = OBkp)-i,.F)l[ull, such that ¢lw,) = o, li.(r) = ior © it
and ¢p(u) = uP. Define frn@) := [] (@ha)@), Gem@) = T1 (@h™ V)w), and grm(u) =

a€S €S ¢
¢an+¢N72n+"_+¢n+1

Zrm(u)
Proposition 5.2.7. Notations are as above, then:
(a) The element v in M, satisfies ¢pay, (v) = —Em(u)v mod p™. In p™"M /I, all solutions x to ¢y, (x) =
c_,,,Em(”)x have the form n - v, where n runs over p~"Op/OFp.
(b) There exists an Op-linear isomorphism between X Xspec0, Spec O,, and X, and all the p™-torsion
points on X=— are rational over E,,.
(c) The mcipping A > G4 is a one-to-one correspondence from the subgroups of p~"Or /O to the p™-

torsion finite locally free subgroup schemes of X,,, and we have #G4 = #A.

(d) Under the identification of My, := W(kg) ®z, OF|[ul]e N P OBp)i.(pl[uller, we
TteHom(B(kg)NF,B(kE))
have a concrete description of ¢ap,, and v:
n—1 )
¢‘J)E,,,e‘r = fo"r,m(u)eo"r’ V= Z (l_l go-‘ir,nz(u)¢ Jer

treHom(B(kg)NF,B(kg)) i=0
Proof. With the element v defined as above, we can compute

dm,v = (AoEBupeg, r(H™ D@y -1 - o Pocr,, B(KE)®Q,,F(M)V
= (A<DEB(KF)®QPF(I/I(M 1)(M” )(RM= 1)(M)) ) o Poe iy Blgyog, F()V
= Ao EBrpeg, FmW) - 2= - Pac 5, Biw)og, F (M)V mod p™

= Pon, Bpsg, FU) - o= - Pac x, Bieyoo, F(H)V

= 1 —E,(u)v

Cm
Since ¢qy,, commutes with the Op-action on Mi,,, (a) now follows. In particular, we have found #(Or/p™) =
m[F : Q] different p™-torsion points in X,,. Since ht(X,,) = [F : Q,], all the p™-torsion points on
(Xm)@ are rational over E,,. By the construction of /,/(x) and ,,, we can check Nmg, /g(-m,,) = —ng. By
Proposition 5.1.7 we know X Xspec 0, Spec O, is Op-linearly isomorphic to X, and (b) is proved.

The correspondence in (c) is obviously bijective. To check #G4 = #A, recall we have proved in Propo-
sition 3.2.4 that #G4 = pleneth 609{9\, and it is clear that #A = plenghzA If we look at the natural fil-
tration 0 ¢ NG[p] ¢ NY[p?] c -+ c NY[p™] = N, each subquotient NS [p]/NY[p"~!] is equal to
k()77 Vmln € A[p']}. Its dimension over k((u)) is equal to dimg, A[p']1/A[p" 1]. This implies

m m
length ¢o%} = > dimy R [p1/RG[p™'1 = ) dime, A[p1/A[p™"] = length ;A
i=1 i=1

To see (d), with the definition of S ;, one can check A(])7E7B(KE)®QpF( f@) = (J] a«f(w)); from the proof of

a€S
Lemma (5.1.2). Then it follows from a careful examination of the definition of v under the identification

My, — N> OBkp)i-(p [ [uller. 5
TteHom(B(kg)NF,B(kg))

Remark 5.2.8. Let d be a positive integer and </, be a d-th root of 7,,. The minimal Eisenstein polynomial
of {/m,, over B(kg) is E,,(u%), and its constant term is equal to pcy,. Let M, 4 be the Kisin module constructed
in (5.1) with (E,,,({/mn), {/mm). Its associated p-divisible group is naturally isomorphic to the base change of
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X to Og[ {/my]. If we replace u with u in the definition of v and denote it by v(u), then all the solutions x
to ¢an,, ,(x) = #Em(ud)x in p~""M,.a/M,,.a have the form 7 - v(u?), where 7 runs over p~"Or /Op.

5.3. Some technical lemmas. We establish a few lemmas on properties of the polynomial #™~D(y). The
properties will be stated in terms of Newton polygons.
Let us review the basic notions about Newton polygons: let (F, v) be a complete discrete valuation field,

fx) = f} a;x' € F[x] be a monic polynomial of degree d and ag # 0. The Newton polygon NP(f) of f(x)
is the lcl);ger convex hull of the points (0, v(ag)), (1, v(ay)),- - ,(d,v(agz)). In general, if f(x) = x"fo(x) €
Flu,u"'] where r is an integer and fy(x) is a monic polynomial with nonzero constant term, then NP(f) is
defined as (r, 0) + NP(fp). We define the slopes of NP(f) as the slopes of the segments in the polygon. If 4
is a slope of NP(f), we define the length (resp. height) of A as the length of the projection to x-axis (resp.
y-axis) of the corresponding segment.

The valuation v on F uniquely extends to the splitting field of f. The slopes of a polynomial’s Newton

polygon are related with the valuations of its roots in the following way.

Proposition 5.3.1. Suppose f(x) is a monic polynomial with a nonzero constant term. If the valuations of all
the nonzero roots of f are equal to -1 < —Ap < --- ,< —A with multiplicities a1, ay, - - - , ay, respectively,
then the slopes of NP(f) are 11 > Ay > -+ > A with lengths ai,as, - - , ax, respectively.

Recall that the Minkowski sum of two sets S| and S in a vector space is defined as S 1+S, := {vi +w|v; €
S;}. We have an immediate corollary from Proposition 5.3.1.

Corollary 5.3.2. The Newton polygon NP(fg) is equal to the Minkowski sum NP(f) + NP(g).

Let K be a field. For each formal power series g(x) € K((x)), there exists a unique integer ¢ such that
g(x) = x'go(x) and go(x) € K[[x]]*. We define this integer 7 to be the order of g(x), denoted by ord, g(x), or
simply ord,, g for short. The following lemma will be extensively used in the future computations.

Lemma 5.3.3. Let F be a p-adic local field, and 7 be a uniformizer in Op. Suppose f(x) = x" fo(x), where
r is an integer and fy(x) is a monic polynomial with nonzero constant term. Let d = r + deg fy. Suppose

the slopes of Newton polygon NP(f) are 1y > Ay > --- > A, with heights a1, an, -+ , @, respectively. Let
r

s = 3, aj. Then there exist g(u) € Opwl[u] fori=1,2,---,s— 1 and g,(u) € Op[u] such that:
j=1

(a) f(u) = % n'gi(u);
(b) gi(u) € Opu(W))* fori=1,2,---, s~ 1, and gs(u) € Op((w)*;
(c) we have the following estimates on their orders:

k—1 k-1 k—1 k
ord,gi>d+ Y aj+ AN i— Y ap, if Yaj<i<Yajk=1,2---,r
=17 =1 =1 j=1
k k
ordugi:d+2/lj_.laj, ifi=Y aj,k=0,1,2,--,r
j=1 j=1

d
Proof. By the assumptions on f(u) we can write f(u) = Y, a,u", where a; = 1, a, # 0. One can check that

n=r

ord, (a,) = s. We can combine the monomials a,u" according to v(a,) by defining gi(u) := Y au”
v(an)=i

fori =0,1,---,s—1,and g;(u) := 7= >, a,u”", then g;(u) € Of[u]. For each i, there exists a positive

v(ap)=s
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k=1 k-1
integer I < k < rsuchthat } o; < i < Z «;. First suppose > a; < i < Z a;. If v(a,) = i, then
j=1 j=1 Jj=1 j=1

because the point P, = (n, v(a,)) is inside the Newton polygon, we deduce that n is larger than or equal to
the x coordinate of the intersection of NP(f) with y = v(a,,). The x-coordinate of the intersection 18 equal to

d+ Z /l a/]+/l 1(1— Z @) from the information on the slopes of NP(f). Therefore ord, g; > d+ Z /l a;+
Jj=1 J

A - Z @;). Second, suppose i = 21 a;. Letng :=d + Z /l «;. Because (d + Z /l aj, Z aj)is a
Jj=
vertex on NP( ), v(ay,) must be equal to i, and any other n such that v(a,) = i (or v(an) > s When i=9)

must be larger than d + Zl A a; j- This proves the estimates on the orders of g;(«). Finally note that any
Jj=
element in O can be written as a finite sum ¢y + ¢17 + con> + - - - + ¢;° with ¢; € Opwr, and the element is

a unit 1n Orp if and only if co is a unit in Opwr. After such a substitution of the coefficients in g;(1), we may

write Z i g,(u) = Z b g,(u) with each g;(u) € Opulu] when i < s, and g,(u) € Or[u]. By our knowledge
i=0 i=0

on ord, &;(u), we can arrange that g;(u) is a unit in Op((u)) for all i, with order equal to ord, g;(u). O

Now we study the Newton polygons of the polynomials 2Y~D(u) and k(1) that we have defined over E

in (5.2). Choose the valuation v on E such that v(zg) = 1.

Proposition 5.3.4. The following statements are true:

(a) The vertices of NP(hy (1)) are (pMN - p(M_l)N, 0), (0, 1), and the slope of NP(hy(u)) is —m
with height 1.

(b) The vertices of NP(h™M=D(w)) are (p(M -DN (), (p(M “IN 1), -, (1, M=1), the slopes of NP(h™M=D(y))

1 1
are — oI oIy > T U awy > - —— T and each has height 1.

(c) For any positive integer D, there exists pM=1 D) € Oplu,u™'] such that h(M_l)(u)hm)(u) = 1
mod ﬁg, the vertices of NP(hM=D(u)) are (=d,0), (=Dp"N + (D — )p™M~-YN D — 1), and the slope of
NP(HMD(w) is — oy with height D = 1.

Proof. From the definition of /1y;(u) we know it is an Eisenstein polynomial of degree (1 — p~™V )pM N hence

all its roots have valuation m, this proves (a) by Proposition 5.3.1. Since M=) = u H hi(u),
i=1

)N

there are exactly p™¥ — p~D¥ roots of A~ (y) with valuation m, this proves (b) by Corollary 5.3.2.

Then apply Lemma 5.3.3 we deduce there exist A;(u) € Og[u,u™'1* for i = 0,1, — 1 such that
RM=-D(y) = Z T " Ai(u), and ord, A; = p™M~1=9Nd_ Note that (A™~D(u))~! exists in the p-adic completion
of Og((n)) as
WDy = AT+ Y A7 A = Y Y A A Ay
k=1 k

i1 +ig+-+ir=k
ij>0

If we define A=) (y) := z (Y A;VA - Ay), then KMD(u) is defined in Og[u, u™"]. Let us

k=0 i1+ip+-+i=k
ij>0
estimate the order ofA(_)(’Jrl)Ail .-+ A;. If iy > 2, then after replacing (i1, ia, - - - ,i,) with (1,i — 1,2, , i),

the order will change by

—ord, Ag + ord, A; + ord, A;—; —ord, A;, < -pMN1-2p™ <0
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For the same reason, if i; > 1 then after splitting i; into 1 and i; — 1, the order of A(;(HI)A,-l --+A; also

decreases. Hence, among the indices (i1, 2, - - - , i;) such that iy +ip +- - - +i; = k, the order ofA(;(’Jrl)Ai1 A
is the lowest only when ¢t = kand iy = i = --- = it = 1. Therefore ord, ( 3 Aa(’”)Ail A =
ip+ip+-+i =k
ij>0
ord, A; VAR = —(k + DpMN + kp™-DN_(c) now follows. O

Now suppose E is an unramified p-adic local field. Define the endomorphism ¢ on E(u) such that ¢|g = o,
and ¢(u) = u”. If i > 0 and f(u) € E(u) can be written as fy(u?) such that p'|d, then f(u) is contained in the
image of ¢' : E(u) — E(u), therefore f(u)"’ﬂ is well-defined.

Lemma 5.3.5. Suppose E is an unramified extension over Q, and we take ng = p. Let d, D be positive inte-
gers and suppose D < M. Suppose we have integers x| > xp > -+ > X, > y| > yp > -+ > Y, such that p’sd
is an integer. Let | < r be the largest integer such that x; > y; + N; we treat | = 0 if such an x; does not exist.
Then there exists g; € E[u] fork = 0,1,---,D — 1 such that T e e

D-1
S pkgr mod pP with
k=0

dp(M—l)N((l _p—N)(pkH +-.. .pl) P YV — ) fO<k<[-1
ordy g 2§ dpM=DN(p¥t 4o g ptr— PP — = pY), ifl<k<r-1
dpM N (—(k = r + 1)p" —--- = p™), ifk>r

Proof. Replace h™~D ()~ by AM=D(yd), and recall that AM=D ()"~ = hy(ud) mod p, we deduce
T A
= hyg(ud)? O TN D )86 D) ()P 4 mod pP
By the definition of ¢, for any f(x) € E[u,u"'], the slopes of NP( f(ud)¢i) are equal to the quotient of the
slopes of NP(f) by pd. Hence by Lemma (5.3.4) the slopes of
NPy (uy?! 0t O M) (@i T 01440
1 1 1 1

are: = (DN _ (0N g > T P2 (pMDN (DN g > > T (pM-IN (DN g > TP (DN _ (2N g >
. 1 . . 1 .
the height of each slope ~ R UTN 0wy 1S 1, and the height of ~ TGO 0Ty 19 D — 1. Then the

statement follows by a direct application of Lemma 5.3.3. O

6. STRONG CM LIFTING TO A P-ADIC CM TYPE INDUCED FROM AN UNRAMIFIED LOCAL FIELD

Let F be a p-adic local field, & be a uniformizer in O, e be the absolute ramification index, kr be the
residue field, and let n := [«F : Fp]. In this section we prove the following theorem:

Theorem 6.1. Let a be an integer such that 1 <a <n-1. Let iy € Hom(F’”,(QTp), O’ = {ip,ipo0, -+ ,ipo
oy ¢ Hom(F’”,QTp), and let @ be the p-adic CM type on F induced from ®'. Let X be the Op-linear
CM p-divisible group over W(k) with p-adic CM type ®. Then for every Op-stable subgroup G of Xy, there
exists a finite extension R over W(k), such that G lifts to a finite locally free subgroup scheme of Xp.

Theorem (6.1) has the following consequences:

Corollary 6.2. Notations are as in (6.1). Then every Op-linear CM p-divisible group over k with dimension
ae admits an F-linear CM lifting to characteristic 0 with p-adic CM type ®.
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Proof. Every Op-linear CM p-divisible group Y over k& with dimension ae is L-linearly isogeneous to X,
hence there exists an Op-stable subgroup G of X such that Y is Op-linearly isomorphic to X;/G. By
Theorem (6.1), there exists a finite totally ramified extension R over W (k) and a finite locally free subgroup
scheme G of X, such that G = G. Then XR/G is an F-linear CM lifting of ¥ with p-adic CM type ®. O

Remark 6.2.1. In the context of question (LTI) for p-divisible groups (see (3.1.11)), Corollary (6.2) implies
LTI(F, ®) = {the set of Lie types of dimension ae}. So the F-linear isogeny constraint is the only constraint
on LTI(F, ®); cf. (3.1.11).

Corollary 6.3. We have the following positive results on (sCML):

(a) Let Ky be a p-adic local field, K be a degree 2 unramified extension of Ky. Then the answer to question
(sCML) relative to (K, Ky) for p-divisible groups is affirmative.

(b) Let L be a CM field, and Ly be its maximal totally real subfield. If for every place v of Ly above p, v
is inert in L, then for the CM field L the answer to question (sCML) for abelian varieties is affirmative.

Proof. (b) follows from (a) by Proposition (3.1.10), so it suffices to prove (a). Let ¢ be the involution in
Aut(K/Kp). Let ex be the absolute ramification index of K, ng be the inertia degree of K. The set of
embeddings Hom(K“r,(QTp) is isomorphic to {1,2,--- ,ng} as Gal(K""/Q,) = Z/nk-torsors. The involution
on {1,2,--- ,ng} induced by ¢ sends i to i + %X mod ng. Take a p-adic CM type for K" to be @’ :=
{1,2,---, ”7"}, and let @ be the p-adic CM type for K induced from ®’. Then ® is compatible with ¢, i.e.,
@[] Dot = Hom(K, QT,,). Now if Y is an O-linear CM p-divisible group with dimension [K( : Q,] = ”7" €K,
then by Corollary (6.2) we deduce that Y admits a K-linear CM lifting with p-adic CM type ® compatible
with ¢. This proves (a). O

Here is the plan to prove Theorem (6.1). We have constructed the Kisin module of X in (5.1). For each
m > 1, after a base change to the totally ramified abelian extension such that the p"-torsion points on X@
are rational, we have also computed the finite Kisin modules attached to the p"-torsion finite locally free
subgroup schemes in Proposition (5.2.7). If such a finite Kisin module reduces to an OF-stable Dieudonne
module by (3.2.2), then the associated finite locally free subgroup scheme is the lifting of an Op-stable
subgroup.

6.4. Examples of liftable subgroups. To illustrate the approach to prove Theorem (6.1), in this subsection
we consider the example when F = B(F ) is unramified over Q, of degree 4. Take an identification
of Hom(F, B(k)) with {1,2,3,4} as Gal(F/Q,) = Z/4-torsors. Take a p-adic CM type ® = {2,3}. The
reflex field F’ is equal to F. Take h(x) = px + xp4, it satisfies the requirement in the theory of Lubin-
Tate formal group laws as in (5.2.3). Follow the notations in (5.2.3), the Eisenstein polynomial /y(x) :=
h:()g) =p+(px + xp4)f”4‘1 defines a totally ramified abelian extension F, over F with Galois group = Or/p>.
Note that the constant term of /;(x) is equal to p. Let 7, be a root of /12(x), and take R = OF,.px) = W(k)[n2].

Let X be the Or-linear CM p-divisible group over R with p-adic CM type @, so the p>-torsion points on X@
P

are already rational over Frac R. Let X be the closed fiber of X. We will show some examples of liftable

Op-stable subgroups of X.
4

The Kisin module attached to X is isomorphic to 9t = EB W(k)[[u]]e;, where OF acts on the i-th compo-

i=1
nent by the embedding i. For simplicity we identify O with its image in W(k) under the first embedding.
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By (5.2.7 (d)), the ¢-linear homomorphism ¢gy is defined as ¢gpe; = e;41 if i = 1,2, and ¢ope; = ho(u)e;y if
i = 3,4. Here we have identified e;,4 with e;.
By Proposition (5.2.7(d)), the solutions to ¢yp(x) = hy(u)x in p2M/M have the form n - v where 1 €
p~20r/OF, and
v o= h)” ey + hw)? ey + h(u)® e + h(u)? +Pey

where ¢ is the endomorphism on W(k) that induces o on W(k) and sends u to u”. Note that by our definition,
the coefficients of h(u) are in fact integers in Z, therefore h(u)? = h(uP).

The finite Kisin modules attached to pz—torsion subgroup schemes of X are given by 9t4 := W(k)((u)){n -
vin € A} N p29M/M where A runs over all the subgroups of p~>Of/OF. The Dieudonne module of the
closed fiber is given by 94/(Ma N u(p™2M/M)) = (Na + u(p2M/M))/u(p~2M/M), which we denote by
“N4 mod u” from now on for simplicity.

On the other hand, the Dieudonne module of X := X} is isomorphic to M := Ni/ud = éMi =

i=1

4
@ W(k)e;, where OF acts by the i-th embedding on the i-th component, Fe; = ¢y fori = 1,2, Fe; = pe;,
i=1
fori = 3,4, Vejy1 = pe; fori = 1,2, and Ve;y = e; fori = 3,4. Let us look at a few examples of the

Dieudonne modules attached to Op-stable subgroups of X, and show they are liftable.
Example 6.4.1. Let N := p‘1M3 /M3, it is an Op-stable Dieudonne module. Consider

4 3,0 4 N 4 , ,
P—l((ul’ + pu)¢ +¢ el + (ul’ + pu)¢ +1€2 + (MP + pu)¢)+le3 + (I/lp + pu)¢ +¢€4)
7 6 7 4 5 4 6 5
P—lup +p el +p‘1MP +p e» +p—1MP +p e3 +p—1up +p eq mod M

plv

Therefore u‘(”5+p4)(p‘1v) = p‘le3 mod u. Therefore if we take A := (p‘l), then 9t4 mod u = N. Since
the associated finite group scheme G4 has order p, we deduce that )ty mod u = N. In fact, the reduction of
any cyclic subgroup scheme of X with order p is equal to the finite subgroup of X associated to N.

Remark 6.4.2. We have actually shown a stronger fact u‘(”5+”4)(p‘2v) = p~les mod uP"~P*9. This fact
will be useful later.

Example 6.4.3. Let N := p~'M3/M3®p~' M4/My, it is an Op-stable Dieudonne module. For any 1; = p~!¢;
with {1 € W(F ,+)*, we have

m-v=p g w7 o) + p_lg“i’up7+p4ez + p_lg"lfzup5+p4e3 + p_lg“fsup%pse‘; mod M
We have seen N, /udt,, = p~'M3/M3, so we need another 7, € p~2Op/OF to produce a lifting of
p‘1e4. Ity e W(sz;)X is Z,-linearly independent from i, then there exists 41,4 € W(F4) such that
44+ 2dh =0, 4] + 247 = 1. Thus modulo N we have
3 30 _ 3 3 7,6 _ 3 3 7., 4 _ 6., .5

AT O+ T v = p T AT L+ AT L P e+ p AT LT + AT LUl ey + pT P ey
Therefore u_(f’6+p5)(/l‘173(p‘1.§1 V) + Af(p‘lzjz v)) = p~les mod u. If we take A := (p~'1) x (p~14,), then
Ny mod u = p_1M3/M3 @p_1M4/M4 =N.

Example 6.4.4. Let N := p‘l My /M & p‘l M3 /M3, it is an Op-stable Dieudonne module. This time we base
change to X Xspec w(k)ir,] Spec W(k)[ {/m2] to carry out the computationT, where «{/m; is a p-th root of .

"Note that every p-torsion subgroup of X" := X Xspec wiyir,1 Spec W(k)[ {/m2] is the base change of a p>-torsion subgroup of X, so
to lift the associated subgroup of X to a finite locally free p>-torsion subgroup scheme of X Xspee Wik, SPec W(K)[ {/m,] is the same
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Let M’ be the Kisin module attached to X Xspec w(k)ir,] Spec W(K)[ {/m2]. By Remark (5.2.8), if we replace
u with u” in the formula for v and denote it by v/ := v(u”), then the p>-torsion points on X’ correspond to
n-v', where n € p~2OF/Op. Take A := (p~2). By Example (6.4.1), we already have u‘(p6+p5>(p‘1v’) in 9y
as a lifting of p‘1 e3, and we need to find another element in 9ty to lift p‘1 e;. Consider

PP+ ey + hu)? ey + h(uP)*es + huP)? P ey)

p=2(h(w)?+% e1 + h(w)? +Pey + h(w)? +Pes + h(u)? '+ eq)

p—2v/

By Corollary 5.2.5, h(u)¢4‘1 = hy(u) mod p?, hence in ‘th we know A(u) " 1(p~2V) is equal to

4 3 2 3 2
p AP ey + hy(w)es + h(w)? ~'es + h(u)? " 1ey)
= =2, p8+p’-pP—p* | 1 p'-p® o pB-pi-ptept _ pBepT-p -2ptl _ o pBpT-2p7—ptep
(p~u +p (u +u u u )e+
(P~ 2’7" 4 prt (1 = w2 ey - (p72ul P 4 p P - 2 ey
7 6 5 4 6 5 4 3 7 5 4 2 7 6 5 4 7 6 5 4
(p2ul P’ PP g pm N (P P PP PP PP P AP 20T 0P 2p DY g

This vector is not yet in p~29t/9M since the coefficient of e3 has a negative order in u. However, since
u‘(P6+p5)(p‘lv’) is a lifting of p_1€3, we can use it to “strike out” the coefficient of p‘leg. Let w =
h(u)*~1(p~>V') - (bt—1’4+’72 - up6_2p4+1) . u_(”6+1’5)(p‘1v’), then we have

w = ()7 (p72v) = p PP — w2 ey — (PP PP P () - ples)

We have seen the first term in the sum is in p~290/9M and it reduces to p~'e, modulo u, and by Remark
(6.4.2) we know the second term is divisible by uP’~P’=P*+P’ Therefore we deduce w = p~les mod u. This
proves Nty mod u = p'\My/M> ® p~'M3/M5 = N.

6.5. The correspondence between subgroups and Lie types. To prove Theorem (6.1), we need a descrip-
tion of the Dieudonne modules attached the Op-stable subgroups of an Op-linear CM p-divisible group.
Such a description also allows us to write down the Lie type of the quotient Op-linear CM p-divisible group
directly from the Op-stable subgroup. We take this subsection to set up some definitions on such a descrip-
tion.

Let F be a p-adic local field. Let X be an Op-linear CM p-divisible group with Lie type 6. In the
natural isomorphism R;(OF) = I1 Ri(OF ®0,u 7 k) h I Z (see (3.1.2)), denote the
teHom(F'",Q,) teHom(F",Q,)

The Dieudonne module attached to X5 is Ms = @ M; -, where

reHom(F,Qp)
Msr = W(k) ® 0w Ore; is a free W(k) ®.,0,.. Or-module of rank 1. The Frobenius and Verschiebung maps

satisfy FMs, = neF_‘s‘” Ms e and VMo = n‘,s,‘”M@T.
If G is an Op-stable subgroup of X, then its attached Dieudonne module is EB n;d’M(;,T [Msr,

reHom(F™,Q,)
where the d;’s are non-negative integers. This module is stable under F and V/, this implies

image of 6 by (6T)TeHom(F”',@)'

Opr — €p < dyr —dy £ 641, forallt € Hom(F“r,QTp)

Definition 6.5.1. Let 6 = be a Lie type. A vector of non-negative integers

GjT)‘rEHom(F“‘,@)

é = (dT)TeHom(F“f,@) € @ N7

TeHom(F™",Qp)

as to lift it to a finite locally free p*-torsion subgroup scheme of X. We make the base change here for the aim of convenience in
computation.
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is defined to be d-admissible, if 6, — e < dyr — d; < 64 for all 7. It is said to be §-admissible and reduced,
if moreover we have mind, = 0. Two 6-admissible d and d’ are called equivalent, if d; — d_. is a constant
that does not depend on 7.

If d = (d;) is 6-admissible, we denote N(d) := EBTEH()m(Fu" @)(ﬂ;dTM@T /Ms+) and let G(d) be the asso-

ciated finite subgroup scheme of Xs5. We also denote the Dieudonne module M(d) := P n;d’ Ms,
TEH0111(F“',@)
and let X(d) be the associated p-divisible group over k. Clearly from the definition we have:

Proposition 6.5.2. The mapping [d] — X(d) is a one-to-one correspondence between the equivalent classes
of 6-admissible vectors and the Op-isomorphic classes of Op-linear p-divisible groups isogeneous to Xs.

Moreover, the Lie type [Lie(X(d))] = (0; — dr + dtr‘lr)reHom(FW,QT,,) € Ry (OF).

6.6. The proof of Theorem (6.1). In this subsection we prove Theorem (6.1). Notations are as in the
beginning of the section. We first claim it suffices to prove in the case when F' is unramified over Q,. To
see this, recall that @ is induced from the p-adic CM type @’ for F'". Let Y be the Opw-linear p-divisible
group over W(k) with p-adic CM type @’, then X is Op-linearly isomorphic to the Serre tensor construction
Y ®0,. Or. Now suppose G is an Op-stable finite subgroup of Xj. The following lemma (6.6.1) reduces
the potential liftablity of G to an Opuwr-stable finite subgroup of Y.

Lemma 6.6.1. Let F/Fy be a totally ramified finite extension of degree d between p-adic local fields, and
7t be a uniformizer of F. Let Y be an Of,-linear CM p-divisible group over k, and X :='Y ®0y, Or be the
Serre tensor construction. Let Y — X be the canonical embedding, and Y; be the image of Y under the
endomorphism ' € End(X) fori = 0,1,--- ,d — 1. Then for every Op-stable finite subgroup G C X, there

d-1
exists an OF,-stable finite subgroup G; C X; fori =0,1,--- ,d — 1, such that G = [] G,.
i=0
Proof. The Dieudonne module N attached to Y splits into @TeH om(Fur ) N;, where N; is a free W(k) &z,
»Rp

Or,-module of rank 1. Let M. := Of ®0r, N, then the Dieudonne module M attached to X is naturally
isomorphic to @TeHom(Fuf o) M. Let N;; = OF()ﬂ'i ®0, N;fori =0,1,---,d — 1, then the Dieudonne
»p
module attached to Y; is EBTeH om(FT5) Ny,
Since G is Op-stable, there exists a sequence of non-negative integers (ar) such that the Dieudonne mod-

ule attached to G is EB n“M./M;. Let mp be a uniformizer of Of,. Note that 7~ M /M, =
d-1_-[%) : -1

Do 7y © Nri/Nz,. Foreachi, define P; := @reHom(F“f,@) m, ¢

Since Y is Op-stable, we know the Frobenius endomorphism F sends N;; to ﬂgTNT,i for some integer o,

hence on M we know F sends M, to n% M,,.. Therefore a; — dé; < a,r. This implies [“TT”] —-0: < [a%ﬂ],

reHom(Fr,Q,)

N;,i/Ny; as asubmodule in p~*N¢;/N;.

hence P; is a finite Dieudonne module.
d-1
Let G; be the finite subgroup of X; that corresponds to P;. Then G; is Of,-stable, and G = [] G;. O
i=0
From now on we may and do assume that F is unramified over Q,. Take an identification between the
Gal(F/Qp) = Z/n-torsors Hom(F, B(k)) and {1,2,--- ,n}, such that ® = {2,3,--- ,a + 1}. The reflex field
F’ of (F,®) is equal to F. Take h(x) = px + X", and construct A" (x), h,(x) for all positive integers r as in
(5.2.3). Let m, be a root of h,(x), and A/m, be a p"-th root of ,. Define R := W(k)[ A/m,]. Let M be the
Kisin module constructed in §5 over R using the uniformizer "/x,, and let X be the associated p-divisible

group. By (5.2.7) all p"-torsion points on X@ are already rational over Frac R. By Proposition (5.2.7) and
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Remark (5.2.7(d)), the p"-torsion points on X are in one-to-one correspondence with {r - v|[n € p™OF/OF},

where v = i h(n_l)(upn)d)n—l+¢n—2+...+¢n—a—1+i+¢i—2+¢i—3+_..+1ei + i h(n_1)(upn)¢i—2+¢i—3+,..+¢i—a—1ei'
i i=a+1

Let X :=l_z{’ « be the closed fiber, it is the Of-linear CM p-divisible group over k with Lie type £&(®). From
the definition of @, if a vector of integers d = (d;)i=12,.. » 18 £(®)-admissible, then 0 < djy; —d; < 1 when
1<i<a,and-1<d;y; —d; <O0Owhena+1<i<n. Define g; :=min{i — 1,n+ 1 —1i,a,n — a} for each
i =1,2,---,n. One can easily check that for a positive integer r, there exists a reduced &£(®)-admissible
d € N" such that the i-th component d; is equal to rif and only if 1 < r < g;.

Take a set of Qp-basis {{jli = 1,2,---,n} of F" = B(F,»), without loss of generality we may assume
{i € W(F,»)*. By Dedekind’s Theorem the matrix [£{ j]og, j<n—1 1s non-degenerating. Hence we can re-
arrange the order of the rows such that for any 1 < [ < n, the submatrix formed by first / rows and [

columns is non-degenerating. So there exists a unique vector A= (A0, A1, -+ 5 Agy) in (W(k))*! such that
(A0, A1, 5 A - [{f’j]og,jsl =(0,0,---,0,1).

Definition 6.6.2. Suppose (s, r) is a pair of integers such that 1 < s <n,1 < r < g,. Define

A0 T, ifsza+]
U MG, ifs<a

as subgroups of p™"OF /OF.

Define integers

pnz(ps—l _ ps+r—a—2 _ ps+r—a—3 L ps—a—l) ifa+1<s< ns+r<n
D(s.r) = p"z(pS_l —pE—p3 . psath ifa+l1<s<ns+r=n+1
’ . an(ps—l_pr—l_pr—Z_”,_ps—a—l) iflsssa,rsn_l_a
an(ps—l _ps—2 _ps—3 . _ps—a—l) ifl<s< ar=n-a

From the definition it is clear that D(s, r) > 0.
For an element x € p~"M/MO, we define ord, x to be the smallest integer d such that u=%x € p™M/M
and u=?x # 0 mod u. If ord, (x; — x2) > D, we write x; = x, mod ord, > D.

Proposition 6.6.3. For each pair of (s, r) that satisfies the condition in (6.6.2), there exists wy) €N, such
that W(Sr) = p ey mod ord, = D(s,1).
Proof. We divide the problem into the case whena+ 1 < s<nand1 < s <a.

(i) First suppose @ + 1 < s < n. Prove by induction on r. Suppose 1 < r < min{s—1,n+1—s,a,n— a}

and we have proved for smaller r’s. Define

s+r—a-2 R R 1

* a+2-r _1 N AS—L_ . AS—A— _

Vs Y AT Dy g )
k=0

Then by the choice of As,—,—2 one can easily check that the coefficient of ¢; in v — p~ e, vanishes for
a+2—-r<i<s. Now we examine the coeflicients for ¢; withi <a+1—rori > s+ 1.
When 1 <i <a+1-r,the coefficient of ¢; is equal to
s+r—a—2 ) ) ) ) ) ) )
p_r( Z /lo.a+2—r g]f.l)h(n_l)(upn)¢n—l+,,.+¢max(s—l,n—a—l+l)_¢mln(x—2,n—a—2+1)_..A_¢max(s—a—1¢t—l)+¢m1n(s—a—2,1—2)+...+1

s+r—a-2.k
k=0
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The number of h(”‘l)(upn)¢j—factors with j > Oisequal to (n — 1) —max{s —1,n—a—1+i} + 1. Because
r<min{s—-1,n+1—-s,a,n—a}impliess—1<n-r,andi <a+1—-rimpliesn—a—-1+i<n-r, we
have (n—1)—max{s—1,n—a—-1+i}+1>m—-1)—(m—r)+1 =r. Hence by Lemma 5.3.5, we can write
this coefficient as p~"(go + pg1 + p2g2 +00 4 p”‘lgr_l), such that

max{s—1,n—a—1+i}

min{s—2,n—a—2+i} maX{s—a—l,i—l})

2
ord,gx = p"(p -p —o=p

Ifs+r<n,thenn—a-1+i>n-r>s, hence the above lower bound is

> pnz(ps _ ps—2 I ps—u—l) > pnz(ps—l _ ps+r—a—2 I ps—a—l) = D(s,r)

If s + r = n + 1, that lower bound is > d(p*~' — p*=2 — -+ — p*~¢~1) = D(s, r), too.
Similarly, when i > s + r + 1, we can also prove the order of the coefficient of ¢; has order > D(s, r).
When s + 1 <i < s+ r, by Lemma 5.3.5, the coefficient of ¢; is equal to

s+r—a—2

_ +2-r i _ n pi=2 4 ps=1_ gi—a=2_ . _ ps—a—1 _ —
PO AT LDy e T =pT(go+pei+pigat o+ p )
k=0

with estimates on the order of the g;’s as follows. If k < i—s— 1, we have ord,, g; > p"2 Pl =p -
P> D(s,r). Ifi—s < k < r—1, we deduce ord, g; > p”z(—(k—(i— $)+ 1)pima2—pima=3 ... psasly
r—1 .
So far we have been able to write v as p~es + 3 Vviei+ X X hijp”"e;, knowing:
i<a+l-r s+1<i<s+r j=0
iZS(irrH

(@wheni<a+1-rori>s+r+1,ord,v; > D(s,r).
(bl)whens+1<i<s+rand j<i-s—1,ord,h;;> D(s,r).
(b2) when s+ 1<i<s+randi—s<j<r—1,ord,hi ;> p*(=(—(i—s)+ 1)p a2 —...— psa-ly
Now we define

w =y - h;, ngr_j)
(i,j)as in (b2)
Note thatr — j < r—i+ s <min{i — 1,n+ 1 —i,a,n — a}, so by induction hypothesis we have constructed

w7 e Ny = WER@)p™ 4 vl0 <1 < i+ (r=j)=a=2). Because i+(r—j) < i+r—(i=s) <r+s,

and r — j < r, hence we have ‘ﬁg(r_j) C ‘th(,). Thus this w(sr) is indeed defined in thg(r). Next we verify

ord, (w(sr) —p~es) = D(s,r). Write

(r) - _ s —r+j (r=7) —r+j
wg —ples = Y Vieet X hgpTei— X hijw; T —pTe)
i<a+1-r s+1<i<s+r s+1<i<s+r
. or Jj<i—s—1 J=i—s
i>s+r+l

We have shown the first two terms in the above formula have orders higher than or equal to D(s,r). For
the last term, by induction hypothesis ord, (wl(.r_'i) — p~™ie;) > D(i,r — j), and we have shown ord, hij >
d(—=(j—(i—s)+ 1)p=e72 — pi=a=3 _... _ ps=4=1) ‘therefore we are reduced to the inequality which is an easy
exercise:

Dii,r = )+ P (=(j= = )+ Dp™*2 = p3 — oo = p ™y 2 D5, 1)
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(ii) In the case when 1 < s < a, we prove by a descending induction on s and an ascending induction on r.
Suppose we have proved for a larger s and a smaller r. Define

—_

r—
" s—r+1 _ n_a—1_ -2 g—a-l+s_p5-2 . _

Vo= /1;1'_1’]( JAg 1)(,417 ) ¢ —¢ ¢ ¢ 1(§k V)
0

>~
Il

Note that —a — 1 + s + n > 0 so every factor is well defined. By the definition of A,_;, the coefficient of e;
vanishesfors—r+1<i<s—1.

The coefficient of e, is equal to p~@* 1=t p, uP" )"+ Since h,(u) is an Eisenstein polynomial
n. p— —a—1+s a-s+r ;
of degree p”2 — p"=D we can write p~@+ 1=t p, (uP")¢ g pes+ Y, p @tl=sttip . where
Jj=0
ord, hy; > (p”2+" - p”z)p‘”‘“s ifj<a+1-s,andord,hs;>0ifa+2~ 5 < j<a-s+r. Notethat
n’+n

(p - p”z)p‘”‘“s > D(s,r). Apply Lemma 5.3.5 to study the coefficients of other e;’s, we can write v*
as:
a—s+r
p—res + Z v?e,- + Z Z hi,jp_(a+l_s+r)+jei
i<s—r s<i<a+r+1 j=0
or
i>a+r+2
knowing:

(@wheni<s—rori>a+r+2,ord,v; > D(s,r).

(bl’) wheni=sand j<a+1-s,ord,hs;> D(s,1).

(b2") wheni=sanda+2-s< j<a-s+r,ord, hy;>0.
(cl’Ywhens+1<i<aandj<a-s,ord,h;;j> D(s,r).

(c2)whens+1 <i<aanda—s+1 < j<a—s+r,ord, h;j > P (—(j—a+s)p a2t —pima=3_..._ps=a-ly
(dl")ywhena+1<i<a+r+1landj<i-s—-1,ord, h;;> D(s,7).

(d2)whena+1<i<a+r+landi-s<j<a—s+r ord,hij> p"(-(j—i+s+1)p+2 - pi-a3_

)
Define
Wgr) P Z hi,le(-(aH_Hr)_j)
(i, j)as in(b'2),(c’2),(d"2)
One can check for the pairs of (i, j) as in (b'2), (¢’2), and (d'2), Ag(a“_ﬁr)_j ) ¢ A(Sr) and wg(a“_s)m_j ) has

been constructed. Hence w(sr) is indeed defined in ‘RS\ By a easy exercise similar to that in the case when

(n*
s

a+ 1 < s < n, one can check ord, (w(sr) —pes) = D(s,r). O
Now for any reduced £(®)-admissible vector d = (dy); € N, we define a subgroup A(d) ¢ p™"OF/OF

5. d,
such that #A(d) = ps=' , and A§’> c Ad) forall s =1,2,--- ,nand r = 1,2, .-+ ,d;. We first make several
combinatorical definitions before we actullay define A(d):

e Defineaset H(d) :={(s, |l <s<n,1<r<dgpcil,2,---,n} xN".
e Fork=1,2,--- ,a,define I} :={(n,k),(n—-1,k),--- ,(a+ 1,k),(a,k—1),(a—1,k—-2),---}.
a a a
e Define hy := #(H(d) NTk),L:= X hj—1,andm; :=kif 3 h;<i< } h;j—1.
j=1 J=k+1 J=k
By the definition of the I'y’s, one can check the condition that d is £(®)-admissible and reduced implies

a e—1

Hd) c U U Tk
k=1 t=0
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Definition 6.6.4. With the above notations, define i(d) := the largest integer k such that H(d) NI’y # 0, and
e—1 L

A(d) = g) 11_10 (p™™&)y € p"DOF |OF.

3. d,
Proposition 6.6.5. We have #A(d) = p==! , and A(Sr) CA(d) foralls=1,2,--- ,nandr=1,2,--- ,d;.

Proof. To compute #A(d), note that dime A(d) [pk]/A(gl)[pk‘l] is equal to #{ilm; = k} = hy. Hence we have
a a n i dy
length ZPA(Q) =Y =Y #HNTY) =#H = ) ds, and #A(d) = p+!
k=1 k=1 s=1
s+r—a-2

Suppose 1 < s <mandl <r <d;. If s >a+1, then A(Sr) = [l <{p7"&). Note that d; > r implies
k=0

a
h, > s+r—a—1,hence ) hj—1> s+r—a—2. Asaresult, m; > r forany 0 </ < s+r—a—2. This proves
J=r

r—1
AY ¢ A(d). Similarly if s < a, then A" = [[(p~@1=5*) 7). Note that dy > r implies hay1_g4, > r, hence
k=0

a
. z}: hj—l2r—1.Asaresult,m;2a+1—s+rf0rany0$l$r—1.ThisprovesA(Sr)CA(d). O
Jj=a+1-s+r

By a combination of Proposition (6.6.3) and (6.6.5), we deduce that 9t mod u = N(d), where 9t
mod u is short for N )/ (Ma@)Nu- p™"N/M). This proves for every reduced £(P)-admissible vector d € N”,
G(d) lifts to a finite locally free subgroup scheme G4(q) of X. For a general £(®)-admissible vector &’ € N",
there exists a reduced &(®)-admissible vector d and a non-negative integer i, such thatd’ = d + (i,i,- - - , ).

If we compose the isogenies X —l> X5 X /G A(a)» the reduction of Ker(r o p') is equal to G(d’). This finishes
the proof of Theorem (6.1).

Remark 6.6.6. From the definition we can see A(d) is in fact ph@—torsion, where the integer i(d) is defined
in (6.6.4). Therefore in Theorem (6.1), for each Op-stable subgroup G of X, we can have control on the
extension R/W(k) such that G admits a lifting to a finite locally free subgroup scheme of Xg. Similarly, in
Corollary (6.2), we can also have control on the endomorphism ring of the CM lifting and the ramification
of the base ring of the CM lifting.
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