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1. INTRODUCTION

In § 2 we define a Dolbeault dga A'(X&o)) for the formal neighborhood
X(Y‘X” of an arbitrary closed holomorphic embedding i : X — Y of complex
manifolds. We show that its sheafy version gives a fine resolution of the

structure sheaf of holomorphic functions over X{™®.

Key words and phrases. ...



2 SHILIN YU

In § 3 we review basics of formal geometry and Kapranov’s construction
in [?], which, in our language, gives a concrete description of the Dolbeault
dga of the formal neighborhood of the diagonal embedding A : X — X x X
using Atiyah class. We reprove the theorem, however, from a different point
of view. Namely, instead of working on the holomorphic exponential map
and using the language of formal vector fields, we take the 'dual” picture
and look at how functions on the formal neighborhood ng:l( of the diagonal
are pullbacked to functions on the formal neighborhood of the zero section
of the tangent bundle TX. It turns out to be the same as taking "Taylor series’
using jets of flat and torsion-free (1, 0)-connections. An alternative proof of
Kapranov’s theorem is obtained via this approach.

In § 4 we generalize Kapranov’s theorem to the general case of arbitrary
embedding i: X — Y, in which many other differential geometric quantities
other than the curvature, such as Kodaira-Spencer class and shape operator,
come into the picture. For convenience we only discuss the Kdhler case. We
construct an isomorphism from our canonical yet abstractly defined Dol-
beault dga .A'(X@OO)) to a concrete dga, namely the completed symmetric
algebra A%*(S (Nx,y)) of the conormal bundle of X in Y, and compute the
differential on it. The main result is Theorem 4.6 for the final answer.

§ 5 is recently added for readers who prefer the language of Lie alge-
broids. We just repackage the results in 4 in terms of an L-algebroid struc-
ture on the Dolbeault complex A°*~'(Nyx,y) of the normal bundle. It will be
shown that this L. -algebroid governs the embedded deformation s of the
complex submanifold X inside Y. This part is still under construction.

2. DOLBEAULT DGA OF FORMAL NEIGHBORHOODS

2.1. Definition: a geometric approach. Let Y be a complex manifold, X a
closed complex submanifold of X via embedding i = ix/y : X — Y, which
is defined by an ideal sheaf Z C Oy. For each r > 0, we can define the r-th
formal neighborhood (Xg a (’)X(Yr)) with X the underlying topological space

and O, = Oy /T the structure sheaf. All these sheaves form an inverse
Y
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system in an obvious way, and by passing to the inverse limit we get the
(complete) formal neighborhood X(Yoo) with structure sheaf

. . 1
Ox(Yom = }%noxg) = }%m@x/f+

Roughly, the sheaf Ox/Z™" records holomorphic functions on Y defined
around X up to r-th order. We adopt the same idea for smooth functions.
Denote by A%*(Y) = A%*(Y) the Dolbeault complex of Ynn, which is a differ-
ential graded algebra (dga) with the differential being the usual (0, 1)-part
of the De Rham differential

3 A0 (Y) = AOT(Y).

Moreover, it admits a natural Fréchet algebra structure, with respect to which
0 is continuous. We call such dga as a Fréchet dga. For each natural number

r, we define

a¥ = a*(X/Ynn) == {w e A%K(Y)

Vi<j<lLo0<l<rm
2.1)
a subset of each A%*(Y), where T'°Y is the (1,0)-part of the complexified

tangent bundle of Y and £y denote the usual Lie derivative.

Proposition 2.1. a¥ is a closed dg-ideal of A%*(Y) with respect to the Fréchet struc-

ture. In particular, it is closed under the action of 9.

Before proving the proposition, we need some preliminaries on a dg-
version of the Cartan calculus in our context. First notice that, if Visa (1,0)-
vector field and w is a (0, k)-form over Yn, then the Lie derivative Lyw is
still a (0, k)-form. Moreover, this operation is C*(Y)-linear with respect to
V,ie.,

Lyw=g-Lyw, VgeCTY). (2.2)

Indeed, by Cartan’s formula,

va = Lvdw + dL\/(D.

U (Ly, Ly, -+ Ly,w) =0, ¥ V; € C®(TNOY),

}
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But vyw = 0 since we are contracting a (1, 0)-vector field with a (0, k)-form.

So we have

Lyvw = tydw = ty(0w + dw) = 1 ow,

which is obviously linear in V. Thus we extend the Lie derivative into an

operator
Loy(+)  AOKTHY) x AOHY) — A%HY), VK, 1>0
by defining
LagvC = tigv0C =1/ Ly(

for any n, ¢ € A% (Y) and V € C*(T"Y). One can check that, in this way,
we obtain a homomorphism of dg-Lie algebras

0: A% (TY) — Derd (A (Y), A%°(Y)), n®V = Ly,
which is also A%*(Y)-linear. In particular, we have
Lz,w = 0Lyw — Lydw, (2.3)
for any (1, 0)-vector field V and (0, k)-form w over Y.

Proof of Proposition 2.1. Itis obvious that a* is a closed graded ideal of A%*(Y),
so we only prove it is closed under 3. Observe that, by the linearity of £
(2.2), if we substitute in the definition (2.1) those Lie derivatives Ly, by £y,
for any V; € AY*(TY), nothing will be changed and we get an equivalent
definition of a,. By (2.3), the commutator

1
[0, Ly, - Ly,] :Zﬁv] Ly Ly,
i=1
is still a differential operator on .A%" of order < 1. Thus if w € a?, then
1
ULy, -+ Ly, 0w =MLy, -+ Ly,w — Y "Ly, -+ Ly, -+ Lyw =0,
i=1

for any 0 < 1 < 1, which means that dw also lies in af. Hence a? is a dg-
ideal. g
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Definition 2.2. The Dolbeault dga of the r-th order formal neighborhood of X in' Y
(or Dolbeault dga of Xg ) is the quotient dga

A*(XY)) = A% (Y) /as.
Note that A*(X?) = A%*(X). Moreover, we have a filtration of dg-ideals
ayDalDay D
which induces an inverse system of dgas
A% (X) = A (Xy)) = AT (X)) = AT X)) e

we can also define the Dolbeault dga of the infinite-order formal neighborhood of
X in Y (or Dolbeault dga of X\™') as the inverse limit

AT (XY) 1= lim A (X)),
We endow A* (Xg(oo)) with the initial topology which makes it into a Fréchet
dga.

Suppose there are two closed embeddings of complex manifolds X — Y
and X’ — Y/, together with a holomorphic map f : Y — Y’ which maps
X into X’. Then obviously the pullback morphism f* : A% (Y’) — A%*(Y)
maps the dg-ideals a?(X’/Y’) into a?(X/Y), hence induces homomorphisms
of dgas

AKX — A X))
and
£ AT(XP) = AT XE).
Moreover, if X” — Y” is a third embedding and g : Y/ — Y” maps X’ into
X", then
f o g"=(gof) : A(Xy)) = A*(XY),
where T is any nonnegative integer or co. In other words, for each r the
association of Dolbeault dgas gives a functor from the category of closed
embeddings of complex manifolds to the category of (Fréchet) dgas.
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If a closed embedding X — Y’ factors through another one X — Y where Y
is a open submanifold of Y’, the restriction map A%*(Y’) — A%*(Y) actually
induces a natural isomorphism A'(Xg,)) = A'(X$ )), since for any smooth
function f defined on Y, one can always find another function f’ on Y’ such
that f and f’ coincide on some open neighborhood of X.

Inspired by this, we associate to each open subset U of X the dga .A* (Ui;) ),
where V is an arbitrary open subset of the ambient manifold Y such that
XNV = U. One can check that this gives a sheaf of dgas

There are sheafy versions of the constructions above. Denote by A%* the
sheaf of dgas of (0, q)-forms with the Dolbeault differential 9, i.e., for any
open subset U C Y,

A%t () = A% ().

The complex of sheaves (ﬂo"(Y), 9) is a fine resolution of Oy. Inside AL (Y)
there is a subsheaf a} = a5y, of dg-ideals of A%*(Y), whose sections over

any open subset U C Y are

ar(U) =ar(XNU/U).

T

It is a also a fine sheaf and its global sections over Y are just a?. We define
the sheaf of Dolbeault dgas of Xg ) as the quotient sheaf of dgas

Ao _ 10,8 /e
AX[Y” = Ay*/a;

with the differential d inherited from that of .A%*(Y). Since (a°), = A>*(Y),

for x ¢ X, .Z)'(m is support on X, so we can think of .Z;(m as a sheaf over X.
Y Y

Then over any open subset V C X, sections of .,Zl/;(m are just
Y

A5 (V) = AP (W85, (L) = A (U) /ar (V/U) = A*(V]),

where U is arbitrary open subset of Y such that UNX = V and .A*(V,]") does
not depend on the choice of U as mentioned before. In particular, global

sections of .Z)'(m over X are just the Dolbeault dga .A* (Xg ') we have defined.
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Moreover, there are natural inclusions of sheaves ™' — a® which gives

a cochain complex of sheaves

0 3.~ D 3
077" 5 Sal S-S ar -0,

which is a subcomplex of
700 9. 701 0 R
050y = A S AV S0 5 A" — 0
Y Y % Y

where n = dim¢ Y. The complex of quotients is
o .7 3. 3
O — Oxi(r) — A?(c) — A;(g) — s — Axg) — O.

We will see in the following example and proposition that this complex ac-
tually ends up at the term j’;}r , where m is the dimension of X, and it is also
exact. Y
Example 2.3. Let Y = C™™ = C" x C™ with linear coordinates (z;, ..., znim)
and X = 0 x C™ be the linear subspace of Y defined by equations z; =

- =2zn = 0. Asusual i : X — Y denotes the embedding. We have a

homomorphism of dgas

7:: (-AO’.(Y))s) - (»AO’.(X) Q¢ C[Zh"' )Zn]/(zh"' )Zn)THvé@ ])»

2.4
w Z—l*(a“w)@)z“ (24)
o] <r
where o« = (oy,...,®,) are multi-indices of nonnegative integers, 0% =

07037 -0y~ and 05 = Lo, and z* = z7'zy? -+ -zi". Obviously 7, is sur-
jective. Moreover, the kernel of 7 is exactly a. To see this, observe that in
the definition (??) of a?, we only need to take those test vector fields V; in the
transversal direction to X = 0 x C™ and they can even be the constant vector
tields 0/0z; for the same reason as in ??. Thus we have an isomorphism of
dgas

To AXY) = A% (X) @c Clzr, -zl /(21 z0)™! (2.5)

Take inverse limits of the domains and codomains of 7, and note that 7, are

compatible with the two inverse systems, we hence obtain an isomorphism
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between Fréchet dgas
%oo : A.(Xg(oo}) i) AO’.(X)[[ZH T >Zn]]'

Here we endow A%*(X)[z1, - - - , z,]] with the initial Fréchet algebra structure.
In particular, we see that the Dolbeault dgas actually have at most m =
dim¢ X nonzero components. In other words, a* = A**(Y) for k > m.

To be more explicit, we write
w = Z wIdZI = Z w1d21+ Z wIdZI.
Ic{1,...,n+m} Ic{1,...,n} Iz{1,...,n}
where w; € C>(Y). Note that the second term on the right hand side of the
equality already lies in a?. Then

1 = o
T (w) = Z Z aaawﬂx -dzy ® z°7.
Ic{1,..,n}|x|<r
A smooth function f € A%°(Y) belongs to a° if and only if it is of the form
f= Z z%ga + Z zZihg
lo|=r+1 i=1
for some g4, hi € C(Y). In general, w € a? if and only if
w = Z widz; (mod dz..1,...,dZn)
I{1,...,n}

where w; € al. In other words, for k > 1,

A= ) al-dz+ ) dzAAYT(Y).

Ic{1,...,n} i=n+1
Note that all the arguments above work if we substitute Y by any open
subset U C C™™ and X by the intersection of U with 0 x C™. So there are

also isomorphisms on the level of sheaves:
Al = AR ®@c Clziy -+ yzol/ (21, 20)"™

and

AV;(\((oo) = AV?(.[[ZH e aZn]]-
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where Y = U Cc C""™ and X = U N (0 x C™). Moreover, there is also an

isomorphism

Oyn = Ox @c Clzyy -y zul/ (21, 20)™

defined in exactly the same way as that of 7N;, which fits into an isomorphism
between two complexes of sheaves
= R

~ Fl 3 ~
O — Ox(r) — Ao(r) — A] (v) — e — ATH(T) — O (26)
Y Xy Xy Xy

and
05 Ox@F — A F 22 e F 2. 2L Bmg £ —0

where F, = Clzy, - -+ ,z,]/(z1,- -+ ,zo)"'. The latter is exact by the Dolbeault-
Grothendieck Lemma, thus we also have exactness of the first complex.

Since exactness is a local property, we have the following proposition.

Proposition 2.4. For any closed embedding i : X — Y of complex manifolds, the
complex of sheaves ('Z;((YT) , ) is a fine resolution of OX(Yr> over X, where 7 is arbitrary
nonnegative integer or oo.

Proof. The case when r is finite was already taken care of by Example 2.3. For
T = 00, it suffices to show that, for any local chart U of Y and V = UN X such
that the pair (V,U) is biholomorphic to a pair of polydiscs (D’, D) where
D Cc C*™and D’ = D N0 x C™, the complex of sections of (2.6) over V
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0 — Oy (V) = «Z?((oo) (V) 2 Al (V)
Y Y

Xy

Lo
Lo
P
3
<
]

is exact, or equivalently, the sequence
0 Op (D) = LD L ADE) L2 ANDy L0 (27)
is exact. Note that for any nonnegative integer s, the sequence
0 Oy (D) = A'(DY) LA MDY LS 4D 50 (2.8)
is isomorphic to
0— Op/(D) & F — A°D) @ F, 225 ... 225 om(DY) g F, — 0

by Example 2.3. The latter is exact by a stronger version of the Dolbeault-
Grothendieck Lemma, thus so is (2.8). Let s vary and we obtain a inverse
system of exact sequences. Since all the connecting homomorphisms are
surjective, the inverse system satisfies the Mittag-Leffler condition and hence

its inverse limit (2.7) is exact. O

Corollary 2.5. For any nonnegative integer v, the sheaf of dg-ideals (a®, d) over Y

is a fine resolution of Z".

Proof. Think of (j;(m ),0) as a sheaf over Y, then we have a short exact se-
quence '

0 — (ay,d) — (AY*,9) = (A3,0) = 0.
Y
Together with the short exact sequence

0—>IT—>OY—>i*(’)X[r)—>O
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we have a complex of short exact sequences of sheaves

0 0 0
O IT OY i*OX(r) ——0
Y
0 o AY° A 0
Y
k) k) k)
0 al A Al 0
Y
R R R
R E) F)
0 g a’fle ! Ae,dunY ! A:l(l(r:}Y 0
Y

0 0 0

The column in the middle is exact by Dolbeault-Grothendieck Lemma and
so is the third column by Proposition 2.4. Consider the associated long exact
sequence of cohomology sheaves of the diagram and we obtain exactness of
the first column. O

3. DIAGONAL EMBEDDING AND FORMAL GEOMETRY

Among all important and interesting examples is the diagonal embedding
A : X — X x X of a complex manifold X into product of two copies of
itself. We then have the formal neighborhood of the diagonal, ng;’;(, which
is understood as the dga (AO"(X;O;’;), 9) constructed in the previous section.
It is isomorphic to the Dolbeault resolution of the infinite holomorphic jet
bundle J¢°. In this case one can write down the d-derivation explicitly (at
least when X is Kdhler) due to a theorem below by Kapranov ([?]), of which
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we will reproduce the Kéhler case in a slightly different way and discuss the
general situation later.

Intuitively one would expect that there is an isomorphism
A% (X)) = A% (8*(TX)) (3.1)

by taking ‘Taylor expansions’, where 5¢(T*X) is the bundle of complete sym-
metric tensor algebra generated by the cotangent bundle of X (which is nat-
ural identified with the conormal bundle of the diagonal embedding). Such
an isomorphism does exist, but there is no canonical way to define it since
one need to first choose some local coordinates to get Taylor expansions.
Indeed we will see that the isomorphism depends (in a more or less 1-1

manner) on a smooth choice of formal (holomorphic) coordinates on X.

3.1. Differential geometry on formal discs. Fix a complex vector space V
of dimension n. Consider the formal power series algebra
F=C[V]=SVv)=]]sV,
>0
that is, the function algebra of the formal neighborhood of 0 € V. Itis a
complete regular local algebra with a unique maximal ideal m. The asso-
ciated graded algebra with respect to the m-filtration is the (uncompleted)
symmetric algebra
gr F =S(V*) = siv.
>0

Since we are in the complex analytic situation, we endow F with the canon-
ical Fréchet topology . In algebraic setting, one need to use the m-adic topol-
ogy on F. However, the associated groups and spaces in question remain
the same, though the topologies on them will be different. Since our argu-
ments work for both Fréchet and m-adic settings, the topology will not be
mentioned explicitly unless necessary. We also use V = Spf F to denote the
formal polydisc, either as a formal analytic space or a formal scheme.

Following the notations in [Ka99], we denote by G/® = G*®/(V) the

proalgebraic group of automorphisms of the formal space V, and by J() =
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J{=)(V) the normal subgroup consisting of those ¢ € G/ with tangent map
dod = Id at 0. In other words, (V) is the kernel of dy : G® — GL,(V).
Let g = gl®)(V) and j* = j*)(V) be the corresponding Lie algebras.
g!®) can be also interpreted as the Lie algebra of formal vector fields van-
ishing at 0, while j* is the Lie subalgebra of formal vector fields with van-

ishing constant and linear terms. We have decompositions

g =[vesv =]]Hom(V*, sV

i>1 i>1
and
i =][Vv®sv=]]Hom(Vv",sV).

i>2 i>2
Elements of g'>) and j*° acts on F = [],., S'V* as derivations in the obvi-
ous way.
There is an exact sequence of proalgebraic groups

1— 0 — G — GL, (V) — 1 (3.2)

which canonically splits by regarding elements of GL, = GL,(V) as jets of

linear transformations on V. In other words, G!>) is a semidirect product:
G =]l % GL,.
So we have a canonical bijection between sets
q:J = G*®/GL,. (3.3)
Moreover, there is a natural left G(*)-action on ]'*) given by
(0, T)-@=doTopoT !, V(h,T)eJ*®%GL, =G™ Vo e]> (34)
or equivalently,
Y-e=poeo(d), Ve, voe], (3.5)

which makes q into a G!*/-equivariant map. Moreover, an automorphism

@ in ] can also be interpreted as a bijective morphism ¢ : ToV — V, where
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ToV is the completion of the tangent space TyV at the origin, which is natu-
rally identified with V itself. In addition, ¢ should induce the identity map
on tangent spaces of two formal spaces at the origins. We call such a map ¢
as a formal exponential map since it satisfies analogous properties of exponen-
tial maps in classical Riemannian geometry. The above G'*-action on J(*
then has a clearer meaning: think of € G/ as a change of formal coor-
dinates on V and the image of ¢ under this transformation is ¢ composed
with P : V — V and precomposed with the inverse of the linearlization
of 1 on TyV. In other words, J(=) is the set of all formal exponential maps
©@: T/OT/ — V, on which the action of G!*) comes from those on V and TV
with the latter being induced from the linearlization map’ G*) — GL,,.

To avoid confusion, we denote by
Fri=S((ToV)") = 8(V*)

the algebra of functions on ToV and by my its maximal ideal, though it is just
another copy of 7. Having a formal exponential map ¢ : TV — Vis the

same as having an isomorphism of algebras
Qo F — Fr (3.6)

whose induced isomorphism between the associated graded algebras, which
are both equal to S(V*), is the identity. As before, we want to set the G-
action on Ft as the one induced from the linear action of GL,, on F7 and the
projection G* — GL,.

Now let us give a another interpretation of ](* as a G!*®)-space. Consider
the space Conn of flat torsion-free connections on V, that is, any element of

Conn is a (nonlinear) map
VTV = TV ®e, TV

satisfying the Leibniz rule and equations defining flatness and torsion-freeness
as in usual differential geometry, which we omit here. Most of time we also

write V for the induced connection on the cotangent bundle and its tensors
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bundles:
VTV =TV, TV.
For any complex vector space V, there is a standard Euclidean connection
Ve on V, which acts as a left shift operator:
Ve: [[Vesv = ][(v)®esv

>0 >0
where we identify T*V with V* ® S(V*). Using V¢ we can write down the
components of f € F =[];,S'V as

f = (Viflo)iso = (f(0), Veflo, Vgflo, -+ ) € F (3.7)

where V¢f = df € T*V is the usual differential of functions and by Vif
(i > 2) we mean Vigl df.

As in classical differential geometry, for each connection V € €onn on the
formal space V we can assign an formal exponential map expy : TV -9,
which is defined to be the unique map in ]J*) which pulls back V into the

Euclidean connection V¢ on the completed tangent space, i.e.,
expy V = V. (3.8)

To be more explicit, recall that giving a formal exponential map is the same

as giving the way it pullbacks functions and so we define for each f € F,

expy,(f) = (V'flo)izo = (£(0), Vlo, VZflo,---) € [ [SHToV) = Fr  (39)
i>0

which is analogous to (3.7). Here again Vf = df and Vf = V' 'df for

i > 2. Note that to make sure the terms in the expression lie in symmetric

tensors one has to resort to the torsionfreeness and flatness of V. It is an

exercise to check by (3.7) that such defined expy, satisfies the property (3.8)

and conversely, any formal exponential map satisfying (3.8) must be of the
form (3.9).

On the other hand, any ¢ € ] pushforwards the Euclidean connec-

tion V¢ on ﬁ/ into a flat torsion-free connection V = ¢.V¢. Thus by the
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discussion above we obtain a bijection
exp : Conn = Jleo), (3.10)

Note that G!*) naturally acts on €onn from left by pushforwarding connec-
tions via automorphisms of V. Recall that we also have a G!>) action on J(*)
defined by (3.5).

Lemma 3.1. The map exp : €onn — ] defined above is G'*-equivariant.

Proof. One only needs to notice the following commutative diagram of spaces

equipped with connections

(ToV,0) 2% (T,V, d)

\Lexpv lexp 0xV

(V,V) == (V,9.V)
which corresponds exactly to (3.5). O

All the arguments remain valid for Vi = Spf F/m’, the r-th order formal
neighborhood of V, where m is the maximal ideal of the local algebra F.
One can also define G, J", etc., and state similar results about them. We

leave the details to the reader.

3.2. Formal geometry. We now introduce the bundle of formal coordinate
systems p : Xcoora — X of a smooth complex manifold X. By definition
(84.4., [Ka99]), for x € X the fiber Xcorax is the space of infinite jets of bi-
holomorphisms ¢ : V = C* — X with ¢(0) = x. Hence X oorq is @ natural a
holomorphic principal G*-bundle.

We have a canonical isomorphism between sheaves of algebras
Xcoord XX j)?o = Xcoord X -F (311)

over Xcoord. Thus Xcoora can be characterized by the following universal
property ([BeKa04], [?]): given any complex space S, a morphismn : S — X
and an isomorphism ¢ : n*7° = Os®.F of sheaves of topological algebras

over S, there is a unique morphism 1’ : S — Xcoora such thatn = pon’
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and ( is induced from the isomorphism (3.11). Note that such ¢ does not
necessarily exist for arbitrary 1 : S — X, but always does for those S which
are Stein.

One can obtain various canonical jet bundles on X by applying Borel
constructions on principal G*)-bundle X orq. For example, F is naturally
a G*)-module and the corresponding sheaf of algebras associated to the
G'*)-torsor X,oorq coincides with the jet bundle of holomorphic functions
I

Xeoord X gl F = JIx°

To get the natural flat connection on 7°, one could adopt the language of
Harish-Chandra torsors as in [BeKa04]. We omit it since this connection will
not be used in this paper. Other jet bundles, such as 7>°Tx, the jet bundle of
the tangent bundle, and J*°Ty, the jet bundle of cotangent bundle, can be
obtained in a similar way. Again we refer interested readers to [BeKa04].

Another related space which is at the very core of our discussions is the
bundle of formal exponential maps introduced in [Ka99], which we denote
by Xexp- Each fiber X, at x € X is the space of jets of holomorphic maps
¢ : TuX — X such that $(0) = x, dod = Id. We have a map

Xcoord — Xexp> d) = d) © (dOd))i]
which induce a biholomorphism
Xcoord/GLn = Xexp (312)

On the other hand, we can define the bundle of jets of flat torsion-free con-

nection

Xeonn = Xcoord X Gleo) Conn

whose fiber at a given point x € X consists of all flat torsion-free connec-
tions on the formal neighborhood of x. By combining the G'*)-equivariant
bijections (3.3), (3.10) and (3.12), we get

Xconn = Xcoord XG(OO) J(Oo) = Xcoord XG(OO) G(OO)/GLn = Xexp- (313)
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In other words, we can naturally identify jet bundle of flat torsion-free con-
nections with the jet bundle of formal exponential maps. From now on, we
will not distinguish between these two jet bundles and denote both by Xconn,
though both interpretations will be adopted in the rest of the paper.

By definition of Xonn, there is a tautological flat and torsion-free connec-

tion over X¢onn,

Viaw : TTCTX - T T°T*X R 720 T TCTX,

which is Ox_, . -linear yet satisfies the Leibniz rule with respect to the dif-
ferential

A 7 =t TOTX
that is the pullback of

Al s 7> — JoT*X.
Here d* is a Ox-linear differential obtained by apply the Borel construction
with X oora and the differential d : Oy — T*V on the formal disc.
On the other hand, since X.,nn can also be interpreted as the bundle of for-
mal exponential maps, we have a tautological isomorphism between sheaves

of algebras over Xconn,
EXP* :T[*(Xcoord X@(oo) —F) — 7T*(Xcoord X@(OO) fT)

The domain is identified as 7t* 7¢° or Ox(oo) , the structure sheaf of the formal
X

x X
neighborhood of the diagonal in X x X, while for the codomain we have
Xcoord XG(OO) JTT = Xcoord XG(OO) GLn ><GLn JTT = Xcoord/](OO) ><GLn JTT

by our definition of the G/®-action on F7. But the principal GL,-bundle
Xeoora/]!™ is exactly the bundle of (Oth-order) frames on X, so

Xcoord/](w) X GLn V=1X.
Since the GL,, action respects the decomposition Fr = [ ;. S'V*, we get

Xeoora/]™ X1, Fr = [ [ STX = §(T"X),

i>0
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which is the structure sheaf of X%—ff ), the formal neighborhood of the zero
section of TX. In short, we have a tautological exponential map

Exp : X% — X0
or equivalently, an isomorphism of bundles of topological algebras

* ok *
Exp i Oxg(oi)x — Tt OX(TO)?).

which we might call as the tautological Taylor expansion map. Moreover, the
map induced by Exp* between associated bundle of graded algebras

grExp” : ' gr O, () = ' S(T"X) — 7*S(T*X)
XxX
is the identity map. In virtue of (3.9), Exp* can be written in terms of Vig,:
Exp*(f) = (Vi flo)iso = (f(0), Viauflo, Vigufloy - ) € wS(T*X)  (3.14)

where the restriction to the origin’ map 7*S'7°T*X — 7*S'T*X comes from
the local restriction map T*V — TV = V* by applying Borel construction
with X o0rq and then pulling back onto Xconn via 7. Again Vi, f means d()f
and so on.

Remark 3.2. Note that there is no natural G!*- or J(*)-action on Xconn. Yet
it is a torsor over the proalgebraic group bundle ]*)(TX), whose fiber over
x € X is the group of jets of biholomorphisms ¢ : X — T X with ¢(0) =0,
do = Id. Indeed, consider the proalgebraic group Aut, ToV of automor-
phisms of 'foT/ whose tangent maps are identity. Aut, 'FO\\/ can be identified
J(>) as sets, yet we endow it with a different G!*-action which is the conju-
gation of the one on ToV induced from G(*) — GL,. Aut, ToV acts on ]
from right by precomposition and the action is compatible with the G*-

actions. Finally, notice that

J(OO)(TX) = Xcoord X Gloo) AUto _F\\/



20 SHILIN YU

Let j°°)(TX) be the bundle of Lie algebras associated to ]*!(TX). We have a
natural splitting

j°)(TX) = [ [Hom(S'TX, TX) = | [ Hom(T*X, S'T*X). (3.15)
i>2 i>2

Remark 3.3. All the jet bundles we are discussing here are holomorphic and
although in general they might not admit global holomorphic sections, there
always exist global smooth sections. For example, let us consider the fiber
bundle m,, : Xg}lm(X) — X of 'n-th order exponential maps’, cf. §4.2., [Ka99].
By definition, for x € X the fiber Xg;)m,x is the space of n-th order jets of
holomorphic maps ¢ : T,X — X such that $(0) = x, do¢ = Id. Thus we we

have a chain of projections

X X2 X2

conn conn

e (3.16)

Each Xgﬂ) is an affine bundle over Xgﬂm whose associated vector bundle is
o, Hom (S™1TX, TX), so any section of Xgﬁm can be lifted to a smooth section
of the next bundle in the diagram. The inverse limit of the diagram is exactly
the bundle 7t : X onn — X. Thus X¢onn admits global smooth sections.

Given any smooth section o of X onn, together with the Taylor expansion

map Exp*, it induces a smooth homomorphism
exp’ : J° — S(T*X)

of bundles of algebras over X. It is holomorphic if and only if o is holo-
morphic. Conversely, X onn satisfies universal properties similar to the one
of Xcoora- Namely, given a holomorphic (resp. smooth) mapn : S — X,
any holomorphic (resp. smooth) isomorphism ¢ : n* 7> — 1*S(T*X), which

induces the identity map on the associated graded algebras
gr Jx° = S(T"X) = gr S(T*X),

arises in the same way from a unique holomorphic (resp. smooth) section

N’ : S — Xceonn such thatn = mon’.
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In particular, global smooth sections of X¢onn correspond ina 1 — 1 man-
ner to all possible smooth isomorphisms between J¢&° and S(T*X) which
induce identity map on associated graded algebras. As a (nonlinear) holo-
morphic bundle, X.,nn carries a flat (0, T)-connection d, such that for any

given smooth section o of X ony, its anti-holomorphic differential
Wy = do € A% (j*)(TX)) (3.17)

is well-defined and it satisfies a Maurer-Cartan type equation

= 1
oWy, + z[wg, wyl = 0. (3.18)
Projecting w to the n-th graded component in (3.15), we get (0, 1)-forms
o € AY (Hom(S™TX, TX)) = AY' (Hom(T*X, S"T*X)).
Moreover, one can extend the Taylor expansion map exp}; linearly with re-
spect to A%>*(X) to a homomorphism
expl t AR (J°) — AR (S(T*X)) (3.19)
or
exp’, 1 A*(Xe) — A (S(TX)) (3.20)
between graded algebras, yet it does not commute with the 9-differentials.
The deficiency is measured exactly by w, that is,
w, = dexplolexpr) (3.21)

where 3 exp? = [0, exp:]. This suggests that we can correct the usual holo-
morphic structure on $(T*X) to make exp’ holomorphic. Let @ and «j be
the odd derivations of the graded algebra A% (§(T*X)) induced by w and
oy respectively. Define a new differential Dy = 0 — @ = 9 — Y_, ., &7, then

we have the following result:

Proposition 3.4. The Taylor expansion map with respect to any given smooth sec-
tion o of Xconn

exp’ : (A*(X2)),0) — (A% (S(T*X)), Do)
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is an isomorphism of dgas. In particular D = 0, which is equivalent to the Maurer-
Cartan equation (3.18).

3.3. The Kihler case: Kapranov’s result revisited. Now suppose that X is
equipped with a Kdhler metric h. Let V be the canonical (1,0)-connection
in TX associated with h, so that

[V, V] =0 in AZ°(End(TX)). (3.22)

and it is torsion-free, which is equivalent to the condition for h to be Kéahler.
Set V = V + 0, where 0 is the (0, 1)-connection defining the complex

structure. The curvature of V is just
R=1[0,V] € A (End(TX)) = AY' (Hom(TX ® TX, TX)) (3.23)

which is a Dolbeault representative of the Atiyah class «rx of the tangent

bundle. In particular one has the Bianchi identity:
9R = 0 in AY?(Hom(TX ® TX, TX))
Actually, by the torsion-freeness we have
R € AS!(Hom(S*TX, TX))

Now define tensor fields R,, n > 2, as higher covariant derivatives of the

curvature:
R, € AY (Hom(S*TX @ TX®"2 TX)), R,:=R, Ry =VR; (3.24)
In fact R, is totally symmetric, i.e.,
Rn € AY'(Hom(S"TX, TX)) = A% (Hom(T*X, S"T*X))

by the flatness of V (3.22). Note that if we think of V as the induced con-
nection on the cotangent bundle, the same formulas (3.23) and (3.24) give
—R,..

The connection V determines a smooth section of X.onn,which we write

as 0 = [V], by assigning to each point x € X the holomorphic jets of V.
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This has been done implicitly in the proof of Lemma 2.9.1., [Ka99]. One can
check that the induced Taylor expansion map

exp CAN(X XXX) = Ao.( (T*X))
by
exp’(Mle) = (AN, A"V, A*VA, - AV M, - ) € AR (S(T*X))  (3.25)

for any My € A*(X{)h). Here V is understood as the pullback of V (on
the cotangent bundle) via pr,, which is a constant family of connections
along fibers of pry, instead of jets of V. The key observation is that the right
hand side of the formula only depends on the class ], € A*(X XXX) and the
holomorphic jets of the V.

Theorem 3.5 (Theorem 2.8.2, [Ka99]). Assume X is Kihler. With the notations
from §2?? and above, we have x} = —R,, i.e., Wy = — anz R... Thus there is an
isomorphism between dgas

exp;, 1 (A*(X3X),d) — (AY(S(T°X)), Do)

The derivation Dy = 0+ D 2 R,., where R,, is the odd derivation of A%* (S(T*X))
induced by R.,.

Proof. By the discussion at the end of § ?? and equality (3.21), one only needs
to compute 0 exp? o(exp?)~". Let

Y =109,V] € A%} (Hom(priT*X, S™(pr3T*X)))

and
T € AR x (Hom(S* (priT"X), §** (priT"X))
the derivation on .A%%,(5*(pr3T*X)) induced by Y which increases the de-
gree on S* by 1. Here again by V we mean the pullback pr3V. But it is
constant in the direction of the first factor of X x X. So if we denote by
9 = 0; + 0, the natural splitting of 3 on X x X with respect of the product
structure, we get
Y =3,V = [3,, V] = pri(—R)
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For any [fl,, € A°(X{%)), we have

Vf=3Vif— > VieYToV(VH)
i+j=n—-2
By evaluating Y and expanding the action of V' via the Leibniz rule, we find
n—1
Vf =9V — Y VYoV
i=1

Finally apply both sides by A* and we obtain
o = A*VVY = Afpri(—VVIR) = —R,.

The last statement of the theorem follows immediately from Proposition
3.4. U

Remark 3.6. Our notations are slightly different from that of Kapranov, who
wrote R, € A% (Hom(T*X, S"T*X)) as the transpose of R, while in this pa-

per the same symbol stands for both.

We conclude this section by a slightly more generalized version of Theo-
rem 3.5, which will be used later. Suppose f : X — Y is an arbitrary holo-
morphic map. We consider the graph of f

f=(Id,f): X > XxY

which is an embedding. So we can consider the formal neighborhood X;OE)Y
All the constructions above can be carried out in exactly the same way
with only slight adjustment and give us a description of the Dolbeault dga
A* (X)), Namely, consider the pullback bundle f*Yeon, over X. By the
universal property of Y.onn, €ach smooth section o of f*Y.,nn naturally cor-

responds to an isomorphism
Mo+ ATGTY) = AR (S(FTY))
of graded algebras. One can also view sections of f*Y.onn as jets of flat

torsion-free connections on X;C’:)Y along Y-fibers. In particular, when Y car-

ries a Kdhler metric and the canonical (1, 0)-connection V, we can pullback
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V via the projection X x Y — Y, which determines a smooth section o of
f*Yconn and a Taylor expansion map
exp’ : A (Xoy) — AR (S(FTY)), (oo = (FG FVE TV, - -),
for any [(Js € A*(X{Z)). By abuse of notations, we still write

R, € A% (Hom(S™(£TY), f*TY))

as the pullback of the curvature form of Y and its covariant derivatives via

f. Then we have the following theorem,

Theorem 3.7. We have an isomorphism between dgas

exp’ : (A*(Xy),d) = (AR (S*(FT*Y)), Do)

where Dy, = 0 + anz ﬁn and ﬁn is the derivation of degree +1 induced by R,,.

4. GENERAL CASE OF ARBITRARY EMBEDDINGS

Leti: X — Y be an arbitrary embedding and .A* (Xg(oo)) the Dolbeault dga
associated to the formal neighborhood of X inside Y as in § 3.2. The goal
is to build some appropriate isomorphism A'(X(Yoo)) = A% (S*(NY ) and
write down the 0-derivation explicitly under such identification. We will
show that this can be derived from the special yet universal case considered
in § 3.

4.1. Differential geometry of complex submanifolds.

4.1.1. Splitting of normal exact sequence and Kodaira-Spencer class. Over X we
have the exact sequence of holomorphic vector bundles defining the normal
bundle N X/Y

0— TX 51 TY & Nyyy — 0 (4.1)

and its dual

V p\/ s kT W *
0= Nyy —=iTY —>TX—=0 4.2)
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We fix a choice of C*-splitting of the normal exact sequence (4.1), i.e., two
smooth homomorphisms of vector bundles T : i*TY — TX and p : Nx,y —
i*TY satisfying

To = Idy, pop:IdNX/Y, toT+pop =Idiry

and denote the corresponding dual splitting on the conormal exact sequence
(42) by TV : T'X — *T*Y and p¥ : *'T*Y — Ny ,. We can choose the
splittings as the orthonormal decomposition induced by the Kahler metric
on Y (if there is one), but again we will never need the metric explicitly in
our discussion.

Think of T as a C*-section of the holomorphic vector bundle
Hom(T*X,1*T*Y),
we can form
Bxy := 0t € A} (Hom(T*X, T*Y)).
In fact
Bx/y € A?(1 (Hom(T"X, N¥/Y))-

To see this, just apply 9 on both sides of equality 1 o TV = Idt-x and note

that 1" is holomorphic. By definition
0Bxy =0 in A% (Hom(T*X, Ny,y)),

hence Bx,y defines a cohomology class [Bx,y] € Exty(T*X, Ny y), which is
the obstruction class for the existence of a holomorphic splitting of the exact
sequence (4.2) or (4.1). Let’s call it Kodaira-Spencer class. Finally also note
that

Bx/y = —59 = —50\/ e A% (Hom(NX/Y) X)) = A% (Hom(T*X, N¥/Y)) (4.3)
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4.1.2. Shape operator. Suppose V is an arbitrary (1, 0)-connection on TY, with-
out any additional assumption. We use the same notation for the pullback
connection on i*TY or i*T*Y over X. The induced connection on the normal

bundle via the chosen splitting is denoted by V+:
Vit =p(Vvp(u)) € C¥(Nxy), Ve C(Nxy), Ve C®(TX).

(here we identify T'°X with TX) Analogous to the shape operator in Rie-
mannian geometry, we also define a linear operator A : TX ® Nx,y — TX
by

AHV) = =t(Vvp(W), Ve CT(Nxyl, Ve C(IX). (4.4)

That is, we first lift a smooth section pn of the normal bundle to a section of
i*TY via the splitting, then take its derivatives with respect to the induced
connection on i*TY and finally project the output onto TX. Note that A is not

a holomorphic map between vector bundles.
4.2. Taylor expansions in normal direction.

4.2.1. General discussions. Let i : X — Y be an embedding where Y is not
necessarily Kdhler. Similar to what has been done in § 3.2, we can consider
all isomorphisms
ATXY) = AR (SN )

which induces identity on the associated graded bundle S(Ny ) all at once
and there is a infinite dimensional bundle ¥x,y — X whose smooth sections
correspond exactly to such isomorphisms. Indeed, for each x € X, the fiber
Wx v is the space of jets of holomorphic maps 1\ : Nx,yx — Y with(0) = x
and p o dpyp = Id, where p : i*TY — Ny/x is the natural quotient map.

Similarly, we can define another bundle Oxy over X whose fiber at x is the
space of jets of maps 6 : Nx,yx — T,Y with 0(0) = x and p o0 dp6 = Id. Then
Ox,y admits a natural action of J'®)(T*Y) (or more precisely, J'*(T*Y[x))

from left. In fact, we have

WX/Y = Yeonnlx X (o) (T*Y) @X/Y-
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For our purpose here, however, it is not quite convenient to deal with Wy v
since even we have already understood Y.on, in various geometric ways,
general sections of the bundle Ox,y are difficult to handle. So instead we
only look at linear liftings Nx,y — TY which form a subbundle @Q/)Y C Oxy.
Moreover, there is a canonical retraction Oxy — @S/)Y sending jets of maps
P : Nx/yx — Y to their linearizations do\p. Thus we have a fiberwise surjec-
tion of bundles

1
K Yconn’X XX ®£</)Y — Yconn’X X](OO)(T*Y) @X/Y - WX/Y

As an affine bundle over the vector bundle Ny, ® TX, @Q /)Y admits smooth
sections which are just C*-liftings p : Nx,y — TY. Such a lifting p and any
section o of Yeonnlx together determine a section = of Wx,y via k, and hence

an isomorphism between graded algebras

exXp = : A (X)) = AR (ST (NY )

The rest of the job is to determine which differential we should put on the
codomain in terms of p and o to make it into an isomorphism of dgas.

As in Theorem 3.7, denote the graph of i by
1= (Id,i) : X = X x V.
Think of X as a submanifold of X x Y, by Theorem 3.7 a section ¢ of Y¢onnlx
expy : (A*(X5y),8) = (AY(8*(T*Y)), Do)

where T*Y is understood as the pullback i*T*Y (we will omit i* whenever

the meaning of the notation is clear from the context). The derivation

De=03+) Ry (4.5)

and R, is induced by (pullback of) the covariant derivatives of curvature

forms on Y.
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Note we have the commutative diagram of holomorphic maps

)

)

X — X >< Y
|
X > Y
where 7t : X X Y — Y is the natural projection. Thus by functoriality,
induces an injective homomorphism of dgas
T ATV),0) o (AN (Xey), D)y Mo o [P (46)
We then compose 7* with the isomorphism exp? to get
exp’ o : (A*(XP),d) = (AL (S*(T*Y), D,)
We then extend p" to obtain a homomorphism of graded algebras
FAR(STTY)) = AR (S* (N ))- (47)

p’:
Compose with exp? ort* in (4.11), we get a homomorphism of graded alge-
AR® (S (NY )

bras
p’ oexplon* : A (X)) —
which, in fact, coincides with exp} e
Lemma 4.1. With all the notations above, we have
. (4.8)
U

eXpx vz = p’ oexpjom

Proof. Follows immediately from the definition of
Via the isomorphism exp vz We can transfer the 0-derivation on A*( OO))

to one on A% *(S*(N X/Y)) denoted as ©, i.e
Y —1

D= exp;;/y)E o0do (expx/Y )
Hence expy - becomes an isomorphism of dgas
),3) = (AR°(S*(NXy)), D)

(A (X

eXPy vz -
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Thus we can also transfer the homomorphism 7* in (4.6) to a homomor-
phism
7T (AR (S (Nyyy)), @) = (AR*(S°(T"Y), D),
that is, let
T =exp,om o (exp;/Y)E)’l (4.9)
Then we have the following commutative diagram:

(A*(X™)),9) (A% (Xi2y), 9)

~ * ~ *
= epr/Y‘E = | eXpPs

T*

(A% (8°(NY ), D)
Note that by (4.8) and (4.9) we have

(A%*(S*(T*Y), D)

p¥ om =1d : (AF*(S*(N¥ ), D) — (AX*(S*(NY4)), D) (4.10)
even though p" is not a homomorphism of dgas.

4.2.2. Description of 7v*. From now on, let us assume Y is Kdhler and the
section o of Y¢onnlx is determined by the associated (1,0)-connection V. Xet
we want to keep the reader aware that all the arguments and computations
below will still work even if we drop the Kéhler condition and talk about
arbitrary section o. The reason for the Kdhler assumption is that those terms
in the final formula (4.20) will then have clearer geometric meanings.

By the discussion at the end of §3.3, the homomorphism
exp’ o1 (A*(XP),d) = (AL (8*(T*Y), D,)
looks like
Mo — (i, 1*Vn, 'V, -+ +) (4.11)

since i* Vi = 1*V™n, where the V on the RHS is the original (1,0)-
connection on Y while the one on the LHS is the pullback one along Y-fibers
of X x Y.
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To give a (more or less) concrete description of the homomorphism 7,
let us first make some conventions on notations. We abuse the notations
and write TY = TX @ Nx,y and T'Y = T*X @ NX/Y induced by the fixed
splittings (we omit i* from now on). The decompositions extend to tensor
products, i.e., tensor product TY®" can be decomposed into direct sum of
mixed tensors of TX and Ny, components and similarly for T*Y®™. The
same for symmetric tensor products:

SMTY = @ SPTX-S'Nyy and S"TY = @ SPT'X-SINY,, (412)

p+q=n p+q=n
where the dot stands for the commutative multiplication in the commuta-
tive algebras.

We define a derivation

Vo A (S TY) — A (S TY) (4.13)
of degree 0 with respect to the grading from A%* as the composition of the
operators

V:=SymoV
Namely, for any n € AY*(S"T*Y), first apply the (induced) connection V to
geta T*X ® S"T*Y-valued form
Vn € AY*(T*X ® S"T*Y),
then apply a variation of the usual symmetrization map
Sym : T*X ® S"T*Y — S™IT*Y,

which we define on each component of the decomposition (4.12) as

Sym, i TX @ (S™'TX - S™™INYy) — S™T*X - S™™INy y

by the formula

1
Symm’n(vo ® (V] V- -\)n)) = a\}o AV I .vn’

Vvo® (vi-vae-ovp) € TX®@ (S™'T*X - SM™INY ) (4.14)
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and we finally get

n € AR (S™'TY)
Whenn € AY*(S°(T*Y)) = AY®, Vn = 1V(0n) € A%Y*(T*Y) where 0 is the
(1,0)-derivation on X. We can inductively apply V and get

V51 AL (82(THY)) — A2 (S*H(T*Y))
One trivial remark is that, since Ny y is naturally identified as a subbundle
of T"Y viap” : Ny, — T*Y, we can form the restriction of v

vk : A%.(g.(N¥/Y)) N Agg'(§°+k(T*Y))
Note here V' is the natural inclusion g'(NX ) = Se(T*Y).
Proposition 4.2. We have

=3V
k=0

where T A?g'(g‘(NX/Y)) — A%'(@'(T*Y)) is as in (4.9). That is, given p =
()2, € A%’(§’(N¥/Y)), the n-th component of its image v = 10" () is

Proof. Assume that expj /Y,E([n]OO) = u where ], € A'(X(YOO)). By (4.8) and
(4.11), this means

m = p” (i*V¥n)
where p" is the projection
P L AR (ST (TY)) — AR (S°(NY )
as in (4.7). Moreover, by the definition of 7* (4.9), we have
(1) = exp} o " o (expy =) ' (W) = expl o ([Mlee) = (I*VFN)R,.

Thus all we need to show is that

vVt =Y VeV )
k=0
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for all n > 0. We prove it by induction on n. The n = 0 case is trivial. For

n > 1, note we can write
i*V™ = p”(i*V™n) + complement in T*X - S 'T*Y C S"T*Y

via the decompositions (4.12). The second term on the right hand side is
nothing but V(i*V™ ). To see this, we look at what happens when one
evaluate i*V"n against some section s of TY®" which lies in a mixed tensor
of m copies of TX (m > 1) and n — m copies of N (of arbitrary order). One
can shift one of the TX-factors to the first place and plug it into the first
V in i*V™n, because of the symmetry of i*V™n. This implies that i*V™n
should be a symmetrization of V(i*V™ 1) (in which the very first V stands
again for the induced connection on i*TY). The value of latter on s, however,
is m times what we need since s contains m TX-factors. This explains the
fractional factor 1/m in the formula (4.14). Finally we end the proof by

applying the inductive assumption. O

Remark 4.3. One can further expand V and V" in terms of second funda-
mental form and shape operator, which might be interesting. As we will see
immediately, however, only a small part of the expansions will be relevant

to the derivation ©, so we postpone the general discussion for the future.

4.2.3. Description of the derivation ®. To determine the derivation ®, note
that by (4.10) we have

D=p'omoD=p'oDon"

where the last equality is by the definition of ©. Thus for given p = ()32, €
A% (Se (NYy)), the n-th component of Dy is
Oun= ) 0000V m+ Y poRpoVim (415
s+t=n T+s+t=n
r>1
by Proposition 4.2 and (4.5). To simplify the right hand side further, first
observe that all we need are the components of V', lying in §*(NY/ y) and

X - §'(N¥/Y) and we can ignore the remaining ones in S*T*X - Se(T*Y).
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The reason is that if we apply the derivations 3 and R, on something from
$?T*X - §*(T*Y), the result must lie in T*X - §*(T*Y), which will be eliminated
by the projection p”.

Thus we first denote the projections onto the only two “effective” compo-

nents respectively by
Po=pY 0p”:5(T*Y) = §*(Ny,y) € S*(T*Y)
and
Py S*(TY) — T*X - $*(Nyy) € S*(T*Y).
Secondly, we define the derivation of degree +1
By AY(SH(TY)) = AR (8 (T7Y))
induced by
Bxyv € AR (Hom(T"X, Ny ,y)) C AR (Hom(T*Y, T*Y)).

where the last inclusion comes again from the splitting. Note that By acts
on A‘fg'(g'(N}(//Y)) C A*(S°(T*Y)) as the zero map. So we can also think of

Bx /v as the operator
By 1 AR (T7X 8% (NYy)) — AR (S (N )
The following lemma is immediate from (4.3)
Lemma 4.4. As derivations AY*(S*(T*Y)) — A%** (§'(N¥/Y))
[pY,0] = EX/Y o Py
Hence the first term on RHS of (??) can be rewritten as

Y 07000Vm=) 00p oV'm+ Y PxoPioV'y
stt=n s+t=n s+t=n

= Oy + Z BxoProV'iy

st+t=n

(4.16)

The last equality is because that V', € AY*(T*X - $*(T*Y)) unless s = 0.
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Thirdly, we split R,, € AY'(Hom(T*Y, S"T*Y)) into two components,
Ry :=p " oRyop” € AV (Hom(Ny,y, SNy v))
and
R! :=p"oR o1 € AY' (Hom(T*X, S“N¥/Y))
and denote the induced operators by
Rt o AR (S (NYy)) — AR (S ™ (NY )
and
Ry o AR (TX- SNy )) — AR (ST (N )
respectively. To unify notations, we also write R} := B,y and R] = Bxy.
We can then split the second term on RHS of (4.15):

Z p’o ﬁrﬂ Ovsut

r+s+t=n
r>1
= Z p\/ Oﬁrﬂ o Py Ovsllt‘f‘ Z pvoﬁrﬂ o Py Ovsllt
T+s+t=n T+s+t=n
r>1 r>1
~ _ ~ —s 4.17
= Z Rij0PyoV W+ Z Rl j0PoV 1 (#17)
T+s+t=n T+s+t=n
r>1 r>1
:Zﬁi‘oun_kﬂ—}— Z ﬁlﬂop]ovsut
k=2 T+s+t=n
r>1
Combine (4.15), (4.16) and (4.17) we get
(:D H)n = 6“71 + Z ﬁli_ O Un—k+1 + Z §I+1 oPjo vs Ht (418)
k=2 150, o2

Finally, to compute the terms P; o \a i, we define two derivations of de-
gree 0 with respect to the grading from A*:

Vo AL (8 (NYy)) — AL (T*X - §°(NY 1)

induced by the connection V+ on Ny, the same way as we define V in
(4.13). V£ of a function f is again understood as 0f, the (1,0) differential.
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The second one
AT AR (TX - S (NY ) — AR (TX - ST (NY )
induced by the shape operator A : T*X — T*X ® Ny y as in (4.4) yet again

with the images symmetrized.
Lemma 4.5. With the notations above, we have
Pq ovvaOPo—l-KoP],
thus Vs > 1,V e S*(NY ),
PioViu=(A)r"oV (4.19)
Applying the equality (4.19) to (4.18), we eventually get

Theorem 4.6. Given p = ()32, € A%’(@'(NX/Y)), the n-th component of D
is
= = = ~. 1 =1l
(OWn =0tn+ ) Riopnan+ Y R 0A oV p.
= 50, 521

In other words,

D=03+) RE+ Y RI0A%V. (4.20)

Remark 4.7. From Theorem 4.6 we see that, even when © acts on a function
f (or a form), higher term would be produced in general. Namely, by (4.20)
Df=3f+ ) RJoA%00f (4.21)

p=1, 20
This is a huge difference between the general situation and the case of diag-

onal embedding.

Remark 4.8. Although we get ©? = 0 for free from how we construct it, it is
still an interesting (yet tedious) exercise to verify it by hands and one will
observe the Gauss-Codazzi-Ricci equations in classical differential geome-
try. This will be included in the Appendix.
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5. Loo-ALGEBROIDS

In this section we will show that there exists a L,,-algebroid structure
on the complex AY*(Nxy[—1]) = A%*'(Nx,y) whose Chevalley-Eilenberg
complex is exactly the Dolbeault dga A* (Y>(<°°) ). Since throughout this section
the background algebra is the Dolbeault dga (.A%*(X), d) of the submanifold

X, we will just write it as A%°.

Definition 5.1. An L,-algebroid or an strongly homotopy Lie algebroid over the
dga A%* is the following data:

(1) A dg-module (L*,d) over the dga .A%* which is an L.-algebra, i.e.,

equipped with a series of (graded) antisymmetric C-linear n-ary op-

erations
Lo: (L%)®™ — LoF2 ™, X1 @ @ Xn 2 XDy e ey Xy T>2

(Note here tensors are over C!) with deg(l,) = 2 —n, satisfying the
usual (generalized) Jacobi identities. If we define 1; := d, then the

Jacobi identities look like
Z Z F1(Li(Xe(1) @+ @ Xo(i)) ® -+ @ Xg(n)) =0 (5.1)
i+j=n+1 oeSh(i,n—i)

(2) An anchor map « which is a L,-morphism from L* to the DGLA

(A% (TX), [, 1,9) with the natural Lie bracket of tangent vector fields,

i.e., there is a collection of antisymmetric maps of degree 0
o (L.)®n — AO,o—n-H (TX), n> 1

compatible with the L..-structures. Moreover, «, is required to be
A%*-linear.
(3) Each n-bracket 1, is an A%*-derivation on each of its arguments via

the anchor map «, that is,
[Xh ey Xn—1, W - Xn]n = (»Cocn,1(xl,...,xn,1)w) *Xn Tw- [Xh s )Xn]n (52)

where £ stands for Lie derivatives.
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Assume that L* satisfies some finiteness property, e.g., finitely generated
and projective over A%, Then we can consider the Chevalley-FEilenberg
complex of the L,-algebroid L*, i.e., the completed symmetric algebra S(L*[—1]),

where

LY = Hom®p. (L%, A%*)
is the dual A%*-module of L*, equipped with the natural differential. Each
bracket 1, (n > 2) givesa map 1}, : LY*[—1] — S™(LV*[—1]) of degree 1 by the

formula

ljl(n)(xh ) )Xn) = Z :l:‘C(Xn,] (x1,...,$2i,...,xn)n (Xi) - (_1 )m‘n([xh see )Xn]n) (53)

i=1

We can then extend 1; uniquely to a derivation d,, of degree 1 of the algebra
S(LV*[-1]) such that d,, restricted on S°(LV*) = A%* is a map d, : A> —
S 1(LV*[—1]) defined by

dn(w) (Xh o »Xn71) = E(xn,1 (X1 yeeyXn_1) WP (54)

Put d,’s all together we get a differential on §(LV' [—1])
D=d+) d,
n>2

and all conditions in Definition (5.1) can be expressed as one condition
D> =0

In other words, (S(LV* [—1]),D) is a dga. Conversely, any derivation D on
S(LV*[—1]) of degree 1 satisfying D> = 0 and respecting the natural filtra-
tion on §(LV‘ [—1] determines a L-algebroid structure on L* such that the
brackets and anchor maps are determined by the formulas (5.3) and (5.4).

Thus we can repackage the differential ® in the formula (4.20) in the lan-
guage of L,-algebroids. First of all, the underlying .A%>*-module is

(L* d) = (A”*(Nx,y[=11),0) = (A% "(Nxv), )
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Next, by comparing (4.21) with (5.4) we see that the anchor maps should

be give by the recursive formulas:
o =R{ = Bxyy € A% (Hom(Nxy, TX)), (5.5)
=R+ Y FAo(an ®1)o0oec A (Hom(S"N[-1],TX)) n>2

o€Sh(n—1,1)
(5.6)
(Recall that the shape operator A : TX ® Nx,y — TX has TX as its first slot
and Ny y as the second.)
Finally, the brackets can be extracted from (4.20) and the formulas for «,’s
by using (5.4):
L=Ri+ Y V'o(am ®1)oo, n>2 (5.7)
0€Sh(n—1,1)
where the tensor is over C and the connection V- on the normal bundle is
considered as a map

V= AY(TX) @ AM (Nxyy[=11) = A (Nxy[-1])
of degree zero.

Remark 5.2. One can also interpret the homomorphism
71 (A%(S (N y)), D) = (A% (S°(T"Y), D)

defined in (4.9) as an L,-morphism from A%*(TY[—1]), thought of as an L-
algebroid with zero anchor map, to A%>*(Ny,y[—1]). But note that this mor-

phism commutes with anchor maps only up to homotopy.
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