NOTES ON FORMAL NEIGHBORHOODS AND JET BUNDLES
SHILIN YU

ABSTRACT. The purpose of this note is to review the construction of smooth
and holomorphic jet bundles and its relation to formal neighborhood of
the diagonal embedding. I will show that there is a natural notion of “Dol-
beault dgas” which works for formal neighborhoods of arbitrary analyt-
ical embeddings. An algebraic proof of a theorem by M. Kapranov will
be addressed at the end regarding the structure of such dga in the case of

diagonal embedding.
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1. C°-JET BUNDLES

The notion of C*-jet bundle provides an appropriate place where one
can talk about Taylor expansions (or jets) of smooth functions on a smooth
manifold. Let X be a manifold and p € X a point, for each nonnegative
integer r, we define the algebra J to be the quotient of C*°(X) by the ideal

I](DT) = {functions whose derivatives up to order r all vanish at p}.

In fact, if m, denotes the maximal ideal of the commutative algebra C*°(X)
consisting of functions vanishing at p, we have

(r) _ r+1
Ip =m, .

The Taylor expansion of order r (or r-jet) of a function f at p is defined to
be the equivalence class

jof =[]}, € Jp = C=(X)/my""
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Note that J}, is determined by local data around p, so in fact we should use
the algebra C*°(X), of germs of smooth functions at p instead of C*(X). But
this algebra itself is a quotient of C*°(X), so everything is fine. Indeed, let n,
be the ideal of all global smooth functions vanishing at some neighborhood
of p, then there is a natural isomorphism

C=(X)/n, = CZ(X),.

This is not true in the holomorphic world.
If we choose a local coordinate chart (U, x;) containing p = (p1,...,pn),
then there is an isomorphism

T+1

HJ = C[Xh'--axn]/(xl —p1,...,xn—pn)
[ﬂ; = Z Aiy,.in (1 — p1)i] o (X — pn)in
Hi<r

where
1 ol +---+inf

i]!...in! ax;] axh’l

Consider the above construction for any r, we have an inverse system

Aigin =

C=J0 T ] -

with connecting maps being the natural quotient maps. So we can define
the space of co-jets
(o <IN B T
I‘P T %in ]p
.

which is of infinite dimension. Moreover, the above isomorphisms for ]| are
compatible with the inverse system,so under the local chart (U, x;) we have
an isomorphism

];o = %iLl’l(C[X],...,Xn]/(X] —P1y.-yXn _pn)T—H = C[[XI —P1y.-yXn —Pn]]-
Remark 1.1. By definition of inverse limit, we have the natural "Taylor ex-
pansion” map

jp 1 C(X) = J°.
A result by E. Borel ([1]) says that this map is surjective. In other words,
there always exists (locally) a C*°-function with the given Taylor expansion.
Again this fails when it comes to holomorphic functions.The kernel of j,, is

o o0
(00) (r) — T+1
= = (g
r=0 =0
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Next I will define the jet bundles J" (resp. J>°) whose fibres are J;, (resp.
J5°). For this purpose, I only need to tell you the sheaf of smooth sections
of the bundles. Let us assume that dimX = 1 for simplicity. For any open
subset V C X, among the giant garbage of all "discrete’ sections

s:V= [T s e, vpeV,
pev

I only look at those with the following property: for any y € V, there exists
a local chart (U, x) containing y, such that, under the isomorphisms J, =

CXI/(x—p)™,
s(p) = lao(p) + ar(p)(x —p) + -+ a;(p)(x —p)T €]

where ay, ..., a, € C>(U). We denote the set of all such sections by C*(V,]").
It has a C*°(U)-module structure defined by pointwise addition and multi-
plication, and moreover is a commutative algebra. One can show that this
really defines a sheaf over X and provides a realization of ]" as a smooth vec-
tor bundle. The only thing need to be checked is that the condition above is
independent of the choice of local charts, which is merely an exercise using
the chain rule. In fact, from the definition we get a trivialization of J" on any
local chart (U, x) with the frame
(1, bk —pl, [(x = p)2,y .., [(x = p)'].

In a similar way one can define J*°, or just by J*° = lim J".

A section of the jet bundles does not necessarily come from an actual
smooth function. In fact, the general sections are much more than those
induced by functions. Nevertheless, we have canonical maps of algebras

iTC(X) = C (X, TN,
and

j 1 CPX) = CF(X, %)
under which the images of a function are called prolongations. However, j"
is not a C*°(X)-linear map. It is a differential operator of order r.

From the description above of local sections of the jet bundles, one can
see there are actually two variables x and p involved, though x is a formal
variable. This inspires us to think of sections of jet bundles as "formal func-
tions” on X x X near the diagonal. This is the first step towards the general
concept of formal neighborhood. Let’s see how it works.

We write X x X as X’ x X” to distinguish the two factors and denote the
corresponding projections by

pr/: X' x X" = X" and pr’:X' x X" — X"
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respectively. There is a natural splitting of the tangent bundle
T(X' x X") =pr™*TX' @ pr"*TX"
or in shorthanded notation
TX' x X")=TX" @ TX"

The diagonal map A : X — X’ x X” embeds X as a closed submanifold,
whose image we also write as A by abuse of notation. A local chart (U, x)
of X gives rise to a chart (U’ x U”,x',x") of X’ x X", with x’ = x ® 1 and
x” =1 ® x as coordinate functions. Then one can 'realize” a local section of
J" on U as a function of the form

f(x',x") = ap(x) + ar(x") (x" —x") + - + a,(x") (x" —x')"

on U’ x U". More precisely, consider the closed ideal of the algebra C*>(X’ x
X"):

1) 1= {f e cox! x x) | ViVer Wfla =0,V € CH(IXT), }

Vi<j<lLo0<l<m

In other words, it consists of functions on X’ x X” whose derivatives in X”-
directions restricted on the diagonal vanish up to r-th order. The algebra
of smooth functions on the r-th order formal neighborhood of the diagonal
then can be defined as

Co(XV) == (X! x X" /1.
Note that any function defined only on an open neighborhood of the diag-

onal also gives an equivalence class in C“(XX)), but by multiplying with a
bump function near the diagonal one can still take a function globally define
on X’ x X" as a representative of the same class.

There is an obvious isomorphism

) 1 : CO(XY) S C2(X, T, [f] sy,
where s; is defined by
s¢(p) = Jjp (flipyxx),

that is, we restrict f on the fibre {p} x X", identified naturally with X, and
take its r-jet at (p, p), which is the intersection of {p} x X" with the diagonal.
Moreover, it is an C*°(X’)-algebra isomorphism, if we endow C* (Xg)) with
the C*°(X’)-module structure via the map pr} : C*(X') — C®(X’ x X").

Unfortunately the inverse of T; cannot be written down in a clean way.

For the construction of the inverse we need partition of unity. Take a locally
tinite over of X by local charts, so that one can write a section s of J" as a sum
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of sections s;, each supported in some local chart (U;, x;) of the cover. Then
on U;, s; is of the form

silp) = lao(p) + ar(p)(xi = P) + -+ a:(p)(xi —P)'], VpeUl.
We have correspondingly a function
fi(x{y x{') = ao(xi) + a1 () (x{" = x{) + -+ + ar(x{) (%’ = x{)"

on U/ x U/ C X’ x X”. The open subsets U x U;" also form a locally finite
cover of an open neighborhood of the diagonal, so we can form f = ) . f;,
which is a function defined near the diagonal and thus gives an element in
CW(X(AT)). Easy to check it is equal to 7' (s).

The only unsatisfying thing is that, in our definition of CW(X(AT)) or I(Ar),
knowledge about the special splitting of the ambient manifold is assumed.
But we observe that the definition doesn’t change if we take vector fields of
arbitrary direction in (1)! (Exercise) So we come up with a more intrinsic
definition
3)

1= {f € C®(X' x X")

ViV Vif[p =0, VV; € C(T(X' x X)),
Vi<j<lLo0<l<m :

In this way one can immediately generalize the definition to the case of
general embeddings X — Y. Of course, the reader might already notice that
the ideals we're talking about here are nothing but again powers of the ideal
of functions vanishing along the submanifold. We don’t want to emphasize
this, however, since it’s no longer true in the following discussion about
holomorphic formal neighborhoods.

2. HOLOMORPHIC JET BUNDLES

Now let’s consider holomorphic jet bundles. Let X be a complex mani-
fold with structure sheaf Ox of germs of holomorphic functions. Mimicking
what we did in the C*-case, for a given point p € X, there is the space of
T-jets of holomorphic functions at p,

jpr — Op /mr-H

P )

where O, is the stalk of Ox at p and m,, C O, is the maximal ideal of germs
of holomorphic functions vanishing at p. Under a local (holomorphic) chart
(U, z;) containing p, we have an isomorphism

T+1

Iy =Clzyy...yzal/(z1 =Py e vy Zn — Pn)
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Let me be lazy again and assume dim¢X = 1. J" as a smooth vector
bundle has smooth sections which are locally of form

s(p) =lao(p) +ai(p)z—p)+--- +alpllz—p)Te Ty, pel

for some local chart (U, z), where ao,...,a, € C*(U). To give J; its holo-
morphic structure, I just declare that s is holomorphic if and only if those
a;i’s are holomorphic for some (any) chart. It’s an easy exercise to check the
definition works. So locally the sections

[H) [Z_p]’ sy [(Z_p)r]

give a local holomorphic frame of [7". Thus the d-derivation on the Dol-
beault complex Q%*(J") can be written locally as

3s =3ay® 1]+ 3a1 @ [z—pl + -+ da, @ [(z—p)'.

Can we fit J" again into the diagonal picture? A first try is to consider
all functions on X’ x X" which are holomorphic along X"-direction but only
smooth in X'-direction. Well, this works but again we appeal to the special
feature of the product X’ x X”. To overcome this, we consider all smooth
functions on X’ x X”, but then take the quotient by an appropriate equiv-
alence relation so that we only memorize holomorphic derivatives of our
functions. To begin with, one notice that there is an alternative definition of
the fiber J:

Iy =C=(X)/al)
where a](;) is the closed ideal consisting of all smooth functions whose holo-

morphic derivatives vanish at p up to order r.
Next, one just modify (1) to define

A*(V]Vz o Vlf) = O, \V/\/] S COO(TLOX”), }

L co (v "
(4) ar.—{fGC(X x X") V1<j<L0<1<T.

In other words, Vi’s in the definition are (1,0)-tangent vector fields in the
direction of X”. As before we can drop the restriction on directions as in (3),
so we finally come up with

(5)
_ ot s | AT VIVa - Vi) = 0, ¥V € CR(THO(X! x X")),
aT.—{feC(X xX)’ V1<j<lLO0<l<r .

Then we have a new model for J" (more precisely, C* (X, J")):
A(XL) == C®(X" x X")/a,.

Note that a, is just the ideal of smooth functions vanishing along the diago-

nal, but a, # aj"".



NOTES ON FORMAL NEIGHBORHOODS AND JET BUNDLES 7

As in the C*-case, we have a C*°(X’)-algebra isomorphism

(6) 01 AXY) = CEX, T, [ sy
such that

sin(p) = Jp (flppxxr),
which is however independent of the choice of representative function f.
The inverse 07" can be constructed using partition of unity in the same as
7, in the previous section.

Next, I'll extend the algebra A°(XY) = A(XY)) to a differential graded
algebra A'(X(Ar)), which is isomorphic to the Dolbeault complex Q%*(J7),
yet in such a way that it works for arbitrary embedding. Let me just throw
the definition and explain in a moment. We define a closed dg-ideal a? of
the Dolbeault dga A%*(X x X) with a? = a, as the zero-th component:

A*(Ly,Ly, - - Lyw) =0, VV; € C®(TH(X x X)), }
V1<ji<Lo0<1l<r.

T

ak = {w e A% (X x X)

where A* is the pullback map of differential forms. If we can check that a?
is invariant under the 9-derivation of A%*(X x X), then the quotient algebra

A" XV = A% (X x X)/at

is also a dga. Before we do that, let me point out that all this gadget works
for arbitrary closed embedding i : X — Y, once we substitute the ambient
manifold X x X by Y and A* by i* in the definition of a;:

()
af = ayy, = {w € A%F(Y)

i*(LV1 va cee I_Vlw) = O, v \/J - COO(T1’0Y),
V1i<j<Lo0<l<r.

Thus for any closed embedding i : X — Y and r € N we can associate a

“Dolbeault dga”

A*(XY)) = A (Y) /a
which can be thought of as the Dolbeault complex on the rth-order formal
neighborhood of Xin Y.

Let’s verify that a? is indeed a dg-ideal. First notice that, if V is a (1,0)-
vector field and w is a (0, k)-form, then the Lie derivative Lyw is still a (0, k)-
form on Y. Moreover, this operation is linear with respect to V, i.e., if gis a
smooth function, then

Lng =g- va.
Indeed, by Cartan’s formula,

va = Lvdw + dlvw.
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But www = 0 since we're contracting a (1,0)-vector field with a (0, k)-form!
So we have 3
Lyw = wydw = (0w + dw) = wow,

which is obviously linear in V. We also use this equality to compute the
commutator of 0 with Ly:

d(Lyw) — Ly(0w) = d(tydw) — 1y 0dw
(1 ow) + 100w
(8) = (60 Lv+Lv06)aw

Let me explain the last two equalities. Here we extend the contraction t to
an operation
L(.)(~) : Ao’k(T1’OY) X AL’I — .Aoy’kJrl
such that
mevE =NA (W), Vne A’ &e Ay, vV e Co(TY).
Similarly, we can also define an extension of the Lie derivative
L(.)(') : Ao’k(T1’OY) X A%l — Ag’k—H
by
LisvC = tevdC =N ALy, V1, (€AY, ¥V e COTHY).
By these notations, one can show that
(9) LgvzaoLv—l-LvOé:[g,Lv]
(e.g., using local coordinate system). Note that 1y is an operator on Ay* of

degree —1, thus according the Koszul sign convention, the commutator of 3
and vy is indeed 0 o 1y + 1y o 0 instead of the one with minus sign.

Remark 2.1. There is nothing fantastic about our extension of the Cartan’s
formula. In fact, one can identify the complex A}* with A)*(T"**Y) via

v AP (THOY) = AV, w@u— wApu

where w € A)* and p € C®°(T"**Y). There is a natural pairing AY*(T"°Y)
with A*(T"%*Y), denoted by

() s APKTROY) x AQHTHO*Y) — AP
Then under the isomorphism vy, we can relate (-, -) with the contraction t via

(W VM@ = (—1) Mgy A p).
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One can use this relation to translate the Lebniz rule of the Dolbeault differ-
ential 0 on (-, -) into the equality (9) about ¢ on A}*.

What we’ve just done can be packaged into one single natural homomor-
phism of dg-Lie algebras

01 A% (THOY) — Dert (A°, A2°).

In local holomorphic coordinates zy, ..., z,, it is given by
0 B _ 0
0 (d)a—Zl) (fdzl) = L¢a%i(fd21) = (b/\ a—ZidZI.

The Dolbeault differential in AY*(T'°Y) corresponds, via the homomorphism
0, to the adjoint operator

[0, —] : Dert(AY*, AY*) — Dert ™ (AY°, AY°)
Observe that if we substitute, in the definition (7) of a}, those Ly,’s by Lie

derivatives Ly, with respect to V; € AY*(T"°Y), nothing will be changed.
Indeed, if w € a® and V; € AY*(T'OY), 1 <i <1, 1 <, then we also have

"Ly, - Lyw = 0.

Moreover, by (8), the commutator

1
Q,Ly, - Lyl = ZL"l Ly, - Ly,
i=1
is still a differential operator on .A%" of order < 1. Thus if w € a?, then
1
"Ly, -+ Ly, 0w = 3Ly, - - Lyw — Y 1Ly, - Ly, - - Lyw =0,
i=1

for any 0 <1 < r, which means that dw also lies in a®. Hence our Dolbeault
dga is well-defined.

Let’s get a taste of this abstractly defined dga .A* (Xg b by studying an easy
example. Let X =Cand Y = C x C ={(z,w) | z,w € C} and the embedding

1: X2, i(z) =(z0)

identifies X with the submanifold of Y defined by the equation w = 0. A
smooth function f on Y belongs to a if and only if, by means of Taylor
expansion, it can be written as

T+1

f(z,w) =w"" - g(z,w) +W - h(z,w)
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for some g, h € C*(Y). Hence &’ is the ideal of A}° = C*(Y) generated by
functions w™' and W and there is an isomorphism

T

~ 1 0kf
Ory(y _ 40,0,.0 = 100 T41 k
‘A (XY )_AY /arHAX ®(C(C[W]/(W)+» [ﬂerZ_OFW(Z,O)W .

For a smooth (0, 1)-form
w = f(z,w)dz + g(z, w)dw,

it lies in a! if and only if f € a%. No condition to put on g since i*dw = 0.
Thus

al =a’-dz+ A%° - dw
and there is an isomorphism

AN Xy = A /oy = AR @c Chwl/(w)™!
defined by

1 ok

[fdz + gdw], — Z ———(z,0)dZ ® W,
— k! ow

Put these two isomorphisms together, we obtain an isomorphism between

dgas
A (X)) = A ®¢ Clwl/ (W)™,

Now let’s go back to the case of the diagonal embedding and see how to

identify our new-defined dga A’(X(Ar)) with the Dolbeault complex of J".
It’s of the same spirit as definition (6) of Ty in the previous section, but one
needs a little bit more than that to deal with (0, k)-forms with k > 1. Let me
illustrate the case when k = 1. General cases follow easily from a similar
argument. Given [w] € a!, the goal is to construct a corresponding a section
se of the vector bundle Hom(T*'X, 7"). For any W € T>'X at some point
p € X, we form AW € T(%]p) (X" x X"),a (0, 1)-tangent vector along the diag-
onal at (p,p) € X' x X” by pushforward. We can always extend this vector
to a local "anti-holomorphic’ (0, 1)-vector field W on an open neighborhood
of (p,p), such that for any (1, 0)-vector field V on X’ x X”, the Lie bracket
[V, W] is again of (1,0)-type (Exercise!). Finally contract W with w, restrict
the resulted function along {p} x X" and take the jet at (p,p). In short, we
have

S} (W) = Jp, (0] lipycxr ).
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One can check this definition is independent of the choice of W and repre-
sentative form w. To see this, one only needs to notice that, because of the

way we choose W, there is

ViVy - Vi(ipw) = vy (Ly, Ly, - - - Ly,

W)

for any V; € C®(T"0(X x X)). The case of A* for arbitrary k is similar. Thus
we obtain a homomorphism of graded algebra

04 :A'(XXJ) — Q% ("), [w]— S[w]

More explicitly, under some local chart (U, z) containing p, hence (U’ x
u” z’,z") containing (p, p), suppose

w = f(z/,2")dz' + g(z/,z")dz" € QO (U’ x U”),

which defines an equivalence class [w] € A’ (U(Ar) ), then

S[w] (p) =dz®

_ 1/ dif dig .
; T (az,,i(mp) + aZ,,i(T%P)) (z—7p) ] y Vpell

Using this local expression, one can check that oy is also a homomorphism
of dgas. Also from this we see that there is an isomorphism of dgas

A*(Uy)) = Q% ® Cldz]/(dz)"",
or written in more general form for arbitrary dimension,
(10) A (Uy) = O (9168 T'X),
where we identify T*X with the (1,0)-cotangent bundle Q"°X. Moreover,

A*(X}) is an A*(X')-algebra via pr"™ : A*(X’) — A*(X]) and o, respects this

structure. Hence the inverse of o7 can be constructed by extending 07" on

the zero-th component in the following way:

or'm@s) =[pr*m)]-o7'(s), ¥neQ*(X), se CeT".

3. KAPRANOV’S THEOREM

The rest of the notes will contribute to the understanding the holomorphic
structure of the formal neighborhood of the diagonal embedding, i.e., the

dga (A'(X(Aoo)),5). As we’ve seen before, at least in some local chart, we
have some isomorphism

AUy = Q% (S(T*X))
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where
o0

S(T°X) = [ S'T"X
i=0
is the bundle of complete symmetric algebras generated by T*X and the dif-
ferential on QY (S(T*X)) is the usual d-derivation induced from that of T*X.
This isomorphism is just obtained by taking the inverse limit of isomor-
phisms (10) for all formal neighborhoods of finite orders.

In the global case, however, we don’t have such an isomorphism if X is
not affine. By this,  mean that one can always find an isomorphism between
the two as graded algebras (actually there are plenty of such isomorphisms),
but it might not be compatible with the usual 3 on S(T*X). What we can do
is to correct the holomorphic structure on S$(T*X) to make it compatible. It
may sound trivial because one can just transfer the differential on A'(U(Aoo))
to one on Q% (5(T*X)) via the chosen isomorphism. It requires some work,
however, to write down explicitly the transferred differential. For this pur-
pose we need to pick an isomorphism with transparent geometric meaning
so that the new differential could be expressed in terms of the geometry of
X.

Now suppose that X is equipped with a Kdhler metric h. Let V be the
canonical (1,0)-connection in TX associated with h, so that

(11) [V, V] =0in Q*°(End(TX)).

and it is torsion-free, which is equivalent to the condition for h to be Kéahler.

For most of the time here, however, I will use V as a connection on the
cotangent bundle T*X. In other words, I think of V as a differential operator

V:T'X->TXeTX
such that
(Vl{a), Vo W) = (Vva,W)

where « is any section of T*X and V and W are any sections of TX. I can also
apply V iteratively to get sections of higher order tensors of T*X.

Moreover, I will put a constant family of V’s on X’ xX" along the X"-fibers,
so that we get a differential operator only in X”-directions with respect to
the decomposition T(X’ x X") =TX" @ TX":

V . T*x// — T*x// ® T*x//

where I still use the same notation V. Then we can define

exp* : A* (X)) = QO (S(T*X))
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by
exp’([floo) = (A™f, A*VE, A*(V)*f,- - | A*(V)™M, -+ ) € §(TX)
where
Vf:=09"f
is the (1, 0)-differential of f along X"-fibers, so it lies in T*X"”. And
Vif=Vvi1a"f, i>2

To show that Vif indeed lies in symmetric tensors, one has to resort to the

torsionfreeness and flatness o_f V.
The curvature of V =V 4 0 is just

R =[0,V] € QM (End(TX)) = Q% (Hom(TX ® TX, TX))

which is a Dolbeault representative of the Atiyah class ax of the tangent
bundle. In particular one has the Bianchi identity:

9R = 0 in Q% (Hom(TX ® TX, TX))
Actually, by the torsion-freeness we have
R € Q% (Hom(S*TX, TX))

We then define tensor fields R, n > 2, as higher covariant derivatives of the
curvature:

(12) Ry € Q% (Hom(S*TX @ TX®*"2 1X)), R,:=R, Ry =VR;
In fact R,, is totally symmetric, i.e.,

R, € Q% (Hom(S"TX, TX)) = Q%' (Hom(T*X, S"T*X))
by the flatness of V (??).
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