Solutions MATH 361
HW #6 April 5, 2014

1) Suppose S is the portion of the plane z + 2y + 22 = 6 that lies inside the first octant

given by the mapping:
6—x—2y
@(:L‘,y) = (l’, Y, T)

w=xdy Ndz + ydz N\ dx + 3zdx A dy

and

is a 2-form over R3. Compute the integral of w over S.
Note that oz, v) oy 2) Oz )
m? y y? Z Z? "I;
w= [ 3z + + dzd
/5 /D Awry)  wy) oy
Calculating the Jacobians, we get:
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2) Let S be the graph of z = 22 +4* + 7 over the disk 2% +y? < 9. Let w = 2%(dz A dy).
Calculate the integral of w over S.

Parametrize the surface S using the map ®(s,t) = (s,t,s% 4 2 + 7). Then 229 — 1

O(s,t)
and we get:
20(2,y)
w= [ (+ 4+ 7)> - "2dsdt
/ / A(s, 1)

:/(s +* + 7)%dsdt
D



It will be easier to integrate over D in polar coordinates, so let s = rcos(f) and
t = rsin(f). The Jacobian resulting from changing to polar coordinates is r, so:

2 3
/ (s> + 12 +7)%dsdt = / / r(r? 4 7)*drdd
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3) Let
w=zdyNdz+ (y+ 1)dz Ndx — dz N\ dy
and let

T(u,v) = (u* +v,u — v, uv)

be a mapping from R? — R3. Find the pullback T*w

Note that:
ox ox
= du+ —dv = (2 1
dx audu + avdv (2u)du + 1dv
dy = @du + @dv = ldu — 1dv
ou ov
dz = %du + %dv = vdu + udv
ou ov
So:

T*w = uv((du — dv) A (vdu + udv)) + (u — v + 1)((vdu + udv) A (2udu + 1dv))
—(2u(du A dv) A (du — dv))
= v*v(du A dv) — uwv*(dv A du) +v(u — v + 1) (du A dv)

+2u?(u — v + 1) (dv A du) + 2u(du A dv) — 1(dv A du)

= | (—2u® + 3u*v — 2u® + uv® + uv + 2u — v® + v + 1) (du A dv)

4) Let
w = 2zydx + (2% — 2*)dy — 2yzdz

(a) Check that w is a closed form



(b) Determine whether there exists a smooth function f(z,y,2) over R? such that
df = w. Find all f satisfying this condition.

(c) Find the line integral of w along the parametrized curve y(t) = (1—t, sin(rt), t*+2)
for0<t<1.

(a) To check that w is closed, we need to show that d(w) = 0. So:

d(w) = d(2zydx + (2° — 2%)dy — 2yzdz)
= (2ydx + 2xdy) N dx + (2xdr — 2zdz) A dy — (22dy + 2ydz) A dz
= 2z(dy A dx) 4 2z(dx A dy) — 2z(dz A dy) — 2z(dy N dz)
=0

(b) We need:

= (9de + gdy + gdz

i =5 Ay Oz

This implies that:

9
ox vy
of o5
8y—x z
of

_:_2
0z yz

An f that satisfies such conditions is | f = 2%y — y2* + ¢|, where ¢ is some con-
stant.

(c) Using Stokes’s theorem, which states that:

/M:/yd(@

Noting that the boundary of a line is described by its endpoints

/d(gb) (< 0,0,3>) — 6(<1,0,2 >)
=1[0]



5) Let

w = (122°y* + 2y)(dz A dy)
Check that w is closed and find a smooth ¢ s.t. dw = ¢.

d(w) = d(122°y> + 2y) Adx A dy
= ((24zy®)dz + (362%y* + 2)dy) A dz A dy
=0+0
=0

To find a ¢ such that d(¢) = w, let ¢ = Adx + Bdy. Then:

0A 0A OB 0B
d(¢) = (%d.% + G_ydy) A (dx) + (%dx + 8_ydy> A dy
0A 0B
— (G )y ndo) + (50 ndy)

Thus, we can set A = 0 and find a B such that %—Jj = 122%y3 +2y. If we simply integrate
1222y + 2y w.r.t. x, we get:
B = 423y + 2y

This implies that a ¢ such that d(¢) = w is:

o= (4933y3 + 2xy) dy

6) Let

w = (3y — 2yz)(dz A dy) + y*(dz A dz) + 2z(dy A dz)
Check that w is closed and find a smooth ¢ s.t. dw = ¢.
To check that w is closed:

dw = (3dy — 2ydz) A (dz A dy) + 2ydy A dz A dx + 2dz AN dy A dz
= —2y(dz Ndx Ndy) + 2y(dy N dz N dz)
=0



Now, let ¢ = Pdz 4+ QQdy + Rdz. Then:

oP oP oP
Q) Q) Q)
—i—(axdx—i- 8yaly+ aZalz)/\dy
OR OR OR
+<a—xdl‘ + a—ydy + adz) A dz
QP OR P
= (% — a—y)(dm A dy) + (% — E)(dl‘ /\dZ) + (

OR 0Q

dy

0z

)dy A dz)

Thus, a general form of the solution will satisfy the following relationships:

To simplify, force R = 0. Then:

Let P = zy? and Q = 3yx — 22

9Q
ox
OR

ox
OR

a

9Q _
ox

Then:

0Q
ox

oP

dy
oP
0z
oQ
0z

5

ay
oP
9z
oQ
9z

opP
y
oP
0z
Q
3

=3y — 2yz

=Y

=2z

=3y — 2yz

:y2

= -2z

=3y — 2yz

:y2

= -2z

as we wanted. Thus, one such ¢ s.t. dp = w is:

¢ = zy*dx + (3yz — 2*)dy




