Reduction of order. (This i1s important.)

y" + al(x)y’ + a2(x)y = F(x)
Suppose you know a solution Yq to the homogeneous equation so

y¥ + al(x)yi + a2(x)y1 = 0.

Try y(x) U(X)yl(X) = uyy

Try y(x) U(X)yl(X) = uyy

y' =u'y, +uyj
y" = u"y1 + 2u’yi + uyY
plug 1in to equation you want to solve.
u"y1 + 2u’yi + uyY + alu’y1 + aluyi tajuy, = F
Look at the terms with u (as apposed to u’ or u"). They are
u(yY + alyi + a2y1) =u(0) =0
so you are left with
u"y1 + 2u’yi + alu’y1 = F
This 1s a first order differential equation in u’. Let w = u’

w’y1 + 2wyi tagwy, = F
or
W+ (2yi/y1)w + W = Fryy

Write this down solution to linear first order differential
equation.
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#7 Fall 15

y" - 6y’ + 9y = g3X In(x)

using y = eX

PIA) =22 - 6N +9 = () - 3)2
Homogeneous equation Cle3X + C2X g3X
y = ue3X
y' = u’e3X + 3ue3X
y" = u"e3X + guredX + quedX
Ly = u"e3X + suredX + quedX - pured® - 18ued* + quedX = In(x)e
Note u terms cancel
u" e3X = In(x) e3X
u" = In(x)
Put on your page of notes
n+1 n+1
J x"In(x) dx = 2 In(x) - 22—
(n+1)

u’ = X In(x) - X + Co

=
I

%len(x) - (1/4) x2 - %xz t CoX + €

= (B X21n(x) - (3/4)x2) 3X

~<
|

+ C1 + C2x)e

1s a solution to the homogeneous equation.

3X
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szy" +y =24 YX In(x)

Indicial equation 4(X(X-1) +1 =0

AN2 - 4n +1 = 0

4(N2-\ + 1/4) =0 so 4( k)2 =0 X =% double root

Homogeneous equation y = Clxl/2 + szﬁln(x)

Try y = ux]é
y' = U’X]é + ]éUX_]é
y" — UHX% + %UIX_% + %UIX_% _ (1/4)UX_3/2

4X2y" +y =4

divide by 4x>/2

4572 3/2

+ 4u’x - ux% + ux% = 211x]/2 In(x)

u" + (1/x)u’ = 6x'21n(x)

recall y'" + py = q

-[p(x) dx [pex) dx
e q(x) e dx + C

p(x) = 1/X Jl/x dx = In(x) e~ In(x) 1/X
eln(X) ~ X
u = x°! X 6X 2ln(x) dx + C
Need to do 6/X In(x) dx
1n"(x) 1™y
page of notes J — dx = )
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S0
! _ _1 2
u’ = x “((6/2) In“(x) + C2)
2
, _  3In“(x)
I G C2/x

integrating again we find

u In

3(x) + C21n(x) + C1

SOy = X2y = y = VY(lnz(x) + €y + CyIn(x))

We know Cq and Cy terms a solution to the homogeneous equation.

Set ¢, =C, =0

1 2

y = x%1n3(x)
y' = %x'%1n3(x) + 3x"2In2(x)
y" = -(1/4) x 737213 (x) + 372 x732102(x) - 372 x732102(x) + 6x7321n(x)
qxzy" = —x%1n3(x) + 24x%1n(x)

szy" +y =24 X%In(x)

Another example.

2
y" o+ (4x+1)y’ + (4x2+2x+2)y =0 y=CeX
2
y = ue X
—x2
y’ = (u’-2xu)e
2\ -x?
y" = (u" - 2xu’ - 2u -2xu’ + 4x“u)e

collect u" only one

collect u’ terms note u terms cancel



u" -4xu’+4xu’ + u’ so u" + u’ =
u’ = ce X u = Ce X
2 2
y = Cle X7 C2e Xg=X

Next page 1s some notes for your page of notes
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0

= 3% 1inches < 1/3 page

n+1 n+1 n n+1
n _ X X In"(x) _ In (X)
J Xx'In(x) dx = T In(x) - ?H:I)z J — dx = )
N, 9 Xn+1 9 2Xn+1 2Xn+1
X 'In“(x) dx = --—= 1In“(Xx) - In(x) +
J n+l (n+1)2 (n+1)3
X sin(ax)dx = —(X/a)cos(ax)+a'2sin(ax) Jx cos(ax)dx = (X/a)sin(ax)+a'2cos(ax)
J tan(ax) dx = -a~1lIn(cos(ax)) cot(ax) dx = a lIn(sin(ax))
_ dx | 1 + sin(ax)
J sec(ax)dx = J cos(axT - @ In( C0S(ax) )
J csc(ax) dx = J §Tﬁ%§¥7 - —a l1n( 15Tn%g§gaX))



9.9 Phase Plane for a Linear Autonomous system

H
dX7’_ A solution is X’(t) = etA7(0)

ax + by

=

S

cxX + dy

What do solutions look like.
We look at the paths (x(t),y(t))

curve (x(t),y(t))

d
d _ H% _ cXx +d
H% - %% - Tax + by
Look at eigenvalues

2

N = tr(A)N + det(A) = 0

2

N\ - (a+d)\ + (ad-bc) =0

_ (a+d)iVa2+2ad+d2—4ad+4bc

2

_ (a+d)+V(a-d)%+abc
2
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Eigenvalues Type of Equilibrium Point
Real and negative Stable node

Real and positive Unstable node

Opposite sign Saddle

Pure 1maginary Stable center

Complex with positive real part Unstable spiral

Complex with negative real part Stable spiral

Negative eigenvalues flow 1n

Positive eigenvalues flow out

Non linear autonomous systems (next lecture)



