Cauchy-Euler equation.

dny n-1,n-1
Ly = x" +a,xN 7Nty _
&l 1 -1 + an_laX +ay =
r
xgé = rx"
2 r
ng_zx = r(r-1)x"
X
3 .r
3%—3 = r(r-1)(r-2)x"
X
k r
xkg—k(x ) (r=1)(r=2)- .- (rk+1)x"
X
so Lx" = p(r)x" p = indicial polynomial
p(r) =0 indicial equation
e.q. 3d y + 5x + 2xaX

dx

p(r) = 3r(r-1)(r-2) + 5r(r-1) + 2r + 7

= 3(r3 - 3r2 + 2r) + 5(r2—r) + 2r - 2

= 3r3 - 4r2 + 3r - 2 Noter =1 15 a root.

_ 2

= (r - 1)(3r“ -r + 2)
o= L2 V124

Find the roots Fi» For *oocy g
for simple root r; cxli
double root r; Clxri + szriln(x)
triple root ri C;x"f + C,x"TIn(x) + C3xri1n2(x)

and so on.
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complex roots (occur in pairs r = a t ib)

xa”b = x8 xib = x8 eib'ln(X) = x%(cos(b-1n(x)) + i sin(b-1n(x)))

C,x* cos(b-1n(x)) + C, sin(b-In(x))
Double complex root

C,x* cos(b-1n(x)) + C, sin(b-In(x))

Cox* In(x)cos(b-1n(x)) + Cy In(x)sin(b-In(x))
#9 Fall 16

Find general solution to x2y" + Xy’ + 36y =0

Indicial equation X(A-1) + X\ + 36 =0

y = Cycos(6ln(x)) + C,sin(6ln(x))

Variation of parameters. (skip)
Reduction of order. (This i1s important.)
I have used this method many times myself.
y"' o+ A (x)y’ + a,(x)y = F(x)
Suppose you know a solution Yq to the homogeneous equation so
yi + 3 (x)y] + ay(x)y; = 0.

Try y(x) = U(X)yl(X) = uyy
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Try y(x) = U(X)yl(X) = uyy

y' = ulyp +ouyg

y" u"y1 + 2u’yi + uyY
plug 1in to equation you want to solve.
u"y1 + 2u’yi + uyY + alu’y1 + aluyi tajuy, = F
Look at the terms with u (as apposed to u’ or u"). They are
ulyy +a3yy +ayy,) =u(0) =0

so you are left with
u"y1 + 2u’yi + alu’y1 = F

This 1s a first order differential equation in u’. Let w = u’
w’y1 + 2wyi tagwy, = F

or

w4+ (2yi/y1)w + QW = F/y1

Write this down solution to linear first order differential

equation.
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#7 Fall 15

y" - 6y’ + 9y = g3X In(x)

using y = eX

PIA) =22 - 6N +9 = () - 3)2
Homogeneous equation Cle3X + C2X g3X
y = ue3X
y' = u’e3X + 3ue3X
y" = u"e3X + guredX + quedX
Ly = u"e3X + suredX + quedX - pured® - 18ued* + quedX = In(x)e
Note u terms cancel
u" e3X = In(x) e3X
u" = In(x)
Put on your page of notes
n+1 n+1
anln(x) dx = 2 In(x) - 22—,
(n+1)
n+1 n+1 n+1
(include this J x"n?(x) dx = X120 - 22 Inix) ¢ X
to be safe) (n+1) (n+1)

u’ = X In(x) - X + Co

u = %len(x) - (1/4) x2 - %xz t CoX + €

2) 3X

y = ((% x21n(x) - (3/4)x + C1 + C2x)e

1s a solution to the homogeneous equation.

3X



