#11 Fall 2016
Find the general solution to y" + 2y’ + 5y = 8e Xcos (2X)

Too hard for now try y" + 2y’ + 5y = 8eXcos(2x)

Find the general solution to the homogeneous equation

2 ¥ oN+5 =0 N = ——22V1-4-5  _ 1 4 Y15 = o1+ 2

A = 5 =

Cie™*cos(2x) + Cye " sin(2x)
Try AeXcos(2x) + BeXsin(2x)
plug in solve for A and B.
Complex method
21X

y" + 2y’ + 5y = ge’e = 8eX(cos(2x) + i sin(2x))

take the real part

y = pe(1+21)X
y'= A(142i)el121)X
y'(x) = A(1421)2e(1t21)X _ p(_g4pi)e(1+21)X

equation becomes

AC (-3+41) + 2 + 4i 45)e 1F21)X = ge(1421)X

A(4+81) = 8

A(4+81)(4-81) = 32 - 641

A(16+64) = 80A = 32-641
10A = 4 - 81

A =2/5 -4/5 1
X(cos(2x) + i sin(2x))
X

Yp = (2/5 -4/5 1) e
real part = 2/5 eXcos(2x) + 4/5 eXsin(2x)
General solution

y(X) = Cle'Xcos(zx) + C2e'Xsin(2x) + 2/5 eXcos(2x) + 4/5 eXsin(2x)
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Suppose instead of y" + 2y’ + 5y = 8eXcos(2x)
we had y" + 2y’ + 5y = 8eXsin(2x)
take the same complex problem

y" + 2y’ + 5y = 8eXe?!X = geX(cos(2x) + i sin(2x))

Now take the imaginary past.
X(

Yp = (2/5 -4/5 1) e™(cos(2x) + 1 sin(2x))

So solution 1s

Yp = 2/5 eXsin(2x) - 4/5 eXcos(2x)
General solution

y(X) = Cle'Xcos(zx) + C2e'Xsin(2x) + 2/5 eXsin(2x) - 4/5 eXcos(2x)

Back to original problen.

“Xcos (2X)

Find the general solution to y" + 2y’ + 5y = 8e
Homogeneous equation

y(X) = Cle'Xcos(zx) + C2e'Xsin(2x)

So -1+21 is all ready a solution

SO yp =
yp = AL + x(-1421))e("1+21)X
yp = AL(-1421) + (-142i) + x(-1+2i)2)el~1%21)
yp + 2yp + Syp = The x terms will cancel.
A(-2447 +2 )el71F21)X _ yine(1#20)X _ g (-1421)X

multiply by -i

4A = -81
A= -21
Yp = real part -2ixe X(cos(2x) + i sin(2x))
Yp = oxe X sin(2x)

checks.
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General solution

y(X) = Cle'Xcos(zx) + C2e'Xsin(2x) + 2xe Xsin(2x)

Suppose you had the same problem only the cos(2x) term was replaced
by sin(2x). Then instead of taking the real part at the end you
would take the imaginary part.

X(cos(2x) + i sin(2x))

Yo imaginary part -2ixe"

X

- 2xe cos(2x)

7
Review. Find a particular solution to an inhomogeneous linear

partial differential equations with constant coefficients.

Ly = P(D)y = h(x) p(X) = indicial polynomial

e.g. Ly =y" +2y" +y  p(\) = A% +2) + 1

AX

P(D)y = KeMX 1f X 1s not a root yp = Ae™” solve for A.

1f X 1s a root of order m then
Yy = Ax e AX
Ke®Xcos(bx) or Ke**sin(bx)

_U

=

<
I

if atxib 1s not a root

yp = Ae®Xcos(bx) + Be*Xsin(bx) solve for A and B or use
complex method

_ Ae(a+1’b)x

Yp = solve for A and take real part for

cos(bx) and imaginary part for sin(bx).
1f axib 1s a root then

yp = Axe®Xcos (bx) + Bxe®*sin(bx) solve for A and B or use
complex method

(a+ib)x

yp = AXe solve for A and take real part for

cos(bx) and imaginary part for sin(bx).

2X

Note in this case the (x) terms (e.g. 2x e“" cos(4x)) will cancel.
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Harmonic oscillator.
mass on a spring
undamped case.

M — equilibriumy =0

position
d2
Newton’s law. F =ma =m %
dt
Hooks law F = -ky
d* d*
m ——% = -ky m ——% + ky =0
dt dt
Y 4 (kmy = 0
+ (k/m)y =
dt?
indicial equation N2+ (k/m) =0
w = VYk/m M o+ 2 =0 A=t

Solution 1s y(t) = A cos(wt) + B sin(wt)

y(t) = A cos(wt + @)

A is the amplitude equal maximum displacement
if y(t) = A cos(wt) + B sin(wt) what 1s the amplitude

2 2

amplitude = YA“ + B What 1s max of y(t)?

y'(t) = -wA sin(wt) + @B cos(wt) =0
A sin(wt) = B cos(wt)

2 2 cosz(wt) = B2(1—sin2(wt))

2

A sinz(wt) =B

(A2+B2)sin2(wt) =B



sin(ot) = =B cos(ut) = ZA
A +B2 A24B2
to get the max take the plus signs
2,n2
max = -ABT _ ya24p?
A +B2
Electrical circuit ‘ ‘
L co1]—
Damped Harmonic oscillator.
Viscous force F'= -c v Vo o= velocity
So damped harmonic oscillator is
2 2
m Q—% = -ky - ¢ g% m Q—% + c%% + ky =0
dt dt
Indicial equation
mZ 4+ ch +k=0
y = _—C ¢ ch—qkm
B 2m
Underdamped. c2-4km < 0 (typical as damping is small)

Let p = Vﬂkm—c2

Solution 1s
y(t) = Ae~CY/2M cosut) + Be C/2M gin(ut)

y(t) = Ae'Ct/2m cos(ut+p) draw picture.
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Critically damped case c? - 4km = 0

double root A= =C/2m

Solution 1s
y(t) = (A+Bt)e-Cl/2m
Take the case where A > 0 so y(0) =A >0

If B >0 system does not pass through equilibrium.
draw picture
Maximum occurs at when y’(t) = 0 at

y’(t) = -c(A+Bt)/2m e'Ct/2m + B e—ct/2m

y’(t) = 0 when 2mB = cA + cBt

—t
Il

(2mB-cA)/cB = 2m/c - A/B

]
—+
—+

negative then maximum at t = 0.
draw picture.
if A> 0 and B < 0 then system passes through equilibrium
when (A+Bt) = 0 or t = -A/B



