Inhomogeneous

d" g1 d _
aoE;% + ala;ﬁ:% + oo +a g +ay = hix)

Find a particular solution yp

General solution 1is Yp * Yo

where y i1s a solution to the homogeneous differential equation.

How to find a particular solution.
Ly = P(D)y = (D-x)™M(D-x)"2evvv (D=1 )My = keH

1f L 1s not equal to any of the N then

try yp = Ae?®  solve for A

K

(u-kl)nl(u—xz)nz.... (u_xm)nm

-
>
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indicial polynomial

>
I

C/P(u)
In summary to solve P(D)y = KeMX

and 1L 1s not a root of the indicial equation

i.e. P(p) #0
Yy = (C/P(n))el
What if b is a root of order k. Then
P(D)y = ce’®

Yp(X) = A xKehX

Here you simply plug in this solution and solve for A.
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Example y" + 2y’ +y = ge X

A2+ 20 +1 = (M1)2  \=-1 is a double root.
try y = AxZe X
y’= 2Axe” X - AxZe X
y" = 2Ae X —2Axe X -2axe X + AxZe X
y" + 2y’ +y = (X2 terms cancel) (X terms cancel)
=28 X =6e " A =3
2_-X
X) = 3x“e
yp( )
General solution y(x) = Ae™ + Bxe X + 3x%e~X

Ly = P(D)y = C;e*™cos(bx) + C,a®*sin(bx)

1
Assume atib is not a root of P()\) =0

Try Ae®*cos(bx) + Be®Xsin(bx)

If atib 1s already a root

Try Axe®Xcos(bx) + Bxe®*sin(bx)

#11 Fall 2016

Find the general solution to y" + 2y’ + 5y 8e Xcos (2X)

Too hard for now try y" + 2y’ + 5y = 8eXcos(2x)

Find the general solution to the homogeneous equation



2 ¥ oN+5 =0 N = ——22V1-4-5  _ 1 4 Y15 = o1+ 2

A = 5 =

Cle'Xcos(zx) + C2e'Xsin(2x)

Try AeXcos(2x) + BeXsin(2x)

plug in solve for A and B.

y" + 2y’ + 5y = geXe21X = geX(cos(2x) + i sin(2x))
take the real part

y = pe(1+21)X

y'= A(142i)el121)X

y'(x) = A(1421)2e(1t21)X _ p(_g4pi)e(1+21)X

equation becomes

AC (-3+41) + 2 + 4i 45)e 1F21)X = ge(1421)X

A(4+81) = 8

A(4+81)(4-81) = 32 - 641

A(16+64) = 80A = 32-641
10A = 4 - 81

A =2/5-4/51

(2/5 -4/5 i) eX(cos(2x) + i sin(2x))
real part =
2/5 eXcos(2x) + 4/5 eXsin(2x)
General solution

y(X) = Cle'Xcos(zx) + C2e'Xsin(2x) + 2/5 eXcos(2x) + 4/5 eXsin(2x)



Back to original problen.

Find the general solution to y" + 2y’ + 5y = 8e Xcos (2X)
Homogeneous equation
_ -X -X_ ;
y(x) = Cye “cos(2x) + Coe “sin(2x)
So -1+21 is all ready a solution

SO yp =
yp = AL + x(-1421))e("1+21)X
yp = AL(-1421) + (-142i) + x(-1+2i)2)el~1%21)
yp + 2yp + Syp = The x terms will cancel.
A(-2447 +2 )el71F21)X _ yine(1#20)X _ g (-1421)X

multiply by -i

4A = -81
A= -21
Yp = real part -2ixe X(cos(2x) + i sin(2x))
Yp = oxe X sin(2x)
checks.

General solution

y(X) = Cle'Xcos(zx) + C2e'Xsin(2x) + 2xe Xsin(2x)
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