Last time. Homogeneous linear n-th order differential equation

with constant coefficients.

d" dn-1 d _
aoE;% + ala;ﬁ:% Foeeee 4 an—la% +ay = 0.

Indicial equation

n n-1 _
AN+ 3 Foeeee 3, M+ 3, =0
If there are n distinct real roots ISERCTRRERNS - the differential
equation can be written
aO(D_>\1)(D_>\2)°"'(D_>\n)y = 0
Then the solution is Cle)‘1X + Cze)‘2X oo 4 Cne)‘nX
boundary conditions
’ — — '1 —
y(0) =K, y'(0) =K, y"0) =K, --oo y" o) =k
)\1C1 + )\2C2 + + )\nCn = K1
2 2 2
)\1C1 + )\2C2 + + )\nCn K2
3 3 3
)\1C1 + )\2C2 + + )\nCn = KES
n n n~ _
)\1C1 + )\2C2 + -+ )\nCn Kn
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Last time we did an example
y" +y’ -2y =0 y(0) =2 y’(0) =3

(D+2)(D-1)y = 0

y = AeX + Be 24X

y(0) = A+ B
A-2B

— <
~
—
(o)
~—
I

-3B =1 so B = -1/3 A=7/3

y(x) = (7/3)eX - (1/3)e”2X

Repeated real roots.

D%y = 0 y = A + BX
(D-\)2y =0y = AeM + Bxe™X
Example. y" + 4y’ +4y =0 y(0) =2 y'(0) =3
(D+2)%y = 0
y = Ae 2X 4 Bxe %X
y(0) = A y'(0) =2A + B
A =2 2:2+B = 3 B = -1
y(x) = 282X _ xe72X

Example. A double root and a single root.

(D-);)(D-X,)%y = 0



Ay X

General solution y = Cle + C2e + C3xe 2

Triple root.

3 AX AX 2 NX

(D-X\)"y =0 y = Ae™™ + Bxe™ + Cx“e

y(0) = A y’(0) = MA + B y"(0) = \2A+2\B+2C

solve for A then B then C.
Complex roofts.

Occur 1n complex conjugate pairs
atib

Cleaxcos(bx) + Czeaxsin(bx)

3 2
d’y _ d°y _ _ ’ _
Example. —f - — + 2y =0 y(0) =1 y'(0) =0
dx®  dx?

3_\2

Indicial equation. A=A+ 2 =0

(hint. X = -1 1s a root)

(ZN1)(N2=2\ + 2) = 0

|
N
I
—
1+
—

X, X X, X
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-X

y = Ae™X + BeXcos(x) + CeXsin(x) y(0) = A + B

-X

y’ = -Ae "+ BeXcos(x) - BeXsin(x)

+ CeXcos(x) + Ce¥sin(x) y’(0) = -A + B + C
y" = Ae X + (B+C)eXcos(x) - (B+C)eXsin(x)

(-B+C)eXcos(x) + (-B+C)eXsin(x) y"(0) = A+2C

A+B =1 1
-A+B +C=20 2
A+2C =0 3

I
(o)

Multiply 2 by -1 A-B-C
A+ 8B

I
—

2A - C =1

2A + 4C =0

-5C =1 C =-1/5
A=2/5 B = 3/5

B =2/5

Solution y = (2/5)e X + (3/5)eXcos(x) - (1/5)eXsin(x)

double pair
((D - a)? + b?)?

d

Cleaxcos(bx) + Czeaxsin(bx) + CyXe Xcos(bx) + queaxsin(bx)
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Inhomogeneous
n n-1
dy d’ Ty d _
aodxn + aldxn'l + tag_ gk tay = h(x)

Find a particular solution yp

General solution 1s yp +y
where y i1s a solution to the homogeneous differential equation.

How to find a particular solution. Guess.

Ly = (D-x )M (-3 )" en (D-x )My = e

1f L 1s not equal to any of the N then

try yp = peMX

you get (-3 )™M (u-x,)"2eeen (u-x )™M A = C
A = ¢
S S L (T U N (S WL
P(X) = indicial polynomial

>
I

C/P(u)
In summary to solve P(D)y = ceMX

and 1L 1s not a root of the indicial equation
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What if g 1s a root of order k. Then
P(D)y = ce’®
Yp(X) = A xKehX

Here you simply plug in this solution and solve for A.



