Differential equations

Linear n-th order.

dn dn_ly d 3
aO(X)E;% P 00 ] a_ (X + a (x)y = F(x)

ak(x) are continuous functions of X

a,(x) £ 0
consider the equation xy’ +y =0
solution 1s y = k/x
you can not specify y(0)
Xy’ -y =0
solution is y = kX

—

again you can not require y(0) =
If aO(X) = 0 complicated things happen which we will not
discuss at this time.
usually we divide by ao(x) SO ao(x) =1
If F(x) = 0 we call this the equation homogeneous y =0 is a
solution.
General theory. At a point X, YOu can freely specify
(n-1)

X.) and then the solution

), y'(X o

y(x0 0), ceee, ¥
1s uniquely determined.
Every n-th order differential equation is first order matrix

equation. we assume ao(x) =1 (We can divide through by ao(x))

let §7 = (y(x),y" (x), -,y (x))
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ce you can prove there is a solution non ?ggggeneous

ate
near differential equation with constant coefficients.
(n-1) ’ _
ay toeeee va 4y +agy =F
neous equation set F =0
: : d
ifferential operator ax
n-1 _
+ 3,0 +.-00 3, 4D+ an) =0
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Single real root y = cehiX
Double real root y = C1e>‘iX + sze>‘iX
Triple real root y = C1e>‘iX + C2xe)‘iX + C3x2e)‘iX

etc

Complex roots occur 1in pairs

a t ib Cleaxcos(bx) + Czeaxsin(bx)
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double pair

((D - a)2 + p2)2

Cleaxcos(bx) + Czeaxsin(bx) + C3xeaxcos(bx) + queaxsin(bx)

Discuss complex roots later.

Simplest case (single real roots)

differential equation factors

(D-X;)(D-Xy)- -+ (D-Xp)

Solution C1e>‘1X + Cze)‘2X oo 4 Cne)‘nX
boundary conditions
' _ _ -1
y(0) =K, y'(0) =K y"(0) =K, y Doy =k,
C1 + C2 + + Cn = KO
X1C1 + X2C2 + + chn = K1
2 2 2
3 3 3
X1C1 + X2C2 + + chn = K3
ae, + ale, + +\c =K
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Example

y = AeX + Be 24X
y(0) = A+ B
y’(0) = A-2B

-3B =1 so B = -1/3 A=7/3
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