A matrix A is nilpotent of order p if AP = 0 and APl # 0. A matrix

A is nilpotent of order one if A = 0. Let

0 1 0 01 0 0
0 1
0 0 1 0
= [01, N, = N, = |0 0 1], N, = etc.
1 ’2{00]’3 P 0 0 0 1
0 0 0 0 0 0 0

Note Nﬁ has 1’s two up from the diagonal. For example,

0 0 1 0
N2 o= |00 0
0 0 0 0
0 0 0 0

Note Nﬁ has 1’s three up from the diagonal. For example

W= N
|
o O O O
o O O O
o O O O
o O O =

k
Note Nk

I
(o)

Theorem if N is nilpotent of order p then

_NkO 0 .-« 0
1
N:S O NkZO ¢ 0. O S_].
_0 0 0 -Nkm
where ki < p for each 1 = 1,---+,m

and at least one ki = p (if not N is nilpotent of order p-1)
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Now let
N 1 0 N 1 0 0
To, = [N\, Ju. = Mo Too=1lo0o x 1], 7,=190*»1 0] et
- ’ - ’ - ’ - .
N N2 . N3 X 0 0 1
0 0 A 0 0 0 X
Note
J)\k = )\I + Nk
1t t2o0 t3/3
. 0 1 t  t2/o
0O 0 0 1

1n general etNk

has 1 on the diagonal

t one up from the diagonal
t2/2! two up from the diagonal
t3/3! three up from the diagonal
tk/k! k up from the diagonal

cEThp = gTONIHN)  _ NELEN,

So for example

1t t2o0 t3/3
9
o 1t tZ/m
tTo, . t\
e"M = o o0 1 t
0 0 0 1

The block Jyk can be repeated. Usually we group all the block J
with the same X\ together.



Jordan canonical form. Every (n X n)-matrix A is of the form

Ty k0 0 e 0
A=s |0 Ik 0 s7!
0 0 0y

For each block N 1s an eigenvalue of A and k = 1,2,...-

The exponential 1is

et‘Txlk1 0 0 0
A=s | o eIk, 0 0 571
0 coves 0 covens 0 et‘T)\mkm
#10 Spring 15
3 1 0 0 O
0 3 1 0 O
A = 0 0 3 0 O compute etA
0 0 0 -4 o
0 0 0 -9 11
m o3t ge3t 12300 o
0 et edt 0 0
etA = 0 0 e3t 0 0
0 0 0 X X
0 0 0 X X




-9 11

-4 6 9 9
B = det(B-NI) = \“- tr(B)x + det(B) = \“-7\ +

N-7A+10 = (A=5)(X-2)

If A 1s non defective with two eigenvalue M and A then

tA )y LeMta-n,1) - er2ta-n 1))

e = (N ) 1
6 6 9 6
elB - (5-2)71 (et - g2t )
9 9 9 9
-2 2 -3 9
otB _ (St 2t )
-3 3 -3 9
. 1020 95t a5t g2t
e =
1020 305t 305t o2t
0 1 0 i ta ‘ C[6-10 10-4]
B - e - _
0 1 t=0 6-15 15-4
-3t o3t 12631 9, 0 0
0 3t tedt 0 0
etA- | o o e3t 0 0
0 0 0 3020 9e5T 95T _5e2t
0 0 0 30203051 35T _5e2t
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(-44+54)

-4 6
-9 11
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#5 Fall 14
0 0 -1 0 0 -1
A = 3 0 -5 3 0 -5
4 0 -4 4 0 -4
etA = 9 They asked for generalized eigenvectors.
multiple choice and they are not unique.
-x 0 -1
det (A-\I) = det 3 - -5 = —)\2()\+4) -4\ = —)\()\2+4)\+4) = —)\()\+2)2
4 0 -4-)
roots are AN=0 and X\ = -2 double root.
15 A defective
2 0 -1
A+21 = 3 2 -5
4 0 -2

start row reduction.
Replace bottom row by itself minus twice top row

2 0 -1
3 2 -5
0 0 O

clear two equation so matrix i1s defective.

Use handy dandy formula



Exponential of a (2 x 2) matrix with repeated roots (\,\).

tA _ ot

e I + t(A-)\I))

If A 1s a real (3 X 3)-matrix with real eigenvalues (xl

so the characteristic equation
p(\) = det(A - X\XI) =0

has a single real root M and a double real root A then the

exponential of A i1s given by

tA At

e —e"2" 1 ¢+ teXZt(A—le)
b Oy 2t -t o tere by aan
Note 1f A 1s non defective then
e = O, Here a1 - et )
deth = et 14 ted2 b, 1) + eetian,n)
-2 A T At At At
+ (xz—xl) (xle 1 —xze 2 +x2(x2—x1)te 2 +(x2—x1)e 27 )(
gfetA = xzeXZt I +(1+x2t)eX2t(A—x21)
F Omn) 20neM oy eret oo ter2 by (a-na1)?
2 "M 1 1 N | 2
Note in powers of (A—le)
Al = XzI + (A—le)

- 2
A(A—XzI) = X2(A—X21) + (A—le)

Now A satisfies i1ts characteristic equation

)2

(A-X; T)(A-X,1

1 ) 0

S0 A(A-\,1)2 )2

2 X
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Ags )

)2

2
A—le)



Ae

tA

A

2e

SO0 1n our case

A =

(

€

0
3
4

0
0
0

A-)\,1)

tA

tA

tA

2

€

tA

-1
-5
-4

2

-2t

-2t
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Mtpgehet (D) + et taan, )+ tetetaan,1)?
So0 ot ut N b 9
Nty (1+tx2)eth (A=), 1)
S0 ot N b N b 9
N b
I +(1+x2t)e 2 (A—le)
S0 ot N b N b 9
T
2 0-11T72 0 -1
A-M,I =A+20=|3 25 |3 2-5
4 0 -2l |4 0 -2
0 0
-8 4 -3
0 0
I+ tet2t(a-n,1)
S0 Mt ot N b 9
+ (xz—xl) (eftt - g2t 4 (xz—xl)te 2 )(A—le)
C 20 -1 0 0 0
I +te™?t | 3 2 -5/ 4 —%—(1—e'2t _ote™?ty |-g 4 -3
4 0 -2] 0 0 0
C 20 -1 00 0
I+ te 2t | 3 9 5| 4 (1-e72t - ote™2ty |20 1 -39
4 0 -2] 00 0
e'2t+2te'2t 0 —te'2t
so4e2tizte 2t 1 _3/u43/4e72t 7 0te 720
ﬂte'zt 0 e'2t—2te'2t



