If A is a non defective operator so it has a complete set of
eigenvectors AV? = xiV?. A has eigenvalues {xl,xz,....,xm}
and for each eigenvalue N there are p; linearly independent

eigenvectors. V?j for j = 1,----,pi. Since the eigenvectors

span R we have py+p,+--+-+p = n.

There are spectral projections E. so that E? = E;

and EJE. = 6;;E, (6 1s the Kronecker delta so Gij =0 1f 1 #£ ]

] 1]°1 1]
and 611 =1). We have

AE] = >\1E1 E]. + E2 + e + Em = I
tA _ M\t AT Ant
e = e™t E1 + e"? E2 + ... + € Em
jy - _1 - - _1 - e o o 0 _— _1 -
Ei = Ov=hy) T HASN T (N =hy) TH(A=X,T) (N =) " A=\ T)

with the (xi—xi)'l(A—in) term ommited.

T T

If AA- = A"A then A in said to be normal. Such A are non

defective. Note 1f A 1s symmetric a;; = the A 1s normal

. a- -
J J1
and if A 1s real then A has real spectrum. If A is antisymmetric

i T 785
Every real matrix can be written as the sum A = B + C where B is

S0 and A 1s real then A has pure imaginary spectrum.
symmetric and C 1s antisymmetric. The matrix A is normal if and only
if B and C commute.

If A is an (n X n)-matrix then A satisfies i1ts characteristic
equation.

p(X\) = det(A-\I) then p(A) =0

A"+ trm) - -2 4 Ll

2
PO = (DT O IPEO=x )P )P

note Py ¥+ Py + reee + Py =N (A 1s an (n X n)-matrix)

So  (A-x DPr(a-n,DP2 e (a-x TP = 0
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An matrix A is non defective if and only if

(A—Xll)(A—XzI)----(A—XmI) = 0.

so the minimal polynomial p (X) = (A=X{)(A=Ay)--+-(N=)p)

Notice if A i1s non defective and has two eigenvalues M and Ay
then

tA _ )HeMtaont) - et b 1))

)\ _>\ 1

|
The minimal polynomial is the polynomial of lowest degree so that

pp(A) = 0.

Defective matrix.
0 1
0 0
characteristic polynomial

2 2

p(\) = det(A-AI) = X2 - tr(A)x + det(A) = )

A =0 eigenvalue.

0 1
A-0I =
0 O

0 1171 [X
AV =0 =0 y=0
0 0 | |y

The space of eigenvectors for A\ = 0 1s one dimensional

!
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2 - 0. A matrix N so that NP = 0 is called

Note A
nilpotent. The order p 1s the first power so that NP = 0 so
Nk £ 0 for k < p.

2

What are the nilpotent (2 x 2)-matrices. N° =0

A (2 x 2) matrix can not be nilpotent or order 3.

2

Another example N° =0

If N2 =0

tr(N) =0 det(N) =0

SV VN R A

Every (2 X 2)-matrix N so that N # 0 and N2 =0

0 17 4
1s of the form S S
0 0

V? = Nvg with Vg choosen so that V? 0

then NV? =0
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So 1n terms of V? and Vg we have

(2

N - s { 0 1 ] o1 . - {(vl)1 (v2)1]
) ). o)

0 0 (V1)2 (v2 9

etN =1 + tN

(I+tN)(I+sN) = (I+(T+s)N)
If A is a (2 x 2)-matrix with a repeated eigenvalue X\
A=\ +N Note et(A+B) = etAetB if A and B commute

meaning AB = BA. Since IA = AI we have

2
LON2 4y = M retN)

tA _ et(XI+N) — etXIetN o

e = = eXt(I + tN +

Formula for etA where A is a (2 x 2)-matrix with repeated

eigenvalue A\. Note (A—)\I)2 =0

etA = M (1 + t(a-r1)) Note etA = elhl(A-XD)

What about (3 x 3)-matrices. With three repeated zero

eigenvalues.
det (A-AI) = - A5 + tr(A)N% - c) + det(A) = 0

tr(A) = 0 det(A) =0 and ¢c =0

C = dyq899%ayq833+ay583378 985978 383978533,
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example

=
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Example of a matrix that is nilpotent of order 4

0 1 0 O 0 0 1 0 0 0 0 1
_ |0 0 10 N2 - |0 0 0 1 N3= |0 0 0 0
0 0 0 1 0 0 0 O 0 0 0 O
0 0 0 O 0 0 0 O 0 0 0 O
Every nilpotent matrix is of the form N = sys1
J 1s a direct sum of Ni above
_N10000
e.q 7 - 0 Ny O 0 O
00N300
OOONLIO
_OOOONS_
Ni 1s of the form given below
order 1 2 3 4
0 1 0 0 1 0 O
0 1 0 0 1 0
N1 = [0] 0 0 1 etc.
0 0 0 0 0 1
0 0 0 0 0 0 0
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Note if N is nilpotent of order p then

) p-1
tN t2 9 t p-1
e =1 + tN + _TTN LI =177 N
Notice et (NI#N) _ tX N
01 0 0
_ 0 0 1 0
e.qg. 1f N = 00 0 1
0 0 0 0
1t t%/21 t3/30
)
LN ot | 0] t 2
= 0 0 1 t
0 0 0 1



