Last time. How to compute etA

Find the eigenvalues which are solution to
the equation
p(X\) = det(A-\I) = 0.

Given the eigenvalues ST UTERERES

Find the eigenvectors

Aﬁ:)\ﬁ A@:)\\ﬁ Aﬁ:)\
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Possible some eigenvalues have two or more eigenvectors as

we saw in the previous lecture. Fornm

et ), et @, oo et
s(t) = | eth ), etre( ), ... e,
e, e, ethn (7))
el = s(t)s(o)?
(2 x 2)-matrix
d d
A - { 11 12] N a; -\ A,
d d -
21 722 a9 a22>\
P(X) = det(A-MI) = (a;,-M)(2yy-X) = 2j,3n;
= 2% - tr(A) + det(A)

tr(A) = Ayt Ayt oo+ 3



If the characteristic polynomial has two real roots

xl and x2. Note xl + xz = tr(A) and xlxz = det(A).
tA _ Nt -1 X\, T -1
e = g1 ()\1—)\2) (A—)\zl) + e"2 ()\2—)\1) (A—)\ll)
= Oga) Tt teda b v (o ete b eM

Now the spectrum of a real matrix can be complex.

0 1 5
A = det(A - \I) =\ + 1
-1 0
A2 - -1 A oA At A=
2 3
tA _ t<,.2 t 3
e =1 + tA + _TTA t 37 A+ ...
2 3 Y 5
tA _ t t t t
e =l +1tA- 5y T - =g A+ gzl + <A - -

cos(t) I + sin(t) A =

cos(t) sin(t)
-sin(t) cos(t)

2

A+ 1 =0 then A\ = *i

We need complex numbers.
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Complex numbers
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Zy + 2y = (x1+y1) + i(y1+ y2)

2929 = (XqXy=¥q¥p) + 1{X1Yo#Xyyq) = 2524
VT =t o i
1 = ¢ 77—(1+ 1)

Euler’s formula

e'® = cos(e) + i sin(e)
e'® -1 400+ (;?)2 + (%?)3 + (a?)q + (é?)S +
AR I I R S
sin(B) = 6 - gf + g? - ?j +
cos(®) =1 - gf + 3? - 2? + S? -
e'® = cos(e) + i sin(e)

eieeim _ ei(e+(p)
cos(B8+p) = cos(B)cos(p) - sin(B)sin(y)

sin(B+¢p) = cos(B)sin(@) + sin(B)cos(y)

~N
>
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a5 e- = e- gives %g cos(0)

45 sin(e) = cos(e)

- sin(8)

10 -16
for example cos2(8) = —© ; €
) 2
absolute value |z] = Vx° +y
complex conjugate
Z =2%¥ =x - 1y
7z = X% + y2 lz]| = V%;
z =X +1y = |z| e!®
multiplication
_ . _ 10
zy = Xq +1yy = |21| e_ 1
_ : _ 16
Zy = Xy + 1y = |22| e "2
2125 = lz4112z4] el(81+0,) eX*1Y = eXcos(y) + 1 eXsin(y)

Problem. Find the cube roots of one

23 -1 rel® 39 = 0,2
el21/3 _ cos(2m/3) + i sin(2mn/3)
2
Vi o
| \
- | 7
= =% + LY3 1 note sum of roots =0

also e 1213 — _y — yy3 i
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Spectrum Suppose V a real linear space. We can make V a

vector space over the complex numbers by considering vectors of the
form X? + iy’ Then (a+ib) (X’ + iy’) = aX’-by’ + i(bX’+ay’)

Consider R" = (Xl’Xz"""Xn) Complexification
n _
C' = (21,22,....,zn)
Example.
2 =2
A =
1 0
det(A-AI) = (2-M)(-\) + 2 = 0 N2-tr(A)x + det(A) = o.
N - N +2=0
N = —2 5 A8 1 £ i

Find eigenvector X =1 + 1

1-1 -2
A -\ = _
1 -1-1

the top equation is the bottom equation time 1-i
(-1-1)(1-1) = -1 -1 -1 + 1 = =2
aXx+by = 0 solution i1s X=-b y=a

X=1+1y =1

. 1+1
solution is e(lt1)t { ]
1

eI+t _ ot _ oV icos(t)+isin(t))

(1+i)et(cos(t)+isin(t)) = et(cos(t)—sin(t) + 1(sin(t)+cos(t)))
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The solution 1is
1 t t

e'cos(t) + 1€

(1+i)t [111 el(cos(t)-sin(t)) + ielt(sin(t)+cos(t))
e =
sin(t)

Real and imaginay part are both solutions

t cos(t)-sin(t) t sin(t)+cos(t)
e e
cos(t) sin(t)

o T,
V() V()

1 1
set t = 0 you have V?(O) = { ] Vg(o) ]
1

t cos(t)-sin(t) sin(t)+cos(t) [1 1
S(t) = e S(0)

cos(t) sin(t)

first column is V?(t) second column 1is Vg(t)

tA t'cos(t)—sin(t) Sin(t)+cos(t)] { 0 1 ]

cos(t) sin(t)

sin(t) cos(t)-sin(t)

t cos(t)+sin(t) -251in(t) ]

1 0
check set t = 0 you get ]

take the derivative at t = 0

141 -2 2 -2 ]
1 11| |1 0]




