Determinants. Transpose. A & aij

Al e g
Det(A) = Det(Al)
Row operation & Column operations
1. Exchange two columns multiplies determinant by -1
2. Multiply a column by s multiplies determinant by s.

3. Replace a column by itself plus a multiple of another column
leaves the determinant unchanged.

-th th

= det (A with 1 row and j column crossed off).

Cofactor Cij
Signed cofactor = (—1)1+JCiJ

-1 _ oy 1+] T _ (114
(A )ij = (-1) CiJ/Det(A) = (-1) Cji/Det(A)
Det(A) = E S E T (et

e.g. 3 x 3 matrix.

Det(A) = 3yq(ayga33-a93335) - 315(dyq835-393339) + 337(8)18397355354)

Last time. A vector space V
Form linear combinations. sﬁ% + V%
zero vector G% ﬁ% + G% = ﬁ% ﬁ% - ﬁ% = G% 0 ﬁ% = G%
If {v?,vg,----,vg} 1s a set of vectors we say T’ is a linear
combination of these vectors if ﬁ% = slv? + 5273 + + snvg
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A subspace S of a vector space V is a subset of V which is also
a vector space (1.e. 1f ﬁ%,V% €S then au” + bv’ € S for all
real numbers a and b. Note the set S consisting of one point 0’

1s a subspace of V. Note V itself is a subspace of V.

If {v?,vg,----,vg} € V (a vector space) we denote by the
Span {V?,Vg,----,vg} the set of vectors which are linear
combintations of the v’’s. Note span of a set of vectors 1s

a linear subspace.

o’ = 51V? + 52V3 + + snvg
W o= rlv? + rzvg + + rnvg
al? + bV’ = (as +br )V] + (as,+bry)VJ + ... + (as_+br )V’
A set of vectors {v?,vg,-...,vg} are linearly independent if
slv? + 5273 + oo+ snvg =0 then sy =5, =---- =5 =0,
A set of vectors {v?,vg,-...,vg} are linearly independent if each

vector V? 1s not a linear combination of the remaining Vﬁ.
A basis for a vector space V is a set linearly independent set of
vectors {v?,vg,----,vg} so that the span of these vectors is all

of V (1.e. every vector U7 € V is a linear combination of the v7’s

A 7 7
l.e. U - SlVl + S2V2 + ¢ 00 + SnVn.
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A basis for a vector space is a maximal linearly independent set of
vectors {v?,vg,-...,vg} in that you can not add a vector to the
set and have a linearly independent set of vectors. If you add a

vector ﬁ% to the set then

1 o7 o+ ... -
lu’ + SqV{ * S5Vvgy *+ sV = 0
Theorem. If V is a vector space and {v?,vg,.-..,vg} 1S a basis

for V and {ﬁ?,ﬁg,----,ﬁg} 1s a basis for V then n = m.

Proof. I remember Professor Towne at Amherst explaining this.

The proof is complicated and to understand it you have to sit down

and go through i1t for yourself. I will just give you the ideas.
Start of with

o o
Ve s VY

Note all the s’s are zero. Let Sk be the one of

the non zero s’s.
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VK = Sp (u1 - S4V{ + s,
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So

{ﬁ)@)")ﬁ_l)ﬁ+1) ",ﬁ W} iS d baSiS.

Now add ﬁg and cross off another v’

Keep going. Unti1l you run out of V'S
You can’t run out of U’'s because if you did the T7’'s would not
have been a basis. Hence, n £ m. But repeat the proof with
stating with the U7's and cross off v’'s. You conclude m £ n.

Hence, n = m.



How to compute the dimension of a subspace span {v?,vg,-...,v%}

Write the vectors as rows

Vi Vo i
Uy Uy Uy
L) ¥i

row reduce.

Number of rows after row reduction.

1 1 1 1 1 1 1 1 1
1 2 2 == 0 1 1 == 0 1 1
1 3 3 0 2 2 0 0 O

Want a basis for the subspace. Take the rows after row reduction.



