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Section 4.3
Translation Theorems

Laplace Transform L{f(¢)}= ].;f(t)e_‘”dt = F(s)

J.eatf stdt _If F(S—a)
aanyreal 0
number
First
Translation

- laplaceof £(¢)
Theorem o
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s=a,a>0 shift on the s —axis
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We've seen this translation theorem in action already when we derived both
|

L{t"}z%

for integer n >0

s>0
n _at n! for integer n > 0
L{t }_ n+l s>a
We derived
L{sm(bt)}—Lb2 ,s>0

Now, instead of using the definition, we can use the translation theorem to find
b

L{e”’ sin(bt)} =m ,

s>a
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Working backwards, we have:
LHF(s—a)}=¢" f(t)

example 1:

I { 1 } We need to complete the

S2 —6s+13 square in the denominator.
_ 1 1 )
L =L =[] N E T
{52_6S+_9v\+£:i} L {(S_?))z +4} L {Z(S_3)2 +4}— 76 sin 2¢
(1 of 6)
example 2: Leoslbr)l=—>— 50

S +b

L_l{z;} =L1{2 — }=L1{sz }
s> +4s+5 stds+ 4 +5- 4 (s+2F +1

need s+2in

the numerator

2-2 s+2 1
=71 B I ) |- 2
{(S+2)2+1} {(S+2)2+1 (S+2)2+1} e " cost—2e " sint
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Unit Step Function

0, 0<t on
U(t_a):{ ’ <da 1 o
1, t>a

i t
‘off a

[0, 0<t<a  [f(t)OFF, 0<t<a
fute- )_{ t _{f(t)ON, t>a

Oup to £ and then

picksupsint at 5

0, 0<¢ z
sin(t—”)(](t—’zf):{ n(r-2) N 0 up to £ and then
sin{r =3 t= shift sin ¢ and start
itat%

" shift on the ¢ — axis
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Second L{f(t—a)U(t—a)} = e_aSL{f(t)}

Translation

Theorem a any real

number

L le-aWle-al=[ f(e-a(e-a)e“d

[ ft-a)U(t-a)e“de+ [ £(1-a)U (1-a)ed

Ofor0<t<a 1fort>a

t—a)edt w=t—a t=w+a
f( ) dw=dt t=a=w=0

QY ey 8

)

f(w) ey = ef"sj.f(w) eVdw — e_aSL{f (f)}

0
/_/%

L{f (1)}

Il
S ey 8
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L{sin(t-£)U (1-5)} =<~

0, 0<t<a
f(t){g(t), a<t<b = f(t)=g()[U(t—a)-U(t-b)]
0, t>b

Alternative form of 2 Translation Theorem

L{f()U(t—a)}=e“L{f(t+a)}

a any real
number




Section 4.3 - Rimmer

L{sin (1)U (t—2)} = ¢ L{sin (¢ +£)}

J \ ‘ :e_zﬂsL{cos(t)}
2 | e’’s

st +1




