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Preliminary Result:
Rolle’s Theorem
Let f (x) be a function that satisfies the following three hypotheses:
1) f is continuous on the closed interval [a,b].
2) f is differentiable on the open interval (a,b).
3) £(a)= 1 (b).

Then there is a number c in (a,b) such that f*(¢) =0.

(b)

Problem :
it doesn't tell us how to find the value of ¢
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Let f (x)=x’ = x> —6x+2. Verify that the function satisfies the three . &3 mhewmean

wsze 4.2 The Mean Value Theorem

hypotheses of Rolle's Theorem on [O, 3]. Then find all numbers ¢ that satisfy the

conclusion of Rolle's Theorem.

1) f is continuous on the closed interval [O, 3] since polynomials are

continuous for all values of x.

2) f is differentiable on the open interval (0,3) since polynomials are
differentiable for all values of x.

3)£(0)=2 andf(3)=27-9-18+2=2

So by Rolle's Theorem, there is a number ¢ in (0,3) such thatf’(c) =0.

f(x)=3x"-2x-6 Solve for c.
7(¢)=3¢*~2c~6=0 L_2EVAA0)(06) 24476 244ET9 2244419
2(3) 6 6 6
_242J19 2,219 _1,419
6 6~ 6 373
c=%—@<0 =notin (0,3) c:%+%z1_79
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The Mean Value Theorem rme=rge 4.2 The Mean Value Theorem
Let f (x) be a function that satisfies the following hypotheses: The Mean Value Theorem
1) f is continuous on the closed interval [a,b]. basically says that there will

Ll . . be at least one placec in (a,b)
2) f is differentiable on the open interval (a,b).

f (b) f( ) where the slope of the secant

, —fla . . .

Then there is a number ¢ in (a,b) such that f'(c) = T line connecting the endpoints
-a

(a.f (a)) and (b, f (b))is
or, equivalemly’f,(c) (b - a) =f (b) -f (a) the same as the slope of the
tangent line.
The Mean Value Theorem is a generalization of Rolle's Theorem.

It has the extra condition f (a) = f () and looking at the formula above this would make f”(c) =0.
v or said another way, there
will be a place where the
instantaneous rate of change
is equal to the average rate of
change over an interval
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The Mean Value Theorem
Proof:

b)—
The slope of the secant line is w
—a

and a point on the line is (a,f(a)).

b)—
The equation of the secant line is y— f (a) = M (x—a).

—-a
Equivalently,yzw(x—aﬁf(a). !
—-a
We call this function g (x) = f(blz_f(a) (x—a)+ f(a)
—-a

We create a new function /(x) = f (x)— g (x).

O e = ]

We now use Rolle's Theorem on /(x).

1) h is continuous on the closed interval [a,b], its the difference of continuous functions.

2) f is differentiable on the open interval (a,b), its the difference of differentiable functions.
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3) h(a)=h(b).

So by Rolle's Theorem, there is a number ¢ in ( a,b) such that h'( c) =0.

b)—
()= £ ()| LD (o
4 convant
b)—
()= (- LI
—-a
s0, h’(d:f’(d—M:o = f(c)= S(b)=/(a) our desired result
b-a b-a [
Fall 2008 Final Exam a{@l@ r:ﬁ.to;;af'\'/‘::;rheorem

3. Find the value of ¢ (if any) that satisties the conclusion of the Mean Value Theorem for the

function f(x) :L on the interval [0.1].

I+x
A) % B) % ) g D) 2-42 F) no values
f(x)=E f is continuous on [0,1].
N -1 T -2 O —
S)=e" =i =

£ is defined on (0,1), so f is differentiable on the open interval (0,1).

(©) f(li:(f;(o).

So by the Mean Value Theorem, there is a number ¢ in (0,1) such that f'(c) =

()

_1
: 1-0 1 2

f(e)= -1 7 Sowe setf'(c):_—1 and solve for ¢
(1+¢) 2 '
-1 -1 2
—— =7 =>(l+c) =2

31+c=i\/§

c=—1%2 c=-1-42<0 = notin (0,1) (o :_1+\/§
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The Mean Value Theorem enables us to obtain information about +£3. 42The Mean Value Theorem

3

a function from information about its derivative.

4.2 exercise #23
If £ (1) =10 and f"(x) > 2 for 1 < x <4, how small can f (4) possibly be?

1) f is continuous on the closed interval [1,4].
2) f is differentiable on the open interval (1,4).
So by the Mean Value Theorem, there is a number ¢ in (1,4) such that f'(c) =

or, equivalently, f*(c)(4-1)= £ (4)- £ (1).

(@)= 1 (e)(4=-1)+r(1)
f(4) = 3f’(c)+10
Butf’(c)>2 forevery ¢ in (1,4)
f(4)=3

f(4)> 16

(2)+10

= The smallest value for f (4) =16.
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basic facts in differential calculus. Here are two such facts:
If f”(x) =0 for all x in an interval (a,b), then f is constant on (a,b).

= g’(x) forall x in an interval (a,b), then f — g is constant on (a,b),

Iff'(x

)
that is f (x) = g (x)+c where c is a constant.
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