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Exact solutions to diﬀerential equations

This unit covers Sections 7.2 and 9.1–9.2 of the textbook. It concerns mainly techniques of computation. For each of the three class days I will give a short lecture
on the technique and you will spend the rest of the class period going through it
yourselves.
Exactly solving diﬀerential equations is like finding tricky integrals. You have to
recognize the equation as a type for which you know a trick, then apply the trick.
You will learn precisely two tricks. The first works for a class of equations called
separable equations. The trick involves getting all the x variables on one side of
the equation and the y variables on the other (hence the name “separable”). The
second class is the class of linear first order equations. The trick there will be to find
a so-called integrating factor. Before learning either of these tricks, we’ll spend a day
getting familiar with the easiest but single most important diﬀerential equation. This
one is bother separable and linear.

9.1

f � = kf and exponential trajectories

The single most important diﬀerential equation is, as luck would have it, very easy
to solve:
dy
= ky
(9.1)
dx
where k is a constant. You can solve it by guessing the answer but let’s solve it a way
that will generalize.
Step 1: Separate. To get the dependent variables on the left and the independent
variables on the right, we divide both side by y and multiply both sides by dx:
dy
= k dx .
y

(9.2)

If you are worried about whether it’s OK to multiply dy/dx by dx, you’re right to be
concerned, because a dy without a /dx is meaningless, but it works anyway and we’ll
show you why later.
Step 2: Integrate. The integral of dy/y is ln |y|. What’s the integral of k. You might
think it’s 1/2k 2 but it’s not. Pay attention to the variable of integration, which is dx.
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The integral of k dx is just kx. So now (don’t forget the constant) we have
ln |y| = kx + C .

(9.3)

Step 3: exponentiate both sides to get
|y| = ekx+C = eC ekx .

(9.4)

Step 4: The constant eC can be any positive real number. If the absolute value of y
can be any positive multiple of ekx that’s the same as saying y can be any multiple
of ekx positive or negative. Call this multiple C1 . We write the solution in its final
form:
y = C1 ekx
(9.5)
where C1 can be ay real number.
Note: A lot of people like to call the new constant C1 the same name as the old
constant and write y(x) = Cekx , where C is any real number. This is a correct
solution, but we don’t want you changing the value of C midstream if it leads to
writing incorrect equations such as eC ekx = Cekx .
In an application, the independent variable will be expressed in some natural unit,
often time, and the function variable will have another unti such as money, volume,
total quantity of something, etc. The units of dy/dx are y-units divided by x-units, so
in the equation dy/dx = ky, the units of the constant k must be in units of “reciprocal
x”. For example, if x is in seconds then k is in (sec)−1 : the name for this unit is Hertz,
abbreviated Hz. In the solution y = Cekx , notice that the exponent is unitless (as I
have previous claimed must be true of exponents). It is good to be aware of this, as
it is one easy way to doublecheck your work.
The meaning of these equations in applications is that the rate of change is proporitional to the present quantity, or to the diﬀerence between the present quantity and
some limiting value. Therefore we should think of k as a relative rate of change,
that is a rate expressed as a fraction of the whole. One example is an interest rate.
Interest, even though it produces dollars, is measured in units of inverse time because
the dollars cancel: each dollar begets a similar number of future dollars. The number
of dollars produced in a year by a single dollar is equal to the number of pennies
produced in a year by a single penny or the number of gigabucks produced in a year
by a single gigabuck.
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Applications
We will look at a number of applications. There is a fundamental diﬀerence in the
behavior depending on whether k is positive or negative. When k is positive, ekx
grows (in fact very rapidly). When k is negative, ekx shrinks.
One quantity that tends to grow exponentially is wealth. Wealth can be negative if
it’s a debt, but both debts and assets tend to grow rather than shrink. Another is
population. A characteristic of applications in which f � = kf with k > 0 is that each
unit of whatever quantity is growing contributes to the growth independently of each
other unit. So for example, if you put two chunks of money in two accounts at the
same interest rate, it’s just like putting in one chunk that’s the sum of the original
two. This is reflected in the fact that the growth rate is a proportion per time, not
an absolute amount per time.
Let’s look at y � = −ky more closely. It approaches zero. Very closely related is when a
quantity comes to equilibrium at some value other than zero. For example, suppose an
object at temperature A is placed in a large bath at temperature B. The temperature
of the object approaches the temperature of the bath at a rate proportional to the
diﬀerence in tempearatures. Mathematically, if the temperature as a function of time
is denoted by y(t), we have
dy
= k(B − y) .
dt
Let’s see two ways of solving this. One is using the same method as before. We get
the chain of equations:
dy
= k dt
B−y

− ln |B − y| = kt + C
|B − y| = e−C−kt

B − y = ±e−C e−kt = C1 e−kt
y = B − C1 e−kt

where C1 is any real number.
What is this saying qualitatively? If the dependent variable is approaching a target,
B, at a rate proportional to the distance from the target, then the value at time t will
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be the equilibrium value B plus an oﬀest that decreases exponentially. Many physical
systems behave this way (thermal equilibria, radioactive decay, resistor-capacitor networks) but also systems in social science where there is negative feedback (population
approaching a natural limit, price corrections after an economic shock, etc.).
Continuous versus annualized rates
Interest is fundamentally a continuous time phenomenon, especially when the amounts
involved are so large that the interest is substantial even in a minute or a few seconds
(think National Debt). Consumers, however, are barely able to handle simple interest
and haven’t a clue about continous time interest. This has led to regulation where
interest rates must be quoted in Annualized Percentage Yield (APY) as well as a
simple growth rate.
To see how this works, suppose an asset grows at the rate of 6% per year. If A(t) is
value at time t, this means that A� (t) = 0.06A(t) when t is measured in years; the
units of the 0.06 are inverse years. After one year, an amount A0 will grow to A0 e0.06 .
That means the gain was A0 (e0.06 − 1). Because e0.06 ≈ 1.061837, this means that the
percentage growth of the asset in one year was roughly 6.1837%. In other words:
Continuous interest rate of 6% leads to annualized interest rate of 6.1837%.
We can do this for any rate. Let r be the continuous rate (in the above example 0.06)
and let A be the annualized rate (in the above example 0.061837). Then r and A are
related by the equations:
A = er − 1 ; r = ln(1 + A) .
If you write these as percentages, you have to remember to multiply and divide by
100 at the apropriate places:
A = 100(er/100 − 1) ; r = 100 ln(1 + A/100) .
You can also read about this in Hughes-Hallett, page 571.
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9.2

Separable equations

The book teaches this clearly and succinctly in half a page starting at the top of
page 432, with two worked examples immediately following. I probably don’t need
to repeat it for you here, but to summarize very briefly, the steps are:
1. Recognize the equation as having the form
dy
g(x)
=
dx
h(y)
2. “Cross-multiply” to get
h(y) dy = g(x) dx
3. Integrate both sides to get the equation
H(y) = G(x) + C
where H is an anti-derivative of h and G is an anti-derivative of g.
4. Solve for y by applying the inverse function to H:
y(x) = H −1 (G(x) + C) .
If it bothers you that the equation h(y) dy = g(x) dx is not a real equation because
dy �and dx aren’t actual numbers and have meaning only as symbols in integrals such
as g(x) dx, then you should read the justification in the middle of page 432.
Example: y � = x + xy. You can write this as y � = x(1 + y) so it is of the right form
with g(x) = x and h(y) = 1/(1 + y). Please see the discussion in the book about the
form g(x)H(y) being the same as the form g(x)/h(y) with h(y) = 1/H(y) but don’t
be confused: the H in that discussion is NOT the H that’s the anti-derivative of h
(I have no idea why they use H instead of some other letter!). Continuing, we write
dy
= x dx
1+y
and integrate both sides leading to
ln |1 + y| =
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x2
+C.
2

In other words, H(y) = ln(1 + y) and G(x) = x2 /2. The calculus is now done. You
can use algebra to write the equation in a more understandable form. To isolate y,
exponentiate both sides and subtract one. Here is the sequence of equations.
x2
+C
2
2
|1 + y| = cex /2 where c = eC is any positive constant

ln |1 + y| =

2

1 + y = cex /2 where c = ±eC is any constant
2
y = −1 + cex /2 .

That’s it! Practice it. Learn it. Your brain is built to do procedures like this and you
will probably find that you learn this one with relative ease. The rest of what I have
to say about separable equations concerns some qualitative aspects of their solutions.
When h or g can’t be integrated
Look back at the discussion “Exact solutions or not?” Many diﬀerential equations
cannot be solved (category 3), but our proceure shows that separable equations can
always be solved (category 1 or 2). Whether the solution has a nice explicit formula
(category 1) or requires a function defined by an integral (category 2) depends on
whether the antiderivatives H and G turn out to be nice functions with names. If
either one does not, then you have to leave it in the form H(y) = G(x) + C, which
you can write in the form y = · · · by writing
y = H −1 (G(x) + C) .
In other words, the solution to y � = g(x)/h(y) is y = H −1 (G(x) + C) where H is an
antiderivative of h, G is an antiderivative of g and C is any constant.
To
� x solve an initial value problem you have to pick a particular definite integral G(x) =
g(t) dt. Notice that x is now the upper limit and we picked a new “dummy”
x0
variable variable of integration, t. This make G(x0 ) = 0. By adding the right C we
can change this to G(x0 ) = H(y0 ) which is the same as y(x0 ) = y0 . An example will
clarify.
Example:
y� =

√

1 + x4 y ;
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y(2) = 5 .

Solving gives y � /y =

√

1 + x4 so ln y =

�√

y=e
Write this as y = eC+

�x√
2

1+t4 dt

�√

1 + x4 dx and so

1+x4

dx .

and use y(2) = 5 to see that C = ln 5:

y(t) = eln 5+

�x√
2

1+x4 dx

= 5e

�x√
2

1+t4 dt

.

The point of “solving” when the integral has no nice form is this. The description
makes it far easier to compute values reliably for y than if all you know is y � =
g(x)/h(y) and you have to use Euler iteration.

9.3

Blowups

For this discussion let us suppose, as is most often the case with separable equations,
that g and h are both positive. That means G and H are both increasing. This
is good because the function H −1 is well defined and increasing in y, and it makes
sense to change the implicit equation H(y) = G(x) + C to the explicit equation
y = H −1 (G(x) + C). The resulting function y(x) will be increasing.
The long term behavior of this system is the behavior as x → ∞. You can tell a lot
about this by answering two simple questions:
Is limx→∞ G(x) finite or infinite?
Is limy→∞ H(x) finite or infinite?
There are four ways the answers to these two dichotomous questions can come out.
Here is a brief description of each of the four, with accompanying examples. Note:
this required material is not in the textbook.
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Case 1: both limits are infinite. Then both x and y can increase without bound and
there will always be a solution to H(y) = G(x). In terms of the graph of y versus x,
this means that the graph continues infinitely in both the x and y directions.

Example: y � = 5y/x. Then
h(y)
g(x)
H(y)
G(x)
y(x)

=
=
=
=
=

1/y
5x
ln y
5 ln x
exp(5 ln x + c) = Cx5 with C ¿ 0.

The function Cx5 increases to infinity as x → ∞.
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Case 2: G approaches a finite limit, call it B, while H grows without bound. Then
the solution to H(y) = λ exists for every λ, so for every value G(x). But the value
of G neaver gets above B so the value of y never gets above H −1 (B). This means
that y as a function of x exists for every x and increases to the finite limit H −1 (B)
as x → ∞.

Example: y � = ye−x with initial value y(0) = 1. Then
h(y)
g(x)
H(y)
G(x)
y(x)

=
=
=
=
=

1/y
e−x
ln y
−e−x
exp(2 − e−x )

The function exp(2 − e−x ) is well defined and increasing for all x, approaching a limit
of e2 as x → ∞. The graph has a horizontal asymptote at y = e2 .
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Case 3: H approaches a finite limit, call it A, while G grows without bound. Then as
x → ∞ the function G(x) increases without bound. At some value x1 = G−1 (A), the
value of G reaches A. At this value and beyond, it is impossible to solve the equation
H(y) = G(x) because the right-hand side is at least A while the left-hand side never
reaches the value A. As x approaches x1 from the left, G(x) approaches A which
means that H −1 (G(x)) approaches infinity! The solution y = H −1 (G(x)) therefore
approaches infinity as x approaches x1 , has a vertical asymptote at x = x1 , and is
not defined thereafter.

Example: y � = y 2 , y(0) = 2. Then
h(y)
g(x)
H(y)
G(x)
y(x)

=
=
=
=
=

1/y 2
1
−1/y
x
1/(C − x) =⇒ C = 1/2.

The function 1/(1/2 − x) is well defined up until x = 1/2 but becomes infinite at this
value. The graph therefore has a vertical asymptote at x = 1/2.
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Case 4: Both G and H approach finite limits. In this case, the behavior will depend
on which limit is bigger. That, in turn, will depend on the choice of the constant C,
which will dpend on the initial conditions. You can tell from a convergence test that
both improper integrals converge, but not which limit will be greater.

Example: y � = y 2 /x2 . Let’s solve this with the initial condition y(1) = λ. From
h(y) = 1/y 2 and g(x) = 1/x2 we get H(y) = −1/y, G(x) = −1/x and the general
solution
1
x
y(x) =
=
; C = 1 − 1/λ.
1/x − C
1 − Cx

We may rewrite this as y(x) = xλ/(x + λ − xλ). When λ < 1, the value of C is
negative and H(y) reaches greater values than G(x). It is just as if H grows to
infinity and we are in Case 2. For example, when λ = 1/2, the solution simplifies to
y = x/(1 + x). When λ > 1 the value of C is positive and G(y) reaches greater values
than H(x). It is just as if G grows to infinity and we are in Case 3. For example,
when λ = 2, the solution simplifies to y(x) = 2x/(2 − x), which blows up at x = 2
with a vertical asymptote. The trajectories in the picture show cases with horizontal
asymptotes and vertical asymptotes. For just the right choice of C, the integrals of G
and H will be equal and the long term behavior will be as in Case 1. In our example,
this happens when C = 0, corresponding to λ = 1 and resulting in the function y = x
which has no asymptote and grows without bound (the trajectory in the middle).
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9.4

Integrating factors and first order linear equations

The exposition in Section 9.2 is very clear. The only thing I have to add is an
explanation of how to find the right constants to solve an initial value problem in
the case that you can’t xplicitly integrate one of the functions you need to integrate.
Begin with the equation
y � + P (x)y = Q(x)
�
and suppose that P has no closed form integral. Letting v(x) = exp( P (x) dx) we
end up (see page 545) with
�
1
y=
v(x)Q(x) dx .
(∗)
v(x)
�
Adding an arbitrary constant c to P (X) dx in (*) does not change the answer at
all: it multiplies the integral for v(x) by C = ec , reducing the outside 1/v(x) by a
factor of C but increasing the integrand by the same factor. However, an additive
constant in the integral of v(x)Q(x) produces the general solution
��
�
1
y(x) =
v(x)Q(x) dx + C .
v(x)
These represent diﬀerent solutions as C varies. Suppose you have an initial condition
y(x0 ) = y0 . The computation is easiest if you make the definite integral start at x0 .
This gives
�� x
�
1
v(t)Q(t) dt + C .
y=
v(x)
x0
The integral vanishes at x0 leaving C/v(x0 ). Therefore, you need to set C equal to
y(x0 )v(x0 ). To summarize: the soluition to y � + P (x)y = Q(x) with initial condition
y(x0 ) = y0 is
�� x
�
1
y(x) =
v(t)Q(t) + y(x0 )v(x0 )
v(x)
x0
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For those who would like this broken down into steps, here are the steps.
1. Get the equation into the form
y � + P (x)y = Q(x)
2. Compute the integrating factor
v(x) = e

�

P (x) dx

Note: you do not have to worry about the +C in this step; any choice works.
3. Multiply through by v(x) and integrate. On the left-hand side you don’t have to
do the integral because you know it is going to be v(x)y(x). The equation is now
�
v(x)y(x) = v(x)Q(x) dx .
Note: the integral on the right-hand side may or may not be do-able, but in either
case, this time you need to include the +C.
4. Divde by v(x) and you’re done.
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