
Due: April 5, 2024

Math 6030 / Problem Set 8 (two pages)
Special classes of commutative rings. In the sequel, R is a commutative ring with 1R.
1) Which of the following are Noetherian rings:

a) The ring R of rational functions f(t) ∈ C(t) which have no poles on the unit circle.
b) The ring of analytic functions on the whole complex plane C.
c) the ring of germs of analytic functions around the origin 0 ∈ C.
d) The ring R of all the polynomials f(t) ∈ C[t] with f ′(0) = 0.

2) Prove/disprove/answer:
a) R is Noetherian/Artinian iff all its localizations Rp are so.
b) R is Noetherian iff every ascending sequences of ideals is uniformly locally stationary,

i.e., ∀ (ai)i ascending sequence of ideals ∃ i0 s.t. ai,p ⊂ ai0,p for all p ∈ Spec(R).
c) Formulate and prove/disprove the corresponding assertion of Artin rings and descend-

ing sequences of ideals.

3) For a ∈ Id(R), set Id(an) := { b ∈ Id(R) | an+1⊂b⊂ an}, Id(an) = { b/an+1 | b ∈ Id(an).
Define an outer multiplication of R := R/a on an = an/an+1 by r ·x := rx. Prove/disprove:
a) an is an R-module via r · x = rx, and Id(an) is the set of R-submodules of an.
b) If a = m ∈ Max(R) and κ := R/m is the residue field, the following are equivalent:

(i) Id(mn) satisfies ACC; (ii) Id(mn) satisfies DCC; (iii) dimκ(mn) <∞ .

4) Let R be a commutative ring, k a field. Prove/disprove:
a) R is Artinian iff R is Noetherian and Spec(R) is a Hausdorff topological space.
b) Suppose that R is a k-algebra of finite type. Then R is Artinian iff dimk(R+) <∞.

5) Let R be a Noether ring. Prove in all detail the assertion form the class:
a) If p ∈ Spec(R) has ht(p) = m, there is a regular sequence r = (r1, . . . , rm) with ri ∈ p.
b) Every descending sequence (pi)i in Spec(R) is stationary.

More about valuation rings.
Recall that for a valuation ring R of K = Quot(R), we denote by mR its valuation ideal,
κR = R/m its residue field, vR : K → vK = K×/R× ∪∞ its canonical value group. Further,
a ∈ R× iff vR(a) = 0 (WHY), and a ∈ mR iff vR(a) > 0 (WHY). Recall that an absolute value
|| : K → R60 is called non-archimedean, if |x+ y| 6 max(|x|,|y|).
6) Let K be a field, v a valuation of K. Prove the assertions form the class:

a) Let x, y ∈ K be given. If v(x) 6= v(y), then v(x+ y) = min(v(x), v(y)).
b) A valuation ring R of K is Noetherian iff R = K or R is discrete.
c) If || is a non-archimedean absolute value of K, then R|| := {x ∈ K | |x| 6 1} is a

valuation ring of K with valuation ideal m|| = {x ∈ K | |x| < 1}.
- Conversely, if R ⊂ K is a valuation ideal with vK ⊂ R, + then for every 0 < ρ < 1 one

has: ||R : K → R, x 7→ ρvR(x) is a non-archimedean absolute value with R = R||R .
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In the above notation, let Rv be a valuation ring with valaution v, and vK× ⊂ Γ be an
inclusion of totally ordered abelian groups. Let F = K(t) be the rational function field in the
variable t. For γ ∈ Γ>0 define wv,t,γ : F → Γ ∪∞ as follows. For f = f(t) = ∑

i aiti ∈ K[t],
set wv,t,γ(f) = mini(v(ai) + iγ), and for f/g ∈ F (t) set wv,t,γ(f/g) = wv,t,γ(f)− wv,t,γ(g).

7) In the above notation, let wv,t := wv,t,0Γ . Prove/answer:
a) wv,t : F → Γ ∪∞ is a valuation with value group vK and whose restriction to K is v.

Terminology. The valuation wv,t is called the Gauss valuation defined by v and t ∈ F .
Hence if Rwv,t is the valuation ring of wv,t, then mv = mwv,t ∩Rv (WHY).

b) Every f ∈ K[t] is of the form f = aff0 with af ∈ K, wv,t(f) = v(af ), f0 ∈ R×wv,t .
c) t ∈ R×wv,t is a unit in Rwv,t , and let t ∈ κwv,t be the image of t in the residue field of
κwv,t := Rwv,t/mwv,t . Then κwv,t is nothing but the rational function field Kv(t).

8) In the above notation, suppose that nγ /∈ vK ∀n ∈ N. Setting wv,γ := wv,t,γ, prove/answer:
a) wv,γ : F → Γ is a valuation with value group vK+Zγ and whose restriction to K is v.
b) f ∈ K[t] has wv,γ(f) = 0 iff f ∈ R×, hence constant. Describe the wv,γ-units in F (t).
c) The residue field κwv,γ = Rwv,γ/mwv,γ equals the residue field Kv of v.

Miscellaneous. Let M be an R-module, and (M) : · · · → M1 → M0 → M → 0 be a
projective resolution. If Mn = (0) for n� 0, we say that (M) is finite, and if n0 is minimal
with Mn0 = (0), we say that (M) has length n0. Further, recall TorRi (M,N) and ExtiR(M,N)
and the related facts.
9) In the above notation/context, prove/disprove/answer:

a) Let R be a PID. Find projective resolutions (M) of minimal length.
What can you say about TorRi (M,N) and ExtiR(M,N) ?

b) Let R be a valuation ring. Then:
- every finite torsion-free R-module is free.
- every R-submodule N of a free R-module M is R-free iff R is a DVR.
- every R-module M has a finite resolution iff R is a DVR.

What can you say about TorRi (M,N) and ExtiR(M,N) in case b) above ?
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