Measures and random variables

What measure theory do we need to know? Enough to be able to compute measures of
interesting events, and expectations of interesting random variables (we haven’t defined
these yet).

1 o-fields

Definition 1.1 (o-field). A o-field on a space Q) is a subset F of the set of all subsets of
Q, that is closed under countable set operations (unions, intersections and complements).
In particular, F is a o-field if

(i) 0,Q € F;
(ii)) A € F implies A° € F;

(iii) Ai,As, ... € F implies || Ap € F.

Elements of F are called measurable sets.

Example 1.2. The power set (set of all subsets) of 2, denoted 2%, is a o-field.

Exercise 1. What are all the o-fields on the three-element space Q2 := {A, B,C}? Can you
generalize this to any finite set?

Example 1.3. Let A € F if and only if A is countable or A€ is countable. This o-field
separates points, yet we will see it is actually so small as to be trivial for most purposes.

Example 1.4. An important o-field on any topological space is the Borel o-field, which
is defined to be the smallest o-field containing all the open sets.

We often define a o-field to be the smallest o-field containing a family A, which is well
defined because the intersection of all o-fields containing A, if there are any, is a o-field.
We denote this o(A), pronounced, “the o-field generated by A.” Intuitively, this is .4
together with countable unions and complements of things in A, unions and complements
of those, etc. This is actually a correct recursive definition of o(.A) if one remembers to



recurse transfinitely. This is spelled out (quite briefly) in G. Folland “Real Analysis”, page
39, in the notes on Section 2. For a more detailed discussion, see Section 1F of Moschovakis

“Descriptive Set Theory”. In the case of the real numbers, the Borel subsets are usually
denoted B.

The purpose of o-fields is twofold. (1) They are needed to define measures and unconditional
expectations. (2) They are needed to specify what information is visible to us when we take
conditional expectations.

The first of these is more or less a technicality. It would be nice if all sets were measurable,
that is, if F were the set of all subsets of 2. When 2 is countable, indeed F is usually taken
to be all subsets. However, when €2 is the real line or a subset thereof, and one is dealing
with Lebesgue measure (see below), a classical result is that one cannot define a translation
invariant measure of the o-field F of all subsets of a real interval without contradicting
the axiom of choice. In this course we will never run into any non-measurable subsets of
reals. Therefore, the word “measurable” will usually appear in parentheses. This indicates
that you can omit the word when reading the sentence to yourself, thereby simplifying the
cognitive task of understanding the rest of it.

For the second purpose, when we get to conditional expectations, we will be more careful
about o-fields and measurability.

2 Measures
Definition 2.1 (measure space). A measure space is a pair (2, F) where  is a set and F

is a o-field on €.

Definition 2.2 (measure). A measure on (2, F) is a function p on F taking values in
the extended reals R* := RU {+oo} such that (1) for all A € F, u(A) > 0 = u(0) and
(2) for all sequences {A; : j > 1} of disjoint sets in F,

plUJA | =D u4,)).
j j

If, in addition, p(2) = 1, then p is a probability measure. [Usually will then use notation
P rather than ./



Example 2.3. For any = € Q, let §, denote the measure for which 0,(A4) = 1,c4 where
1,c4 denotes the indicator function that is 1 when z € A and 0 when = ¢ A. This
measure is sometimes referred to as the point mass at z.

Example 2.4. Let Q = {x1,x92,...} be countable and let p1,p2,... be nonnegative real
numbers. Define
p(A) = D .
kixp€A

Then p is a measure. If Y~7 pr = 1 then p is a probability measure. The set of measures
on (€, F) is closed under positive linear combinations. In this case p = Y, Pz,

Exercise 2. Let Q = {A,B}. For each possible o-field F on 2, describe all possible
probability measures on (2, F).

Definition 2.5 (probability space). A probability space is a triple (Q,F,P), where
(Q,F) is a measure space and P : F — [0, 1] is a probability measure.

Definition 2.6 (measurable function). A function f : (Q,F) — (S,S) is said to be mea-
surable if A € S implies f~1(A) € F.

Exercise 3. True or false? If f : (2, F) — (S,8) and g : (5,8) — (E,G) are measurable

then g o f is measurable.

3 Properties and examples

Some general properties of measures are as follows.

1. monotonicity. If A C B then p(A) < u(B).

2. subadditivity. If A, € F for each m then

1 U Ap) < Z 1(Am)

3. continuity from below. If A, 1 A, that is, if Ay C Ay C --- and {J,,_; Am = A,
with each A,, € F, then
p(A) = lim p(An).

m—0o0
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4. continuity from above. If 4, | A, that is, if A1 D Ay D -+ and ()o_; Am = 4,
with each A,, € F, and if y is a finite measure, then

p(A) = lim p(Ap).

m—0o0
Exercise 4. Prove these four properties.

Example 3.1 (uniform measure on a finite space). Let © be a finite set and let F be all
subsets of Q. Define P(A) = |A|/|?|. Then P is called the uniform measure on (9, F).
Examples of probability spaces endowed with the uniform measure are an ideal coin flip
coin (here Q = {H,T}) and an ideal roll of a die (here Q = [6])*. Thus, the phrase “Let
(Q, F,P) be the probability space corresponding to an ideal six-sided die roll” is taken to
mean, let Q = [6], F = 2 and P be the uniform measure.

How do we get some more nontrivial measures? There are two theorems that will help us
build more complicated measures. The first is Carathéodary’s extension theorem.

We say A is an algebra of sets if A is closed under finite unions and complements.

Theorem 3.2 (Carathéodary). Suppose p is defined on an algebra A and is countably
additive: for any countable collections of disjoint sets {By},

u(U By) = ZM(Bk)
k=1 k=1

provided that all the sets are in A. Then, provided also that § is the countable union of sets
in A of finite measure, there is a unique extension of p to o(A). O

Existence is the harder part of this theorem and requires going through (in some fashion)
the construction of outer measure.

Example 3.3. Lebesgue measure on the Borel subsets of the unit interval. Here, and
throughout I will use the notation m for Lebesgue measure. Construction of Lebesgue
measure is often the capstone of a beginning real analysis course. A sketch is as follows.
We define m on partial domains as follows.

1. For the interval from a to b, whether open, half-open or closed, define m to be equal
to b —a.

!Notation throughout is that [n] denotes the set of integers {1,...,n}.



2. Extend m additively to the algebra A of finite unions of intervals. This requires prov-
ing that m is well defined: it has the same value no matter which way we decompose
a set S into a finite union of intervals.

3. Show that m is countably additive on A. Apply Carath’eodary’s extension theorem
to show that m extends uniquely to o(A) = B.

Exercise 5. Use the propeties of measures to evaluate the Lebesgue measure of the set
QN [0,1] of rational numbers in the unit interval.

The classical Cantor set is the set of all numbers in [0, 1] with no ones in their ternary
expansion. It is also characterized as the decreasing intersection of the sets C),, where C,
is what is left, starting with the unit interval, and at each time step 1,...,n removing the
middle third of each interval that remains.

Exercise 6. Use the propeties of measures to evaluate the Lebesque measure of the the
classical Cantor set.

Define a “Fat Cantor set” C’ defined as follows. Let Cj := [0, 1]. For each n > 1, inductively
define CJ, to be the result of writing C/,_, as the disjoint union of closed intervals J and
removing the middle 1/(n 4 1)? portion of each such interval J, always removing an open
interval so the resulting set remains closed. Let C’ denote the decreasing intersection of the
sets CJ,.

Exercise 7. Use the propeties of measures to evaluate the Lebesque measure of the Fat
Cantor set C".

4 Products

Finite product spaces and measures

A useful lemma for constructing product measures is:

Theorem 4.1 (Dynkin’s m-A Theorem). Suppose A is closed under intersection and is a
subset of B. If B contains the whole space, Q2 and is closed under included differences (G \ H
where H C G) and increasing unions, then B contains any o-field containing A. O



Now we define the product (2, F,P) of (1, F1,P1) with (Qg, F2,P2) as follows. Define
Q =y x Qs to be the Cartesian product. Define F to be the product o-field, the smallest
o-field containing A x B for every A € F;, B € F». The following theorem them defines the
product measure P.

Theorem 4.2. There is a unique measure P on (Q,F) such that for every A € Fi and
B e Fo,
P(A x B) =P1(A) - Py(B).

Existence is the first of many technical proofs we will skip.

PROOF OF UNIQUENESS: Let P and P’ be two probability measures on F satisfying P(A x
B) = P/(A x B) = P1(A) - Py(B) for all A € F; and B € F,. The set A of generalized
rectangles A x B for A € F1 and B € F; is closed under intersection. Let B be the set
of G € F such that P(G) = P/(G). Clearly B contains 2 and is closed under included
differences. We have also seen that B is closed under increasing limits. It follows from
Dynkin’s -\ Theorem that B contains the o-field generated by all rectangles, which is F.
O

Infinite product spaces and measures

Let Q =] j €1; be the space of infinite sequence with the jth element coming from €2;. The
infinite product o-field F = [[;Z, F; is defined to be the smallest o-field containing all
finitely determined rectangles, that is, all sets of the form HTzl Aj x H?’;mﬂ Q.

For technical reasons we will never speak of again, when constructing infinite products we
will restrict to nice spaces, meaning spaces that are isomorphic to the ([0, 1], B) or some
subset thereof in the category of measure spaces. This space is isomorphic to a countable
power of itself, and in fact most spaces we would ever dream of are nice.

The following result allows us to construct infinite product measures.

Theorem 4.3 (Kolmogorov’s extension theorem). Given nice measure spaces (€2, F;), for
j=1,2,3,..., suppose for each N > 1 a measure uy is defined on H;VZI 2 in such a way
that for any j < N and any A € HLI Fis

N
N A x H Q; :uj(A).
i=j+1



Then there is a measure ju on [[72; Fj such that for all j and all A € H‘gzl Fi,

plAx ] | =w(4).
i=j+1

Exercise 8. Use Dynkin’s w-\ theorem to prove that the infinite product measure p is
uniquely defined on the product measure space H?;(Qj-/ F;).

Here are some very important examples of infinite product measures. In the next section
we will discuss interpretations of these as coin flips, random variables, etc. The first one
will be used to model infinitely many coin flips. We will use zeros and ones rather than
heads and tails, so that we can also view this as infinite binary sequences, or paths in an
infinite binary tree.

Example 4.4 (binary sequences). Let Qo := {0, 1}, Fy := 2% and let Py := $J + 16, be
the uniform measure on the set Q. Let (2, F,P) = (Qo, Fo,Po)>™. Noting that the finite
product (29, Fo, IP’O)N is precisely uniform over the 2V binary sequences of length N, we can
reasonably interpret this infinite product measure as “uniform measure on infinite binary
sequences”. Here and subsequently, we use quotation marks to indicate non-mathematical
interpretations.

Example 4.5 (the infinite dimensional hypercube). Let (Qo, Fo,Po) := ([0, 1], B,m). Let
(Q, F,P) = (Qo, Fo,Po)*>®. Noting that (Qg,Fo,Po)" is N-dimensional Lebesgue measure
on the hypercube [0,1]", we can consider this measure P to be “Lebesgue measure on
[O, 1]0075 .

5 Random variables and probability models

We repeat two definitions from before and add another.

Definition 5.1. A random variable is a measurable map from Q to R. Sometimes we
generalize this to S-valued random wvariables, which are measurable maps from (2, F) to
a space (S,S). An event is a measurable subset on Q, that is, an element of F. The
indicator function 14 of an event A is the function that is 1 if w € A and zero otherwise.

Probability modeling is about associating probability spaces and random variables to real
life situations described in words. The model must contain enough random variables to



correspond to all quantities you need to discuss, having all the properties suggested by
the verbal description. There are always many ways to do this. The choice is dictated
by transparency (what’s easiest to understand), tractability (what gives you the means to
compute) and generality (which models you can keep around and use for future scenarios).

Example 5.2 (a coin flip). The most economical way to model a coin flip is with a two-
1 1
element space we have seen before: (Q, F,P) = ( {H, T}, 2 551{ + 25T>. The function f

mapping H to 1 and T to 0 is a random variable that counts the number of heads. The
event {H } is the event whose non-mathematical interpretation would be “when you flipped
the coin you got HEADS”. Up to symmetries, these are the only nontrivial random variable
and event you can define on this space. The choice of this space to model a coin flip scores
high on transparency — the notation makes it blindingly obvious what’s going on — but low
on generalizability: we can’t extend this model to anything more than a single coin flip.

We won’t discuss the philosophy of probability in this course, except to say that we interpret
probability spaces in the multiple universe paradigm. Each w € () represents a possible
state of the universe and the value f(w) of a random variable f : Q — R is the way f turned
out in this particular universe. Thus, the HEADS-count random variable f in the example
turns out to be 1 in the H state of the universe and 0 in the T state.

A commonly used notation for events evokes this interpretation. An event G usually cor-
responds to a set of w € € for which the random variables that have been defined have
certain properties or relations. [Physicists: think of the random variables as observables
and events as defined in terms of observables.] Therefore, an event G € F is usually of
the form {w : X(w) € A}. We abbreivate this to the notation {X € A}. The curly braces
are no longer set brackets, rather they are an abberviation for “the set of all states of the
universe such that ...”.

Laws

Let X : © — R be a random variable. The distribution or law of X is the measure on R
which is the “push-forward of P by X”. Specifically, the law of X is the measure p defined
by u(A) = P(X~1(A)). Most of the time, when we define random variables on a space 2,
we care only about their laws, including the joint laws, which are the push-forwards of P
under the map (X1,... X3 : Q — RF).



Example 5.3. Let Q be [0,1) with Lebesgue measure and let X; be the first binary bit
function, so X; is 1 on [1/2,1) and 0 on [0,1/2). Then x is the measure giving mass 1/2 to
the point 0 and 1/2 to the point 1.

This is another probability space that can be used to model a single coin flip. The random
variable X counts the number of heads. It is less transparent in this model than in the
previous model that we have modeled an ideal coin flip because there’s a lot of irrelevant
information in the model: if we observe HEADS, we don’t really care which element of
[1/2,1) is the true state of the universe. The law of X; in this model is the same as the law
of f in the previous model. Because our mission is only to model the HEADS count of a
single coin flip, the two are equally good models.

The second model, though less transparent, is more generalizable. Let Xo = 1(1/41/2)u3/4,1)
be the second binary bit. Then the pair (X;, X3) can be used to model two independent
coin flips, with X7 telling us whether the first coin was HEADS and X5 telling us about
the second. We will discuss independence in detail soon, but for now the point is, the first
space is just big enough to model a single coin flip whereas the second space has room for
further experiments. In fact, letting X,, denote the n*" binary bit, the second probability
space is big enough to model an entire infinite sequence of independent fair coin flips. As
a private exercise, you might try to verify that the law of (Xj, Xo,...) on this probability

1 1 >
space is the product measure (251 + 250> constructed in Example 4.4.

Exercise 9. Make the most transparent probability model you can for the following scenario.

Two independent 6-sided dice are rolled. Their sum is a random variable, X.
We wish to compute the probability of the event {X is prime}. Your model
should define Q, F,P and any random wvariables you will use to arrive at an
event interpretable as “the sum of the two dice produced a prime number”.

Equality in distribution

If X and Y have the same law, we write X 2y . Note that it is not necessary for X and Y
to be defined on the same probability space in order for this to make sense. It is simply a
fact about their laws. By contrast, the statement X =Y means that X and Y are random



variables on the same probability space and that their values are the same at each point of
Q. To make things more confusing, one also often considers the event {X = Y'}. This is the
subset of €2 at which the functions X and Y agree. So for example, with the variables X
and Xs above, we have X3 EXQ, but not X; = Xy, while the event {X; = X3} (which is
shorthand for {w € Q: X;(w) = Xa2(w)}) is the set [0,1/4) U [3/4,1) (both variables being
0 on the first interval and 1 on the second). Thus we may compute P(X; = X5) = 1/2.

Exercise 10. Consider the uniform measure on the symmetric group, which is Example 3.1
where @ = S,,. Let M(m) count the number of (circular) local mazima of w, that is, the
number of j € [n] such that w(j) > max{w(j + 1),7(j — 1)} where j + 1 and j — 1 are
computed modulo n (in other words, 1 and n are neighbors). Analogously, let m(w) denote
the number of (circular) local minima. For each random wvariable listed here, state whether
it 18 equal to M, equal in distribution to M but not equal to M, or not equal in distribution.

(a) M(7—1)

(
(b) M(r?)
(¢) M(m-(123---n)) where (123---n) denotes the n cycle

(d) M(m-(23)) where (23) denotes the transposition that transposes 2 and 3

(e) m(r), defined analogously to M except counting minima instead of mazxima.

Distribution functions

Say that a function F : R — [0,1] is a distribution function if is is nondecreasing, has limits
0 and 1 at —oo and 400 respectively, and is right-continuous: F(x) = lim,, F'(y). If X is a
random variable, its distribution function is the function Fx defined by Fx(x) = P(X < x).
Note that F’x really depends only on the law of X. For example, let X9 be the second binary
bit: Xo =1on [1/4,1/2)U[3/4,1) and 0 otherwise. Then X5 also has the fair coin-flip law
giving mass 1/2 to 0 and 1/2 to 1, so Fx, = Fx, = 0 for x <0, 1/2 for x € [0,1) and 1 for
x> 1.

It is a theorem (Theorem 1.2.2 of Durrett) that the map X — Fx induces a one-to-one
correspondence between laws and distribution functions. When a distribution function F
is continuous, we say the corresponding law is non-atomic, since it means that u({z}) =0
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for each x (p has no “atoms”). If F is differentiable, with F’'(z) = g(z), we say that p
is absolutely continuous with respect to Lebesgue measure and has density g. For by
definition of the correspondence, in this case,

b
u((a,b]) = F(b) - Fla) = / o(z) dz

This is an Riemann integral from freshman calculus. When we have constructed the
Lebesgue integral, it will follow that for every measurable set A,

u(4) = [ a@ydo = [Lagla)da.

In order for g to be a density for some probability distribution, it is necessary and sufficient
that g > 0 and [ g(z) dz = 1. Undergraduate probability courses define continuous random
variables via their densities. As you will see, defining them via CDF is more general: all
random variables have CDF’s, whereas only some have densities.

Exercise 11. Prove the (hopefully already familiar) change of variables formula: if X
is a random variable with density f and ¢ : R — R is increasing, differentiable, with
differentiable inverse, then ¢(X) is a random variable with density g, where

=S\ L)) or equivalen T)) = f(z) 5
g(z) = 5 (0 1(2)) quivalently 9(é(x)) S (5.1)

In the prerequisites, we assumed familiarity with several families of random variables: geo-
metric, binomial, Poisson, uniform, exponential and normal. Here are some further exam-
ples of probability distributions on the real numbers and their CDF’s.

Example 5.4 (point mass at 0). Define p(S) = 1 if S contains the point 0 and u(S) =0
otherwise. Thus all the mass of i is on the point 0. The CDF for this probability distribution
is the Heaviside function, defined by F(z) = 1 for z > 0 and F(z) = 0 for z < 0. The
measure p is often denoted by dg. In general, §, denotes the pointmass at z. Another
notation for the Heaviside function is 1jg o). N.B.: the indicator function notation is used
for set membership even when it is not defining a random variable.

Example 5.5 (an atomic measure supported on the rationals, whose CDF has dense dis-
continuities). Let q1,q2,... be an enumeration of the rational numbers and let u be the
measure » >, 27§, . Pause for a minute to parse this definition! This multiplication and

11



summing is at the level of measures, not at the level of the points ¢,. The interpretation is
that p gives mass 1/2 to ¢, mass 1/4 to g2, and so on. Its CDF is defined by

00
F(x) = Z 2_71':|_q"§z .
n=1

Undergraduate probability courses typically consider two types of probability measures:
atomic measures which can be written as weighted sums of pointmass measures d,, and
absoultely continuous measures which have densities. It is possible for a measure to be
neither: the CDF can be continuous without being differentiable. Here is one such example.

Example 5.6 (uniform distribution on the Cantor set). Recall the classical Cantor set
from Exercise 6. We will define a function F' and then show that it may be interpreted as
the CDF for a distribution that is uniform on the Cantor set, C'. First we define F' to be
zero on (—oo,0] and one on [1,00). Next, if the ternary expansion of a point z € [0,1] \ C
is given by ajazas---, and if j is the least value such that a; = 1, then F(z) is defined to
be the dyadic rational number whose binary expansion is a}al - - ~a;-711 where a; = a;/2. Tt
is not hard to see that F' is nondecreasing and continuous. It follows that F' extends to a
continuous function on the whole interval [0, 1].

Let us see why this is the CDF for the “uniform distribution on C”. Clearly F' is constant
on each of the “middle third” intervals a; - --a; where indicates that any continuation is
allowed. The interpretation is that the measure u whose CDF is F' gives no mass to any of
the middle third intervals. The complement of C' is the countable union of these intervals,
hence p(C¢) = 0, in other words, u is supported on C. As for the uniformity, we see that
F(z) =1/2 for any = € [1/3,2/3], so p give mass 1/2 to C'N[0,1/3]. Likewise, we see that
1 gives measure 27" to each of the 2" subsets of C' given by specifying the first n ternary
digits. This is why we interpret p as uniform on C.

Exercise 12. Draw the CDF for the uniform Cantor set measure.

Random number generation

You are not going to have a special random number generator for each distribution you
need to generate samples from. Instead, most likely, you have a UJ0, 1] generator. How

12



do we get from this to generating the X we want with distribution function F? Let U be
uniform on [0,1] and let F'~! denote the inverse,

FY(u) =inf{z : F(z) > u}.

Claim: X := F~1(U) has Fx = F. Proof: the event that F~1(U) < x is the same as the
event U < F(z). [why? if U < F(z) then x is in the inf defining F~1(U), so F~}(U) < =,
while conversely, if things arbitrarily close to x from above are in the inf, then F(z) > U
as well, by right continuity of F'.] Thus P(X <z) = P(U < F(z)) = F(z).

Example 5.7. If X is exponential then Fy = 1 —exp(—t) so Fiy' = —log(1 —t). There-
fore, if U denotes a random variable uniform on [0, 1] then —log(1 — U) is exponentially
distributed.

Example 5.8. Suppose we wish to generate a random variable whose law is uniform on the
Cantor set. Letting F' denote the Cantor CDF from Example 5.6, we see that £'(02000220...)
in ternary is 01000110... in binary, so F'~! replaces binary zeros and ones with ternary zeros
and twos respectively. If U is uniform on [0,1] then its binary digits are IID fair coin
flips. Therefore, we may generate a random variable X with uniform Cantor distribution
by generating a sequence of IID fair coin flips and setting the n* ternary digit of X to be 0
if the n'* coin is HEADS and 2 if the n* coin is TAILS.

Example 5.9 (discontinuities at the rationals). Let U be a random variable uniform on
[0,1] and let X be the least real number so that > ~, ¢(y) is at least U. Then X has the
distribution of Example 5.5.

I’'m not a computer scientist but here’s a little advice on using random number generators
when running simulations that I picked up along the way. Hash functions such as the
Rinjdael cipher tend to produce better results. They are often faster and they save space
because they are random access: you don’t have to store the results of your computations
in some big array because you can recompute on the fly. If you do nevertheless use an off-
the-shelf random number generator, make sure it’s one that passes benchmark tests (some
of the linear recursions with small numbers of bits do not) and that it does not use physical
random input such as clock data. Also, make a habit of recording what seeds produced
what data so you can go back and reproduce if you have to.

13



6 Independence

We will be talking about the joint distributions of collections of random variables. Just as
a random variable X has a law (with CDF Fx), a finite or infinite collection of random
variables {X1, Xo,...} has a joint law £ which is a probability distribution on R™ if the
collection has n variables, n < co. Formally, this is defined by

L(A) =P({w: (X1(w), Xo(w),...) € A}).

Definition 6.1 (independence).

1. Independence for two events: Fvents A and B are independent iff P(AN B) =
P(A) - P(B). No implications one way or the other about causality!

2. Independence for two random variables: Random variables X and Y are inde-
pendent iff P(X € A,Y € B) =P(X € A)P(Y € B) for all A, B.

3. Joint independence: Collections of n variables (definition of “jointly independent”)

by requiring
n

P(X; € Ajj=1,....n)=[[P(X; € 4;)
j=1
for all sequences A1, ..., A, of measurable sets.

Independence of events is the same as independence of their indicator random variables, so
there is no need for a separate definition for joint independence of events.

An easy consequence of Dynkin’s -\ theorem is that it is sufficient, when establishing joint
independence of real random variables, to show that

n

P(X1 < 1,00, Xn < @) = [[P(X; < 25)

j=1
for all real n-tuples z1,...,z,. Equivalently, in the obvious notation,
FX17---7Xn (1'1, R 73771) = Fx, (.1131) - Fx, (xn) .
If the n-vector (X7,...,X,) has a density over R™, this is also the same as

n

fxi o x, (@1, 2n) = Hin(xi) .

i=1

A very useful lemma (you can prove it as an exercise if you want) is:
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Lemma 6.2. Functions of disjoint groups of independent variables are independent. More
formally, if X; ; are jointly independent and f; : R™ — R are (measurable) functions, then
{fi(Xi1,..., Xim,;)} are independent. Thus for example if X, Y, Z, W are independent, then
X +Y is independent of Z - W.

Independence is one reason that product measures are so important. The proof of the
following proposition is just to write out definitions.

Proposition 6.3. The variables X1,..., X, are jointly independent if and only if the law
of the random vector (X1,...,X,) is L(X1) x -+ x L(X},). O

Exercise 13. On the probability space ([0, 1], B, m), consider the events G :=[0,1/2), H :=
[0,1/4)U[1/2,3/4) and K :=[0,1/4) U [3/4,1). Are these three events independent?

If X is a random variable on (2, F), we extend the notation o(.A) by defining o(X) to be
the o-field generated by all sets of the form X ~!(B), where B is a Borel set of real numbers.
This is the same as the o-field generated by sets of the form X ~!(.J) where J is an interval.

Exercise 14. Prove that
oc({X Y(B) : B is a Borel set}) = c({X " Y(B) : B is an interval}) . (%)

Hints:

1. Equality of sets is the same as C and O together; which one is nontrivial?

2. What do you know about the set of A such that X ~*(A) is an element of the right-hand
side of (*) ?
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