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1 Definitions

1.1 Partitions

λ = (λ1, λ2, . . .), λ ` n⇐⇒ λ1 + λ2 + · · · = n.

Young diagram: e.g. λ = (4, 2, 1)→
Conjugate partition: λ′ - transpose of the Young diagram of λ,

e.g. if λ = (4, 2, 1)→ , then → λ′ = (3, 2, 1, 1)
Dominance order: λ ≤ µ ` n iff λ1 + · · ·+ λi ≤ µ1 + · · ·µi for every i.

1.2 Bases of Λ

• Monomial: mλ =
∑

α x
α, where α = (α1, α2, . . .) ranges among all different permu-

tations of λ = (λ1, λ2, . . .).

• Elementary: en =
∑

i1<i2<···<in xi1xi2 . . . xin , eλ = eλ1eλ2 . . ..

• Complete Homogeneous: hn =
∑

i1≤i2≤···≤in xi1xi2 . . . xin =
∑

λ`nmλ, hλ = hλ1hλ2 · · · .

• Power sum: pn =
∑

i x
n
i , pλ = pλ1pλ2 · · · .

1.3 Maps

Endomorphism ω : Λ→ Λ, defined by ω(en) = hn.
Scalar product 〈, 〉 : Λ× Λ→ Λ, defined by 〈mλ, hµ〉 = δλµ.

2 Theorems

Theorem 1. If λ ` n, then eλ =
∑

µ`nMλµmµ, where Mλµ is the number of (0, 1)−matrices
A = (aij) with

∑
j aij = λ1 and

∑
i aij = µj. Hance M is a symmetric matrix and Mλµ = 0

unless µ ≤ λ′ and Mλλ′ = 1.

Theorem 2. If hλ =
∑
Nλµmµ, then Nλµ is the number of N-matrices A with

∑
j aij = λ1

and
∑

i aij = µj. Hence N is symmetric.

Theorem 3. If pλ =
∑
Rλµmµ, then Rλµ is the number of ordered set partitions (B1, . . . , Bk)

of [1, . . . , l] (k = l(µ, l = l(λ)), such that µj =
∑

i∈Bj
λi, 1 ≤ j ≤ k. Hence Rλµ = 0 unless

λ ≤ µ and Rλλ = m1!m2! . . ., where λ = 1m12m2 . . ..
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Theorem 4. We have that∏
i,j

1

(1− xiyj)
=

∑
λ

hλ(x)mλ(y), (1)∏
i,j

(1 + xiyj) =
∑
λ

eλ(x)mλ(y), (2)

∏
i,j

1

(1− xiyj)
=

∑
λ

z−1
λ pλ(x)pλ(y), (3)∏

i,j

(1 + xiyj) =
∑
λ

ελz
−1
λ pλ(x)pλ(y), (4)

where zλ = 1m1m1!2
m2m2! · · · , ελ = (−1)|λ|−l(λ).

Theorem 5. The endomorphism ω is an involution. Moreover, ω(pλ) = ελpλ.

Theorem 6. The scalar product 〈, 〉 is symmetric, i.e. 〈f, g〉 = 〈g, f〉 for all f, g ∈ Λ. We
also have that 〈pλ, pµ〉 = zλδλµ and hence is positive definite (〈f, f〉 ≥ 0 and is 0 iff f = 0).
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