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1 Definitions

1.1 Partitions

/\:(/\1,/\2,...),/\I—n<:)/\1+/\2+---:n.

[1]
Young diagram: e.g. A\ = (4,2,1) — +

Conjugate partition: )\ - transpose of the Young diagram of A,

[ [] L]
e.g. if A=(4,2,1) — 1 then — X =(3,2,1,1)
Dominance order: A < pubFnift Ay +--- 4+ X\, < pg + - - - p; for every .

1.2 Bases of A

e Monomial: my = ) 2%, where o = (a1, as,...) ranges among all different permu-
tations of A = (A1, Ag, .. .).

Elementary: e, = Zz’1<i2<m<in T Liy - Tj, EX = Ex,Exy - - -

Complete Homogeneous: h, = Zilgmg---gin Tiy Ty o iy = D 3y M, B = Iy iy, -

e Power sum: p, = ZZ Ty D = DPaPro -

1.3 Maps

Endomorphism w : A — A, defined by w(e,,) = h,.
Scalar product (,) : A x A — A, defined by (my, h,) = 0,

2 Theorems

Theorem 1. If A\ n, then ey =, My,m,,, where M), is the number of (0, 1)—matrices
A = (a;;) with Zj a;; = Ay and ) . a;; = pj. Hance M is a symmetric matrix and My, = 0
unless p < X and M,y = 1.

Theorem 2. If hy = Y N,,m,, then N,, is the number of N-matrices A with Zj aij =M\
and ), a;; = pj. Hence N is symmetric.

Theorem 3. If py = )" R),m,, then R,, is the number of ordered set partitions (By, ..., By)
of [1,...,1] (k=1(p, Il =1(N)), such that p; = Ziij i, 1 < j < k. Hence Ry, = 0 unless
A < pand Ry, = mqilms!. .., where A = 1™12m2
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Theorem 4. We have that

11 (; = 3 a(@)maly). (1)

ij (L~ Tiy;) 5
H(l + 13y;) = Z ex(z)ma(y), 2)
1, A
1 -1
=D& pa(@)pay), (3)
1;[ (1 — ziy;) ; A
H(l + x3y;) = Z 6,\z;1p>\(x)p,\(y), (4)
1,7 A
where 2y = 1™m,12m2myl - -+ ¢ = (_1)|AH(A).

Theorem 5. The endomorphism w is an involution. Moreover, w(py) = €xpa.

Theorem 6. The scalar product (,) is symmetric, i.e. (f,g) = (g, f) for all f,g € A. We
also have that (px,p,) = 2x0,, and hence is positive definite ((f, f) > 0 and is 0 iff f = 0).



