
Spring Tutorial on Algebraic Combinatorics, Symmetric functions
Greta Panova, panova@math.harvard.edu, SC 431h
Time: TBD after sign-up, based on students’ schedule and preferences
Location: TBA
Referrence text: Chapter 7 of Enumerative Combinatorics, Vol.2, Richard Stanley
Grading policy: Problem sets (choice of 2 problems from a list of 10), due every 2-3 weeks,
then project (4-5 page paper)

Young Tableaux

Partitions
1 1 2 5
2 3 3
5 6

RSK algorithm

λ = (λ1, λ2, . . .), 561423↔

 1 2 3
4 6
5

,
1 2 6
3 4
5


The algebra of symmetric functions, Λ
Bases: monomial mλ =

∑
xλ1
i1
· · ·xλkik ,

elementary eλ =
∏

l

∑
i1<i2<···<iλl

xi1xi2 · · · xiλl ,
homogenous hλ =

∏
l

∑
i1≤i2≤···≤iλl

xi1xi2 · · ·xiλl ,
power sum pλ =

∏
l

∑
xλli and ...

Schur functions, sλ∏
i,j(1 + xiyj) =

∑
λmλ(x)eλ(y)∏

i,j(1− xiyj)−1 =
∑

λ sλ(x)sλ(y)
〈mλ, hµ〉 = δλµ = 〈sλ, sµ〉, etc...

Representation and Lie theory:
Irrep characters of Sn = 〈pw, sλ〉
Irrep characters of GLn = sλ
GLn: Vµ ⊗ Vν = ⊕V 〈sλ,sµsν〉λ

Permutations,
permutation statistics
is(425361) = 3,
D(561423) = {3, 5}
= D

(
1 2 6
3 4
5

)
, etc...

Plane partitions:∑
π∈P(r,c) q

tr(π)x|π| =
∏r

i=1

∏c
j=1(1− qxi+j−1)−1

(q = 1, r = 1, c =∞→ Euler’s identity∑
λ x
|λ| =

∏
(1− xi)−1 )

Algebraic Geometry:
Intersection Theory,
Schubert caclulus,
H∗(Gr(n, k)), etc
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