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Permutations and Patterns

Definition

A permutation of 1, 2, . . . , n is a listing of
1, 2, . . . , n in some order. Sn is the set of all
permutations of length n.

Definition

π, σ are permutations.
π contains σ as a pattern whenever π has a
subsequence with the same length and
relative order as σ.
π avoids σ whenever π does not contain σ.

Example

6152347 contains 213 but avoids 231.
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180◦ Rotational Symmetry

Definition

S rc
n is the set of permutations of length n whose

diagrams are preserved by 180◦ rotation.

Equivalently, permutations π of length n for
which π(i) = n + 1− π(n + 1− i) for 1 ≤ i ≤ n.

Example

s s s
s s s

356124 ∈ S rc
6
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Counting Symmetric Permutations

Theorem

|S rc
2n| = |S rc

2n+1| = 2nn!

Definition

A signed permutation is a permutation written in one-line notation in
which each entry may or may not have a bar above it. Bn is the set of
signed permutations of length n.

Clearly |Bn| = 2nn!. Thus, it suffices to find bijections from Bn to S rc
2n and

S rc
2n+1.
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Counting Symmetric Permutations

s : Bn 7→ S rc
2n

t : Bn 7→ S rc
2n+1

Unbarred elements count down from the top.

Example

π = 1243

r r r rπ

r
r r r r r r

rπs

r
r r r r r r r

rπt
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Symmetric Pattern-avoiding Permutations

Definition

Let R be a set of permutations, possibly of different lengths.
S rc

n (R) denotes the set of permutations of length n which avoid every
pattern in R and have 180◦ rotational symmetry.

Theorem (Egge)

|S rc
2n+1(123)| = Cn = 1

n+1

(2n
n

)
Theorem (Egge)

|S rc
2n(123)| =

(2n
n

)

Theorem (Egge)

|S rc
2n(132)| = 2n

Theorem (Egge)

|S rc
n (132, 231)| = 2
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S rc
n (123, 4231)

Theorem

|S rc
2n(123, 4231)| =

(n+1
2

)

Suppose π ∈ Bn. Under what conditions is
πs ∈ S rc

2n(123, 4231)?

If π has barred entries:

1 Bars form set of consecutive integers,
and are written consecutively in
decreasing order.

2 Smaller unbarred elements are to the
right of barred elements, in increasing
order.

3 Larger unbarred elements are to the left
of barred elements, in increasing order.

If π has no barred entries:

1 Avoids 3 2 1

2 Avoids 1 3 2

|Sn(321, 132)| =
(n

2

)
+ 1 (Simion and

Schmidt, 1985) Blah blah blah. I take up a
lot of space. Two lines, even! Seriously!
Maybe even three or four! Lorem ipsum
dolor sit amet! Yadayayayayayaydsay-
dayyayadayadaydyadayadayada.
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2

)

Theorem

|S rc
2n+1(123, 4231)| =

(n+1
2

)
+
(n

2

)
+ 1

(n+1
2

)
Blah blah blah. I take up a lot of space.
Two lines, even! Seriously! Maybe even
three or four! Lorem ipsum dolor sit amet!
Consectetuer adipisicing elit. Nullam
tincidunt libero nec purus. Ut sed lectus.
Cras dignissim sem nec justo. Ut massa
arcu, dictum sit amet, tempus et.
Yadayayayayayaydsaydayyayadayadaydya-
dayadayada.
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S rc
n (123, 2413)

Theorem

|S rc
2n+1(123, 2413)| = F2n−1

where F0 = 0, F1 = 1, and
Fn+2 = Fn + Fn+1

|S rc
2n+1(123, 2413)| = |Sn(123, 2413)|

|Sn(123, 2413)| = F2n−1 (West, 1996)

s
�
�
��

@
@

@@

�
�
��

@
@

@@

David Lonoff Symmetric Permutations Avoiding Two Patterns February 24, 2010 8 / 13



S rc
n (123, 2413)

Theorem

|S rc
2n+1(123, 2413)| = F2n−1

where F0 = 0, F1 = 1, and
Fn+2 = Fn + Fn+1

|S rc
2n+1(123, 2413)| = |Sn(123, 2413)|

|Sn(123, 2413)| = F2n−1 (West, 1996)

s
�
�
��

@
@

@@

�
�
��

@
@

@@

David Lonoff Symmetric Permutations Avoiding Two Patterns February 24, 2010 8 / 13



S rc
n (123, 2413)

Theorem

|S rc
2n+1(123, 2413)| = F2n−1

where F0 = 0, F1 = 1, and
Fn+2 = Fn + Fn+1

|S rc
2n+1(123, 2413)| = |Sn(123, 2413)|

|Sn(123, 2413)| = F2n−1 (West, 1996)

s
�
�
��

@
@

@@

�
�
��

@
@

@@

David Lonoff Symmetric Permutations Avoiding Two Patterns February 24, 2010 8 / 13



S rc
n (123, 2413)

Theorem

|S rc
2n+1(123, 2413)| = F2n−1

where F0 = 0, F1 = 1, and
Fn+2 = Fn + Fn+1

|S rc
2n+1(123, 2413)| = |Sn(123, 2413)|

|Sn(123, 2413)| = F2n−1 (West, 1996)

s
�
�
��

@
@

@@

�
�
��

@
@

@@

David Lonoff Symmetric Permutations Avoiding Two Patterns February 24, 2010 8 / 13



S rc
n (123, 2413)

Theorem

|S rc
2n(123, 2413)| = F2n+1

What are the conditions on π ∈ Bn so that
πs ∈ S rc

2n(123, 2413)?

1 Non-bars avoid 321 and 3142

2 All bars in descending order

3 No bars to the left of a non-bar

4 No 312

5 No 321

Example

1 2 3 4 7 9 5

π =

4 1 2 3 7 9 10 8 6 5

Suppose k is the smallest
barred element in
{1, 2, . . . , n}.

F2n−1+
n∑

k=1

F2(k−1)−12n−k
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Our Results

Theorems (Lonoff, Ostroff)

σ τ |S rc
2n(σ, τ)| |S rc

2n+1(σ, τ)|
123 2413 F2n+1 F2n−1

123 2431 Fn+3 + 1 Fn+2 − 1

123 3412 2n+1 − (n + 1) 1

123 4231 n2 + 1
(n

2

)
+ 1

123 4312 6 1

123 1432 A166963 A116716

132 1234 Tn Tn

132 2341 Fn+1 + 1 Fn + 1

132 3412 n + 1 n + 1

132 4231 n + 1 n + 1

132 4321 n + 1 n + 1

132 3421 4 3

(Where F0 = F1 = 1,
Fn = Fn−1 + Fn−2

for n ≥ 2, and
T0 = 1, T1 = 2, T2 = 3,
Tn = Tn−1 + Tn−2 + Tn−3

for n ≥ 3.)
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A New Fibonacci Identity

Theorem (Lonoff, Ostroff)

F2n−2 +
∑n

k=1 F2k−42n−k = F2n

Equivalently,
n∑

k=1

F2k−42n−k = F2n−1
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2k−4 2
n−k
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F2n−2 +
∑n

k=1 F2k−42n−k = F2n

Equivalently,
n∑

k=1

F2k−42n−k = F2n−1

This naturally generalizes to

Fmn+r = FrF
n
m +

n∑
k=1

Fmk−m+r−1Fm−1F
n−k
m
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