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Are there an even or odd number of people in the room right now?




Partitions

Definition

A partition of a positive integer n is an expression of n as the sum
of a sequence of weakly decreasing positive integers, called the
parts of the partition.




Partitions

Definition

A partition of a positive integer n is an expression of n as the sum
of a sequence of weakly decreasing positive integers, called the
parts of the partition.

| A\

Example

There are 5 partitions of 4, as
4=34+1=2+2=2+14+1=1+1+1+1.




Partitions

Definition
A partition of a positive integer n is an expression of n as the sum

of a sequence of weakly decreasing positive integers, called the
parts of the partition.

| A\

Example

There are 5 partitions of 4, as
4=34+1=2+2=2+14+1=1+1+1+1.

A partition A of n with parts \; > Ax > ... > A is either written
as such or in the form AT A2 ... A7, where each A, is a distinct
part in A with A\, > Ap, > ... > A, , and there are m; copies of
An;-



Partitions

Definition
A partition of a positive integer n is an expression of n as the sum

of a sequence of weakly decreasing positive integers, called the
parts of the partition.
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Example

There are 5 partitions of 4, as
4=34+1=2+2=2+14+1=1+1+1+1.

A partition A of n with parts \; > Ax > ... > A is either written
as such or in the form AT A2 ... A7, where each A, is a distinct
part in A with A\, > Ap, > ... > A, , and there are m; copies of
An;. Thus the partition 6 +4 + 4 + 3 of 17 could be written as

6 >4>4>3or6423%
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Euler's Theorem

Let O(n) denote the set of partitions of n into odd parts, and let
D(n) denote the set of partitions of n into distinct parts. Then for
all n, |O(n)| = |D(n)|.

Example

D(6): {6,5+1,4+2,3+2+1}
06): {5+1,34+3,3+1+1+1,1+1+14+1+1+1}
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Proof of Euler's Theorem

We give a bijection ¢ : D(n) — O(n) devised by Glaisher (1883).
For A=X1 > X2 > ... > As € D(n), let \j = 2Pip;, where p; is
odd. Let ¢(\) = p, where p has 2P parts of yu;, so that u € O(n).
Write v as pMu2 ... . Each mj =21 422 4 .. 4 2/ for
exactly one sequence of nonnegative integers iy > > > ... > ig.
Thus p could only be the image under ¢ of some A with parts of
the form 2't1;, so ¢ is one-to-one. Since such a A must have
distinct parts, we have a well-defined inverse mapping

¢~ :0(n) — D(n), so ¢ is onto.
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o Q6): {5+1,3+2+1}

o Q(7): {7,6 +1,4+3,4+2+1}

® Q9): {9,841,6+3,6+2+1,5+3+1}

o Q(10): {9+1,7+3,7+2+1,6+3+1,54+4+1,4+3+2+1}
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Fine's Theorem

Let Q(n) be the set of partitions of n into distinct parts where the
smallest part is odd. Then |Q(n)| is odd if and only if n is a
perfect square.

Idea of the proof: Define an involution x : Q(n) — Q(n) which has
exactly one fixed point if and only if n is a perfect square (and has
no fixed points if and only if n is not a perfect square).



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = oo.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = 0o. Define
ti=s —(2i — 1), for i < k, and let ty1 = 0.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = 0o. Define
ti=s —(2i — 1), for i < k, and let tx11 = c0. Let a be the
smallest i/ such that t; > 0.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = 0o. Define
ti=s —(2i — 1), for i < k, and let tx11 = c0. Let a be the
smallest i/ such that t; > 0.

Now, we construct k() by performing one of the following three
actions, depending on the case.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = 0o. Define
ti=s —(2i — 1), for i < k, and let tx11 = c0. Let a be the
smallest i/ such that t; > 0.

Now, we construct k() by performing one of the following three
actions, depending on the case.

Q If t, < eg, then split s, into 2a — 1 and t,.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = 0o. Define
ti=s —(2i — 1), for i < k, and let tx11 = c0. Let a be the
smallest i/ such that t; > 0.
Now, we construct k() by performing one of the following three
actions, depending on the case.

Q If t, < eg, then split s, into 2a — 1 and t,.

Q Ift, > e1, and e < 00, then combine s,_1 with e;.



Proof of Fine's Theorem

Let A € Q(n), with odd parts sx > sx_1 > ... > s; and smallest
even part e;. If there are no even parts, define e; = 0o. Define
ti=s —(2i — 1), for i < k, and let tx11 = c0. Let a be the
smallest i/ such that t; > 0.

Now, we construct k() by performing one of the following three
actions, depending on the case.

Q If t, < eg, then split s, into 2a — 1 and t,.
Q Ift, > e1, and e < 00, then combine s,_1 with e;.

Q If t, = e; = 0, then do nothing.
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=5




Proof of Fine's Theorem




Proof of Fine's Theorem




Proof of Fine's Theorem

—
~




Proof of Fine's Theorem

—
~




Proof of Fine's Theorem

—
~




Proof of Fine's Theorem




Kolberg's Theorem

Kolberg's Theorem

The partition function p(n) takes infinitely many even and odd
values.
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Proof of Kolberg's Theorem

Let SC(n) denote the set of self-conjugate partitions of n.
Then p(n) has the same parity as |SC(n)|.

—_ =N W W

Let DO(n) = D(n) N O(n) be the set of partitions of n into
distinct odd parts.
Then |SC(n)| = |DO(n)|.

—_— N W~
1
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Thus p(n) has the same parity as |[DO(n)|.
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Thus |DO(n)| differs in parity from |DO(n + 1)| precisely when

|DO1(n + 1)] is odd.
Thus to prove the theorem we can show that |DO;(n)| is odd for

infinitely many n.
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Let DOj(n) =
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Then for all positive integers j,
[DO}(n)] = [DO}(n + 2j +2)\DO}1(n +2j +2)|.
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¢2: D02(24) — D02(30) \ DO3(30)

Thus |DOj(n)| differs in parity from |DO;(n + 2j + 2)| precisely
when |DOj11(n+ 2j + 2)| is odd.
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nk—3 € {k* —=1,k* =1 —2(k — 2)} such that |DOx_3(nk_3)| is
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Proof of Kolberg's Theorem

Given k > 1, we construct n > k such that |[DOj(n)| is odd. Note
that DOy _»(k? —1) = {(2k — 1) + (2k —3) + ...+ 3} and
therefore ’DOk_g(k2 - 1)’ =1. Thus ’DOk_g,(k2 — 1)! and
|DOk—_3(k* — 1 — 2(k — 2))| differ in parity, so we can pick

nk—3 € {k* —=1,k* =1 —2(k — 2)} such that |DOx_3(nk_3)| is
odd. Then |DOk_4(nk_3)| and |DOk_4(nk—3 — 2(k — 3))| differ
in parity, so we can pick nx_4 € {ng_3,nk_3 — 2(k — 3)} such that
|DOk_4(nk—4q)| is odd.  We iterate this process to find ny. Then
|DO1(n1)| is odd, and
nm>k>—1—2k—-2)+2(k—=3)+...+4)=

k2 —1-22+3+...+k—2)=k>—1—k(k—3)=3k—1> k.
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