AN INTRODUCTION TO FINANCIAL MATHEMATICS
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1. SOLUTION TO ASSIGNMENT NO.5, DECEMBER 14, 2016

1) Recall that the fair price of an European contingent claim with a Fp-
measurable payoff fr > 0 at the time T is given by

V = Epu—r(e" fr)

where Ep.-- is the expectation with respect to the probability P*~".
2
(a) Let fr = S% where Sp = S eXp((éL— % )T+ oWr) is the stock price at time
T. We can write also Sp = Sy exp((r— % )T +oW4r™") where W/ = W, 4+ ="t is
the Brownian motion with respect to the martingale measure P*~", in particular,
W with respect to P*~" is a normal random variable with variance T and mean
0. Hence,

V = E'pu,—T(e*TTS%) = Soe(rioj)TEpp—r eXp(QO'Wr}Lir)
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Hence, V = Spe(m+o)T,
b) Now let fr = (St — K)* be a call option payoff. Then

V = Epu—r(e” (St — K)¥) = Epu—r(exp(—0?T/2+ oW ™") —e T K)*
= e~ T2Ep, ., (exp(cWL ™) — e(“—f—r)TK)+
=T/ T — e(L;_T)TK)*‘e_%dx.
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Let xg be such that e?®0 = (T ITE fe. z9 =01((6?/2—7)T +In K). Then

e e = T

= \/217TT f;:(e‘”” — T ITK)e 57 dx.
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Hence,
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V= e T T (maT)) TR - (25)
=1-0(27h) — e "TK(1 - ®(2L).
Next, for fr = (K — Sr)™ we obtain similarly
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= e "TEO(IL) — o(*72h).

2) The proof of uniqueness of the martingale measure in the Black-Scholes market
was presented in the class.



