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1. Solution to Assignment No.5, December 14, 2016

1) Recall that the fair price of an European contingent claim with a FT -
measurable payoff fT ≥ 0 at the time T is given by

V = EPµ−r (e
−rT fT )

where EPµ−r is the expectation with respect to the probability Pµ−r.

(a) Let fT = S2
T where ST = S0 exp((µ− σ2

2 )T +σWT ) is the stock price at time

T . We can write also ST = S0 exp((r− σ2

2 )T+σWµ−r
T ) where Wµ−r

t = Wt+
µ−r
σ t is

the Brownian motion with respect to the martingale measure Pµ−r, in particular,
WT with respect to Pµ−r is a normal random variable with variance T and mean
0. Hence,

V = EPµ−r (e
−rTS2

T ) = S0e
(r−σ2)TEPµ−r exp(2σWµ−r

T )

= S0e
(r−σ2)T 1√

2πT

∫∞
−∞ e2σxe−

x2

2T dx.

Now,

1√
2πT

∫∞
−∞ e2σxe−

x2

2T dx

= 1√
2πT

∫∞
−∞ e−

(x−2σT )2

2T e2σ
2T dx = e2σ

2T .

Hence, V = S0e
(r+σ2)T .

b) Now let fT = (ST −K)+ be a call option payoff. Then

V = EPµ−r (e
−rT (ST −K)+) = EPµ−r (exp(−σ2T/2 + σWµ−r

T )− e−rTK)+

= e−σ
2T/2EPµ−r (exp(σWµ−r

T )− e(σ
2

2 −r)TK)+

= e−σ
2T/2 1√

2πT

∫∞
−∞(eσx − e(σ

2

2 −r)TK)+e−
x2

2T dx.

Let x0 be such that eσx0 = e(
σ2

2 −r)TK i.e. x0 = σ−1((σ2/2− r)T + lnK). Then

1√
2πT

∫∞
−∞(eσx − e(σ

2

2 −r)TK)+e−
x2

2T dx

= 1√
2πT

∫∞
x0

(eσx − e(σ
2

2 −r)TK)e−
x2

2T dx.
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Now,

1√
2πT

∫∞
x0
e(σx−

x2

2T )dx

= 1√
2πT

∫∞
x0

(e−
(x−σT )2

2T eσ
2T/2dx

= eσ
2T/2(1− Φ(x0−σT√

T
)).

Hence,

V = e−σ
2T/2(eσ

2T/2(1− Φ(x0−σT√
T

))− e(σ
2

2 −r)TK(1− Φ( x0√
T

))

= 1− Φ(x0−σT√
T

)− e−rTK(1− Φ( x0√
T

).

Next, for fT = (K − ST )+ we obtain similarly

V = e−σ
2T/2 1√

2πT

∫∞
−∞(e(

σ2

2 −r)TK − eσx)+e−
x2

2T dx

= e−σ
2T/2 1√

2πT

∫ x0

−∞(e(
σ2

2 −r)TK − eσx)+e−
x2

2T dx

= e−rTKΦ( x0√
T

)− Φ(x0−σT√
T

).

2) The proof of uniqueness of the martingale measure in the Black-Scholes market
was presented in the class.


