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1. SOLUTION TO ASSIGNMENT N0O.4, NOVEMBER 30, 2016

We have a trinomial two stage market N = 2 with B,, =1, S, = So [[—; (1+px),
p1, P2, --- 1.i.d., Sg = 1, p; equals —% or % or 1 each with probability % We consider
two payoffs f, = (2 — S,)T-put option and f,, = (S,, — 2)T-call option.

1) A probability measure P is martingale iff Egp; =0, ie. —%pl + %pg —p1 —
ps +1 = 0 where p3 = 1 —p; — ps and p1 = P{pl = —%}, Py = P{pl = %}
and p3 = p{pi = 1}. Hence, py = 2 — 3p; and we have constraints 0 < p; < 1,
0<2—-3p1<land0<1—p; —py<1,ie. 0<2p; —1<1. Thus we obtain the
condition % >p1 > % and po, p3 are expressed by the above formulas through p;.

2) Next, we consider the European put option. Then Ep fo = Ep(2—S2)™. It is
easy to see that Sy = % with probability p?, So = % with probability 2pips, So = %
with probability p3, So = 1 with probability 2p;p3, S = 4 with probability p3 and
So = 3 with probability 2psps. Hence,

Ep(2-5)" = 5]0? + %plpz + 2p1p3 = p1(1£p1 - 1)
using the formulas above for ps and ps for any martingale measure P. Now we have
to maximize this expression taking into account the constraint % <p < % from
above. Under these constraints the above quadratic expression has the maximum
at p1 = % Then p; = 0 and p3 = % Taking P with such py,ps, p3 we obtain the
superhedging price V = Ep(2 — S2)T = (X — 1) = 4. Then we can make a
computation of the self-financing hedging strategy with the initial capital V since
p2 = 0 and we have here, in fact, a binomial (complete) Cox-Ross-Rubinstein
market where we can use the explicit martingale representation constructed in the
corresponding lemma.
In the call option case:
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Epfo=Ep(S2—2)" = 1(273p1)2+2(2p171)2+1(273p1)(2p1*1) = —p?—dp+1.

4
Finding the maximum of this quadratic expression in p; under the constraint
% < p < % from above gives p; = %, and so po = 0 and p3 = % Thus the

superhedging price here is V = E5(S2 —2)* = 1?7 —8+1=2. Again we arrive at a
binomial (complete) Cox-Ross-Rubinstein market and we can find a corresponding
self-financing hedging trading strategy with the initial capital V' using the explicit
martingale representation in the corresponding lemma.

3) American options case.
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For each martingale measure set

VP = max Es(f.|Fn)

" n<r<N

where the maximum is taken over finitely many stopping times ( since we have here
a finite probability space). Then, as we proved in the optimal stopping section,

V. = max(fo, Bp(V5|Fa))n=0,1,.,N —1

with Viy = fy. Since we have here N = 2 then Vi’ = fo = (2 — S3)* in the put
option case and = (S; — 2)" in the call option case.

Next, we deal with the put option case. Since S = (1 4 p2)S1 with ps inde-
pendent of F; while S; is measurable with respect to F; then by properties of the
conditional expectation and using the above formulas for pi,ps,p3 corresponding
to a martingale measure we obtain

= 1 3
Ep(VF1F1) = (2= 581 1 + (2= 58072 = 3p1) + (2= 250 (21 — 1),

Since f; = (2= S1)", So = 1 and so S; = % with probability p;, = 2 with
probability (2 —3p;) and = 2 with probability (2p; — 1) we obtain the following. If

S1 = % then by the above
Bp(Vf 1) =5 and fy = .
i.e. in this case Vll5 = % which happens with probability p;. If 57 = % then
Ep(VF|F) = py and fy = 5,
and so le = max(%, %pl) = %pl since p; > %, which happens with probability
(2 — 3p1). Finally, if S; = 2 then
Ep(VL|F1) = p1 and f1 =0,

and so Vf5 = max(0,p1) = p1 which happens with probability (2p; — 1).
Since fo =1 and Fy is the trivial o-algebra we obtain
VP = VP = max(1, Ep(ViF)).
By the above

5 3 5 3 7
Ep(VF) = 5P + 1p1(2 —3p1) +p1(2p1 — 1) :p1(§ - Zpl)'

Hence
vP=vP = max(l,pl(g — Zpl)) =1
since p; < % Thus V7 does not depend of P, and so the superhedging price V' of
this American put option equals 1. Then we can take p; = %, P2 = % and p3 = 0,
which yields a binomial Cox-Ross-Rubinstein market, and compute a self-financing
hedging trading strategy with the initial capital equal 1 in this market.
Next, we deal with American call option. We have similarly to the above

Ep(Vi171) = (3512 it (551-2) (2-3p)+(251-2) (2 —1) and i = ($1-2)".

Now, If S; = % then
Ep(V|F1) =0and f; =0,
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i.e. in this case Vf5 = 0 which happens with probability p,. If S; = % then

5 1 5 1

E'P(V'2P|]:'1) = 1(2 — 3])1) + (2p1 — 1) = ipl — 5 and fl =0,

and so Vll3 = max(0, %pl - %) = gpl - % since p; >
probability (2 — 3p;). Finally, if S; = 2 then

Ep(V|F1) = (2= 3p1) +2(2p1 — 1) = py and f, =0,

1

5, which happens with

and so le = max(0, p1) = p1 which happens with probability (2p; — 1).
Now fy =0 and

- 5 1 7
EpVi¥ = (2=3p)(gm — 5) + (2p1 = pr = —pT +3p1 — 1.

4 2
Now maximizing the last expression in p; € [1/2,2/3] we obtain p; = % and the
superhedging price equals V' = %. We obtained the same result as for the Euro-

pean call option and this is not by chance. This is true in general since the payoff

function of an American call option is a submartingale with respect to any mar-

tingale measure (check!), and so its expectation is nondecreasing function of time

which means that it does not make sense to exercise such an option earlier than the

expiration time (horizon) implying that both options have the same fair price (and

there was no need for an additional computation for this call American option).
4) In the game option case the payoff function has the form

R(m, TL) = (1 + (2 - Sm)+)]lm<n + (2 - Sn)Jangm
in the put option case and
R(m,n) = (14 (Sm —2) ) lnepn + (Sn —2)  Li<m

in the call option case. Observe that there are exactly 9 stopping times between 0
and 2 in our trinomial market. For each one of them o considered as a cancellation
time by the seller we can do computations as above of the superhedging price of the
American option with the payoff function f,, = R(o,n) and then take the minimum
over these o’s.



