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1. Solution to Assignment No.3, November 9, 2016

1) Since ρ1, ρ2, ... are i.i.d. random variables on a probability space (Ω,F , P ),
the interest rate is zero r = 0, so that Bn ≡ B0 for all n and the stock evolution
is given by Sn = S0

∏n
i=1(1 + ρi) then P ∗ is a martingale measure if and only if

EP∗ρ1 = 0. Let A1 = {ρ1 < 0}, A2 = {0 ≤ ρ1 < a} and A3 = {ρ1 ≥ a} which
are disjoint sets (events) and we know that P (A1), P (A2), P (A3) > 0. Define a
measure P ∗ by

P ∗(Γ) = p∗1P{A1 ∩ Γ}+ p∗2P{A2 ∩ Γ}+ p∗3P{A3 ∩ Γ}

where∞ > p∗1, p
∗
2, p
∗
3 > 0 and setting bi = P (Ai), i = 1, 2, 3 we obtain the condition

p∗1b1 + p∗2b2 + p∗3b3 = 1 which ensures that P ∗ is a probability measure. We obtain
by the definition of P ∗ that for any event Γ,

max(p∗1, p
∗
2, p
∗
3)P (Γ) ≥ P ∗(Γ) ≥ min(p∗1, p

∗
2, p
∗
3)P (Γ),

and so the assumption that ∞ > p∗1, p
∗
2, p
∗
3 > 0 gives that P ∗ is equivalent to P . In

order to ensure that P ∗ is a martingale measure we need that

0 = EP∗ρ1 = p∗1c1 + p∗2c2 + p∗3c3

where c1 =
∫
A1
ρ1dP < 0, c2 =

∫
A2
ρ1dP ≥ 0 and c3 =

∫
A3
ρ1dP > 0 since

A1, A2, A3 have positive probability. Thus we have two equations

p∗1b1 + p∗2b2 + p∗3b3 = 1 and p∗1c1 + p∗2c2 + p∗3c3 = 0

with the constraints ∞ > p∗1, p
∗
2, p
∗
3 > 0. We obtain

p∗1 = 1− p∗2b2 − p∗3b3 and so p∗2 = −c1 + p∗3(c3 − c1b3)

c2 − c1b2
and thus

p∗1 = 1 + b2
c1 + p∗3(c3 − c1b3)

c2 − c1b2
− p∗3b3 =

c2 + p∗3(b2c3 − b3c2)

c2 − c1b2
.

The denominators above are strictly positive since c1 < 0 and b2 > 0. If

0 < p∗3 <
−c1

c3 − c1b3
then p∗2 > 0 by the above formula. If c2 = 0 then

p∗1 =
p∗3b2c3
−c1b2

=
p∗3c3
−c1

> 0
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provided p∗3 > 0. If c2 > 0 then p∗1 > 0 always if b2c3−b3c2 ≥ 0 while if b2c3−b3c2 <
0 then p∗1 > 0 provided

p∗3 <
c2

b3c2 − b2c3
.

Thus, for any positive p∗3 small enough we can find positive p∗1 and p∗2 solving two
above equations, and so they admit infinitely many solutions which yield infinitely
many product martingale measures P ∗ = {p∗1, p∗2, p∗3}N.

2) We have here a game contingent claim in the CRR binomial market model
with the horizon N = 3, the bond and the stock prices at time n are given by
Bn = 2n and Sn =

∏n
i=1(1 + ρi), respectively, where ρ1, ρ2, ... are i.i.d. random

variables such that ρi = 2 with probability 1/4 and ρi = − 1
2 with probability 3/4.

We have here also B0 = S0 = 1 and ρ0 = 0. The payoff function is given by

R(m,n) = YmIm<n + ZnIn≤m = (ρ2n + 1)In≤m + ρ2nIm≥n.

Let P ∗ be the martingale measure (which is unique here) and P ∗{ρ1 = 2} = p∗.
By the equation EP∗( 1+ρ1

2 ) = 1 we have 3p∗ + 1
2 (1− p∗) = 2, and so p∗ = 3

5 .
By the formulas we proved the fair price of this game contingent claim is given

by the formula

V = min
0≤σ≤3

max
0≤τ≤3

EP∗(
R(σ, τ)

Bσ∧τ
)

where σ, τ are stopping times and since we have here the finite probability space
then we have only finitely many stopping times between 0 and 3, and so we can write
min and max. On the other hand, we proved the backward induction (dynamical
programming) formulas for Dynkin’s game values so that if

Vn = min
n≤σ≤3

max
n≤τ≤3

EP∗
(R(σ, τ)

Bσ∧τ
|Fn
)

then V0 = V , V3 =
ρ23
23 =

ρ23
8 and

Vn = min
(ρ2n + 1

2n
, max(

ρ2n
2n
, EP∗(Vn+1|Fn))

)
, n = 2, 1, 0.

Recall that {Fn} is the filtration such that Fn is generated by S1, S2, ..., Sn i.e. by
ρ1, ρ2, ..., ρn.

Thus

V2 = min
(ρ22 + 1

4
, max(

ρ22
4
, EP∗(

ρ23
8
|F2))

)
.

Now, by independency of ρ3 from F2,

EP∗(
ρ23
8
|F2) = EP∗(

ρ23
8

) = (
1

2
· 3

5
+

1

32
· 2

5
) =

5

16
.

Since
ρ22+1

4 ≥ 5
16 then

V2 = max(
ρ22
4
,

5

16
),

and so V2 = 1 with P ∗-probability 3
5 and V2 = 5

16 with P ∗-probability 2
5 and V2 is

independent of F1 (since ρ2 is independent of F1).
Now,

V1 = min
(ρ21 + 1

2
,max(

ρ21
2
, EP∗(V2|F1))

)
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and

EP∗(V2|F1) = EP∗(V2) =
3

5
+

1

8
=

29

40
.

Next, max(
ρ21
2 ,

29
40 ) equals either 2 with P ∗-probability 3

5 (if ρ1 = 2) or equals 29
40

with P ∗-probability 2
5 (if ρ1 = − 1

2 ). Hence,

V1 = min(
(ρ21 + 1

2
,max(

ρ21
2
,

29

40
)
)

and V1 equals either 2 with P ∗-probability 3
5 or it equals 5

8 with P ∗-probability 2
5 .

Finally,
V0 = min(1,max(0, EP∗(V1|F0)))

and EP∗(V1|F0) = EP∗(V1) = 2 · 35 + 5
8 ·

2
5 = 29

20 . Hence, V = V0 = 1. So, in fact, the
seller can cancel at time 0, pay the penalty 1 which is the price of this derivative
as we computed it and this is his hedging strategy with the initial capital 1.


