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ABSTRACT.

1. LECTURE 8ADD: EXISTENCE OF A SUPERHEDGING STRATEGY FOR GAME
OPTIONS WITH THE INITIAL CAPITAL EQUAL THE SUPERHEDGING PRICE

The proof here will be a combination of the method we proved exitence equilib-
rium (saddle point) in Dynkins games and the technique to obtain supermartingales
with respect to all martingale measures above where we replaced the supremum over
all martingale measures by the supremum over martingales which are corresponding
Radon-Nikodim derivatives (cf. the proof of existence of an optimal stopping time
for the corresponding American contingent claim case in [1]).

We proved that the superhedging price of a game option equals

V=V(f,g,P)= inf sup sup BOEP(M
o€T5" pep(P) TN Boar
where R(0,7) = folo<r + g:lo>-. Let T, n < N be the collection of all stopping
times 7 satisfying n < 7 < N and ZY be the set of positive P — martingales

Z ={Z}o<k<n such that Zg = Z; = --- = Z,, = 1. Then
- R
V = inf sup sup BOE(ZJATM)
o€TY Zezd reTN Bonr
Set
_ R(o,
Vi = ess inf,crness supz¢ zvess sup, e~ BoE(Zonr (0,7) ).
" " oNT

Let .

~ o ifoc>n

7= { Nifo=n

which is a stopping time (check!). Then taking into account that Z, = 1 when
Z € ZY we obtain

—~ R(o,T
ess SUpz¢ z v ess supTerBoE(ZUATﬁU})

=" R,
= ess SUpzc zness Sup,crn BoE(Zsar B(‘fAT)

|]:n)]l{a>n} + BO%H{o’:n}-

.

Hence,

—~ R(o,T
ess Supzczness sup. ey~ BoE(Zoar B(UM) |Frn)

> min(BOin,—i,ess SUP 7 ¢ 7N €58 supTeT'{VBOE(Z;,AT%|fn))

> min(By f;’; yE(Vnt1|Fn))
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where we used that 7,), € 7.V, 2., € Z}' and that

E(Vii1|Fn) < ess supzezn, ess sup ey BoE( Zine B [F)-

The latter follows since for any o € 7;LJYH,

Eess supzc gy ess SUPTETJ\LBOE(Z&/\T IJ?B(&,T) | Fra1)|Fn)

_ 7 R(a’ T)
< ess Supzezy | ess SUPTeTrﬁlBoE(Z&/\T B | Fn).

This is proved similarly to to the first subsection of Lecture 8 obtaining both ess sup
above as limits along nondecreasing sequences of expectations and using the mono-
tone convergence theorem, i.e.

E(llkaoo T E( o'k/:\)Tk 1]23(0 Tk ‘]:n+1)|]: )

ONTE

= llmk@x) T E( (k) R(U Tk) |]:n)

ONTE Bors
Thus,
V, = ess infgeT?{vess SUpPz¢ zn €SS supTenngoE(Zg/w%i”}—n)
> min(Bo g, E(Vai1|Fn))-

From the formula for V,, we have that BO - < V, < Bo since we always can
take there o = n or 7 = n. Set

fn

op=min{n <N :V, = Bo—

On the event {og > n} we have that V;, < By é’;, and so on the event above

V, > min(Boéi, E(Vig1|Fn)) = E(Viga | Fn)-

It follows that
E(Voo/\(n+1)"Fn) = VUOH{UOSTL} + E(‘/n—&-l“Fn)H{ao>n}
< VUOH{UOSn} + VnH{00>n} = VUO/\n~
Hence, the sequence V, A, is a supermartingale, and so
R(og, )

oo AT

Vb 2 EVJOAT 2 BOE

for any stopping time 7 where we take into account that Z, n, = 1 when Z € ZJ .
The latter inequality holds true since on the event {o¢ < 7} we have

Jo R(J()? T)
Voorr = Vs :BO o 1307
0 0 Bao Bo'o/\‘r
while on the event {og > 7} we have that
R(0o,7)

gr
Voorr =V, > Bo2Z = B
on °B, ~ ' Byons

since always V,, > Bo&*~.
n
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Without loss of generality we can assume that P is itself a martingale measure
and since no measure from P(P) plays a special role here we obtain that

R
Vo > sup supBOE}s(M

— m™,00
~ T - X
PeP(P) T<N OoNT

where the portfolio X™?° was constructed before. This inequality implies that
the initial capital of the hedging strategy (m,0p), m = 77° does not exceed the
superhedging price Vj and since it cannot be smaller than Vj it equals precisely
Vo |
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