AN INTRODUCTION TO FINANCIAL MATHEMATICS
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ABSTRACT.

1. LECTURE 8: SUPERHEDGING OF CONTINGENT CLAIMS IN INCOMPLETE
MARKETS

1.1. Supermartingales with respect to all martingale measures. Let f =
(fo, f1,---, fn) be an adapted sequence of nonnegative random variables on a prob-
ability space with filtration (Q, F,{F,}o<n<n,P), Fo = {0,Q2}. Let P(P) be a
nonempty set of martingale measures. In fact, we will need for the first theorem
below only the fact that all measures from P(P) are equivalent to P and that
[ frdP < oo for each P € P(P) and k = 1,2, ..., N.

1.1. Theorem. (i) Set
Y, = ess supﬁep(P)Eﬁ(fN|fn); n=20,1,2,.... N,

where E g is the expectation with respect to P. Then {Y,}o<n<n is a supermartin-
gale with respect to each P € P(P).
(i) Set
Y, = ess suppeP(P)’Te%NEp(fTU:n), n=0,1,2,...,,N,

where T,V is the set of stopping times T such that n <7 < N. Then {Yo} o<n<n s
a supermartingale with respect to each P € P(P).

Proof. We will prove only (ii). The proof of (i) is obtained in the same way as the
proof of (ii) just by disregarding arguments concerning stopping times. We will use
only that the measures from P(P) are equivalent to each other and without loss
of generality we assume that P € P(P). Now there is nothing special about P so
we will prove without loss of generality that Y,,,n > 0 is a supermartingale with
respect to P.
If P € P(P) set

~ dP . dpP,

ZN_d7Pa Zn_ﬁv ZO_l
where P, and P, are restrictions to F,, of P and 15, respectively. Since P~P
then P{Z, > 0} = P{Z, > 0} =1 for all n = 0,1,..., N, and so we can define
Pn = ZZ" Then

n—1

Zn = H Pk
k=1
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and, recall, that {Z,}, n = 1,2,... is a martingale with respect to P. Thus, all
measures P € P(P) and their restrictions P, are defined by means of P and of
each one of sequences {Z,} and {p,}.

By the generalized Bayes formula for any stopping time N > 7 > n,

Bp(fr\F) = 2 Ep(f: 221 Fa) = Ep(fnsr - f-|Fo)
=Ep(pr-- pupny1 - prfrlFn) = Ep(f+ 2| Fn)
where py = -+ = pn, =1, pr. = pi for k > n and Z, = py - - - p.. Thus,
Y, = ess SupTetg\]7ZeZTJL\IEP<f7—ZT|.Fn)
where ?ij is the set of positive P-martingales (martingales with respect to P)
Z ={Zy}o<k<n such that Zy = Z; = --- = Z,, = 1. Thus we reduced the problem

from taking the supremum over a set of measures to taking the supremum over a
set of martingales which is more tractable. Observe that

zZNczV, and TN TN,
By the basic result about esssup the above esssup can be obtained as a supre-

mum over a sequence 7 Zﬁ)i) as i — oo. In fact, as it will be explained in the
remark below this supremum can be obtained here along monotone non decreasing
sequence, i.e.

ess SUp, e, Zez;yEP(fTZr|~7:n) = Zl%g T E(fro Zﬁ)) Fn)-

By the monotone convergence theorem
Ep(Ya|Fu-1) = Ep(ess sup,crn, zezy Ep(fr 27| Fa)|Fa-1)
= Ep(limitoe T B(fr 280 | Fa)| Faci)
= lim;poo EP(f—,—(i)Zf_Q:) Fn—1)

< ess supTeﬁv7ZeggyEP(frZA}—n*l)

< ess SupreTw{V_l,Zerl\’_lEP(fTZTLanl) =Y,
completing the proof that {Y},}o<n<n is a supermartingale. O

1.2. Remark. In order to obtain a monotone limit _in thg above formula we used
the fact that for any T' € F,, 70, 73 € TN and Z(), Z?) € ZN we can define
7=7WIp + 7@Ig\r € TN and Z = ZWIp + Z@Ig\r € ZY which gives

E(f; Z:\Fo) = e B(f,00 25 | Fo) + I rE(fr Z5)) | ).

Choose
L ={w: B(fy0 Zi0|F) > B(fr 200 | Fn)}-
Then
E(f: 2| Fa) = max(E(fr 20 |Fa), E(fr0 250, | Fn)
which means that the family {E(f,Z,|F,), 7 € T,N, Z € ZN} is a lattice, and so
for each sequence of random variables from this family we can construct a monotone

non decreasing sequence from the same family which converges to the supremum
of the former sequence.
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1.2. Superhedging of European contingent claims in incomplete markets.
We defined the fair price of a European contingent claim with a payoff fy at time
N by

V =V (fn,P)=inf{x : 37 such that X[ =z, X}, > fn P —a.s}

where 7 denotes a self-financing trading strategy and X™ is the value of the corre-
sponding portfolio.

1.3. Theorem. Let a nonnegative Fy-measurable random variable fr satisfies

_sup Ep éN
PeP(P) N

<0

where By is the bond price at time N. Then
N
V=V(fn,P)= sup B()Elsé—
PeP(P) N
and there exists a hedging strategy with the initial capital V.
Proof. We already proved for the general case that for any martingal measure P
the initial capital of a self-financing hedging portfolio cannot be less than ByFE 15]’;—];,
and so
I

V> sup BoEp5—.
PeP(P) By
In order to obtain the inequality in the other direction set

Y, = ess supﬁep(P)Ep(%U'n), n=0,1,...N

which, as we proved, is a supermartingale with respect to any P € P(P). Hence,
there exists an optional decomposition

n
Sk
Yn = YO + ’;’YkA(Fk) - Cna CO = 07
where {v;}1<k<n is a predictable sequence and {Cj}li<k<n is an adapted non
decreasing process.

Set
n Sk
X' = Y. — ), X[ = Y,
n = Bu( o+k§:1%A(Bk))7 0 = BoYo
and 1
= — Xﬂ-—

so that X7 = B8,B, + 7S, and m = (B, Vn)1<n<n. From the definition of X7
above we obtain that

Xi XD S
Bn anl T -Bn7
and so X o g g g
n—1 n n n—1 n—1
== Y55 TV — =0Ont+tVns—-
Bn—l Bn K Bn K Bn—l 6 7 Bn—l

Xr_ S, _ . .
Hence, 3, = 3~ I — Vg 11, and so {8, }1<n<n is a predictable sequence and we

have also from here that
X:zr—l = 6an—1 + VnSn—l
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imlying that 7 is a self-financing trading strategy. It is also hedging since
XF = By (Yo + X3l wA(F)
> By (Yo + X5y wA(E) — Cn) = By Yy = fn
completing the proof. (I
1.3. Superhedging of American contingent claims. We defined the fair price
(based on hedging) of an American contingent claim with a payoff process f =
{fn}o<n<n and a horizon N < oo by
V =Vn(f, P) = inf{x : there exists a self-financing strategy 7 such that
Xf=2, X > fovn=12,...,NP—as..
Let, again, 7, denotes the set of all stopping times 7 with 0 < 7 < N and P(P)

denotes the set of all martingale measures.

1.4. Theorem. Assume that P(P) # () and let a nonnegative adapted payoff process
f={fn}to<n<n satisfies

sup Eﬁﬁ < oo foralln=0,1,...,N.
PeP(P) n

Then
fr

V =Vy(f,P)= sup BoEpF

PeP(P), reTHN
and there exists a hedging strategy with the initial capital V.

Proof. We already proved for the general case that for any martingal measure
P the initial capital of a self-financing hedging portfolio cannot be less than
By SUPre7y Ep};—’, and so

V> sup BOElaﬁ.
PeP(P), 7eTN B

In order to obtain the inequality in the other direction set
Ir
Yn = €SS SupﬁeP(P))TeTnNEﬁ(g‘Fn)a n= 07 17 7N
T

which, as we proved, is a supermartingale with respect to any Pe P(P). Hence,
there exists an optional decomposition

= S
Yo =Yo+ ZwA(B—’Z) — Ch, Co =0,
k=1

where {yx}i<k<n is a predictable sequence and {Cr}i<g<n is an adapted non
decreasing process.

Set, again,
n Sk;
X" = B, (Y A(=2)), XJ = By,
n (o+k§:17k (Bk)) 0 0Yo
and )
nziXﬂ—_ n
B Bn( n — TnSn)
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so that X7 = 5, B,, +7 5, and m = (B, Yn)1<n<n. In particular, X§ = Vy(f, P).
The proof that the strategy m = (B, ¥n)o<n<n is self-financing, i.e. showing that
X' 1 = BnBn—1 + 7nSn—1, is the same as in the case of European contingent
claims above since we have similar definitions here and there. The strategy 7 is
also hedging since for all n =0,1,.., N,

X > B,Y, > BnE};(é—nu—n) = f, a.s.

where the first inequality follows from the definitions of Y;,, X7 and from the fact
that C,, > 0 while the second inequality follows since we always can take the
stopping time 7 = n. The proof is complete now. (]

If we can obtain a complete description of the set P(P) of martingale measures
then in some cases the above superhedging price can be computed using the back-
ward induction (dynamical programming) derived for optimal stopping problems.

1.5. Corollary. For each martingale measure P set VJ\},5 = Boé—fl\; and

) f 5
V., = max (BoBi, Ep(V,5alFn))

n

forn=N—-1,N—-2,..1,0. Then the superhedging price V is given by the formula

V:supVOIS.
p

1.4. Superhedging of Israeli (game) contingent claims. An Israeli contin-
gent claim is determined by a payoff process R(n,m) = fulicm + gmlm>n and a
horizon N < oo where {f,}o<n<n and {gn}to<n<n are adapted sequences of ran-
dom variables such that f,, > g, > 0 for alln =0, 1, ...,n. We defined the fair price
(based on hedging) of such Israeli contingent claim by
V =Vn(f,g,P) = inf{x : there exists a self-financing trading strategy = and
a cancellation stopping time ¢ such that
X§ =z, XZ,,, > R(o,n) P—as¥n=12,.,N.

Let, again, 7, denotes the set of all stopping times 7 with 0 < 7 < N and P(P)
denotes the set of all martingale measures.

1.6. Theorem. Assume that P(P) # () and suppose that the nonnegative adapted
process f = {fn}o<n<n satisfies

n

sup Ep < oo foralln=0,1,...,N.
PeP(P) By
Then R
V=Vn(f,9,P)= inf sup BoEp (o, 7)
o€Ty" peP(P), reTN Bonr

Proof. We already proved for the general case that for any martingal measure P

the initial capital of a self-financing hedging investment strategy (m, o) cannot be
R(o,7)
Bonr

less than By SUP, 7N Ep , and so

V > inf sup BoEp
O’E’TON ﬁE’P(P%TG%N BG’/\T
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In order to obtain the inequality in the other direction for any o € 73" set

R(o, T
Y?;T = 688 Sup}BEP(P)M’ETNE}B( .B( )|‘Fn)7 n=01.,N
" oAT
which, as we proved, is a supermartingale with respect to any P e P(P) (since
I;([’An is F,-measurable, check!). Hence, there exists an optional decomposition

vy YO‘FZV - Cg, C§ =0,

where {77 }1<k<n is a predictable sequence and {C7}i<k<n is an adapted non
decreasing process.
Set

n
T,0 o o Sk T,0 o
X537 = Bu(Ys +Z%€ (Fk))’ Xy = BoYj
=1

and
ﬁg = 7(X - ’YnS )

so that X7 = B7B,, + vJS, and m = 77 = (87,77 )1<n<n. The proof that the
strategy ™ = (87,79 )o<n<n is self-financing, i.e. showing that X% = 87B,,_1 +
V7 Sp—1, is the same as in the case of European contingent claims above since we
have similar definitions here and there. The strategy (7, o) is also hedging since for
alln=0,1,..,N,

R
Xg/(n 2 Bo/\anU/\n 2 Bo/\nEﬁ)( B((J-’ n) |]:n) = }%(0'7 n) a.s.
oAn

where the first inequality follows from the definitions of Y7, X ? and from the
fact that C7 > 0 while the second inequality follows since we always can take the
stopping time 7 = n.

Next, just by the definition of the infimum for each € > 0 we can choose 0. € T
such that for m = 7%,

Xg’as = B()Y'OU5 < VN(f,g,P) + e

which means that there exists a self-financing hedging strategy with any initial
capital larger than Vy(f, g, P), and so by the definition the fair price should not
be bigger than Vi (f, g, P) completing the proof of the theorem. O

1.7. Remark. We have not proved that there exists a self-financed hedging trad-
ing strategy 7* and a cancellation (stopping) time o* with the initial capital
X5 St = Vn(f,g, P) which does not follow directly from the theory of optimal
stopping (Dynkin’s) games and requires an additional argument. This can be done
by combining the method we proved exitence equilibrium (saddle point) in Dynkins
games and the technique to obtain supermartingales with respect to all martingale
measures above where we replaced the supremum over all martingale measures by
the supremum over martingales which are corresponding Radon-Nikodim deriva-
tives (cf. the proof of existence of an optimal stopping time for the corresponding
American contingent claim case in [2]).
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1.5. Pricing of contingent claims from buyer’s point of view. Define
W =W (fn,P) =sup{z : 37 such that XJ = —z, X§; > —fn P —as}

where fy > 0 is Fy-measurable and fy > 0 with positive probability. This
quantity arises as a fair price of a European contingent claim from the following
point of view. The buyer of the contract takes a bank loan z, pays for the contract
and builds an investment portfolio X™ starting with the initial capital —z so that
at time N he/she gets the payoff fy which covers the minus (overdraft) in his/her
portfolio.

1.8. Theorem. Assume that a nonnegative Fy-measurable random wvariable fn
satisfies
sup E[:,f—N < 00
PeP(P) N
where By is the bond price at time N. Then

W =W(fy,P)= _inf Bos Y

PeP(P) PBy’
Proof. a) Assume that there exists a self-financing portfolio strategy = such that
Xg~: —z and X% + fy > 0 P-a.s. Since {%}OSHSN is a martingale with respect
to P € P(P) we obtain

X% fN T fN
<E;=N 1B~ =—-—-+E;
0<Ep L TR, 5 TP

and so x < BoEp g; for any P € P(P) yilding that z < W (fy, P).
b) For the inequality in the other direction set

I . In
Y, = ess supﬁepEp(—EU-'n) = —ess mfﬁePEP(ELFn)'
Then T ) ;
W(/n, N
Yo =— dYy =22
0 B, TN T By

As we know {Y;, }o<n<n is a supermartingale with respect to all martingale mea-
sures P, and so an optional decomposition

n
Sk
Y, =Y, A— —
n 0 + Z Vi Bk Cn
k=1
holds true.
Set

" S
X7 = B, (Yo + Z%ABL;) and B, =
k=1

X3 Sn_ Xpa Sn—1

Yn 75— -
Bn Bn Bn—l

Then, as before, the strategy @ = (By,¥n)o<n<n is self-financing, XJ = BoYp =
—W(fn,P) and
XK _Iv

By By
which sais that starting a portfolio with the initial capital —W ( fn, P) and obtaining
the payoff fy at time N we are left with a nonnegative sum meaning that the fair
price from this point of view should not be less that W(fy, P) completing the
proof. [

> Yy =
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Similar results can be obtained for American and Israeli contingent claims. The
interval (W (fn, P),V(fn,P)) is called the no arbitrage interval. The reason is the
following. If the contract is sold for the price v > V(fn, P) then the seller can start
a hedging portfolio with the initial capital V(fn, P) and to gain the riskless profit
v—V(fn, P). If the contract is sold for the price v < W (fn, P) then the buyer can
take a loan W (fx, P), to have zero debt at time N and to gain the riskless profit
W(fn,P) —wv.

On the other hand, if the selling price of the contract was v €
(W(fn,P),V(fn,P)) then there exists P € P(P) such that

IN
— > 0.
By
Indeed, for any two martingale measures Py, P, any measure P = aP + 5152,
a,B >0, a+ =1 is also the martingale measure. Then if X™ is a self-financing
hedging investment portfolio, i.e. X7 > fn then

X7 X7

20 _ gl > Eﬁf7N7

By By By
i.e. X7 > v. This means that in order to fulfill his/her obligation the seller has to
invest into the hedging portfolio as initial capital at least the sum v obtained from

v = BOEIB

the buyer and he/she gets no riskless profit. On the buyer’s side, if g—i’ + };—Il\; >0
then X F xr f
0<E 2Ny p N 20, p IN
= 7P By + PBy By + P By
and so X§ > —BoEs g}‘\’, = —v. This means that if the buyer takes a loan v > v

and profits from the difference v/ —v then any self-financing portfolio with the initial
capital —v’ cannot cover his/her debt at time N even together with the payoff fy,
and so there is no riskless profit for the buyer, as well. Hence, v is a no arbitrage
price.
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