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ABSTRACT.

1. LECTURE 6: FUNDAMENTAL THEOREMS OF ASSET PRICING

1.1. Arbitrage. We return to the general discrete time financial market de-
scribed in Lecture 4 which consists of a probability space with a filtration
(Q, F, {Fu}tn>0, P) and of d-stocks S = (S1,...,8%), S* = (S!),>0 and a bond
B = (By)n>0 which will be called a general (B, S) financial market. Here

B, = By H (14 rg) and S;, = S H (1+p})

1<k<n 1<k<n

with a predictable sequence 7, > 0, k = 1,2,... and adapted sequences pi, —1 <
pi, k=1,2,... Werecall that a pair m = (j3,7) of predictable sequences of random
variables 8 = {B,}n>0 and v = {7}, ..., 7¢},>0 is called a self-financing trading
strategy if
d
AX;; = X7Tzr - XrTzrfl = BnAB, + Z’Y%AS’:L = B.AB, + ('Yna ASn)

i=1

where X = 3, B, + Zle 7St = B, By + (Yn, Sn) is the portfolio value at time n
corresponding to the strategy .

1.1. Definition. (arbitrage)

A self-financing trading strategy m provides an arbitrage opportunity at time N
if X7 =0, X{ >0 as. and P{XJ > 0} > 0 (equivalently, EXF > 0). A financial
market has no arbitrage opportunities

1) if XJ =0 and X7 > 0 implies that X3 =0 a.s,;

2) (in the weak sense) if X =0 and X7 > 0 for all n = 1,2, ..., N implies that
Xy =0as;

3) (in the strong sense) if X§ = 0 and X% > 0 implies that X7 = 0 a.s. for all
n=12,...,N.

1.2. Remark. For studying arbitrage related issues we are talking about events of
the form {XT > 0}, {XT > 0} and {XT = 0}, and so we can deal instead with

. e o X = .
adjusted quantities X = 7=, S, = g—" and B, =1 (i.e., in fact, we can assume
n n

that the bond interest rate is zero).

1.3. Theorem. ( First fundamental theorem of asset pricing) The general (B,.S)
financial market defined above has no arbitrage opportunities (in the sense of 1))
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if and only if there exists a martingale measure (i.e. a measure P equivalent to P
such that S, = %, n > 0 is a martingal with respect to it).

Proof. a) Suppose that a martingale measure P exists, 7 is a self-financing strategy

and X is the value of the corresponding portfolio. Then X r= )Ei", n>0isa

martingale with respect to P. Hence, if X5 =0 as. then 0 = Ef({{ = EX}{,, and
so if X}{, >0 a.s. then X}{, = 0, i.e. there is no arbitrage opportunities.

b) The other direction (no arbitrage opportunities implies existence of a martin-
gale measure) is more difficult to prove. For a proof in full generality see [1] and
most of the details can also be found in [3] (see also [2]). In class we will discuss a
simpler proof in a particular case of a finite probability space which can be found
in Chapter 3 of [4]. |

1.4. Remark. (i) In the CRR market we saw that a martingale measure exists and
it is unique;

(ii) If d = oo (infinitely many stocks) then the theorem is not valid since there
exists a market without arbitrage opportunities and without martingale measures
(see [3], p.415).

(iii) If N = oo (infinite horizon, perpetual market securities) then the theorem is
not valid again since in this case there exists a market with arbitrage opportunities
and with a martingale measure.

1.2. Complete and incomplete markets.

1.5. Definition. A financial market defined above on a probability space (92, F, P)
with a filtration {7}, } >0 and a horizon N is called complete (or N-complete) if for
any JFn-measurable payoff function fy = fy(w) such that E|£—11Vv\ < oo there exists
a self-financing trading strategy 7 with an initial capital z so that the corresponding
portfolio value satisfies X§ = x and X% = fy i.e. any (European) contingent claim
is replicable (or attainable). Otherwise the market is called incomplete.

Denote by Py (P) the set of all martingale measures for the above maket with a
horizon N..

1.6. Theorem. ( Second fundamental theorem of asset pricing). A financial market
defined above without opportunity of arbitrage and with d, N < co is complete if and
only if Pn(P) consists of one measure only.

Proof. a) Assume that the market is complete. Let I' € F and define fy(w) =
Ir(w). By completness of the market there exists a self-financing trading strategy
m and an initial capital x such that X = x and X} = fn. If there exist two
martingale measures P; and P, then %n>0 is a martingale with respect to both
P, and P. Then for i = 1,2, -
v _ Xg XK 1
FO_FO_EPi?_EPZBN /B dp;.
Hence, [}, B;,ldPl = Jr Bg,ldPQ for any I' € Fn and since By > 0 we obtain that
P, = P, (check!)
b) It is more difficult to prove the other direction: if there exists only one mar-
tingale measure then any payoff function with the above integrability condition is
attainable. For the full proof we refer to [1] and most of the details can be found



Financial Mathematics 3

in [3] (see also [2]). In class we will discuss a simpler proof for the particular case
of a finite probability space which can be found in Chapter 3 of [4].
O
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