AN INTRODUCTION TO FINANCIAL MATHEMATICS

YURI KIFER

1. LECTURE 5: DERIVATIVES IN COX-R0SS-RUBINSTEIN (CRR) MARKET
MODEL

1.1. Cox-Ross-Rubinstein (CRR) (binomial) market model. In this model
the market acts on a probability space (£, F, P) and it consists of two securities:
a) a bond with the price evolution B,, = By(1 + r)"™ where r > 0 is a constant
(interest rate) and
b) a stock with the price evolution S,, = So [[; <<, (1 + px) where p1, pa, ... are
i.i.d. random variables taking on only values so that

b with probability p
Pr { a with probability 1 —p

where 0 < p < 1. In addition, we assume that b > r > a > —1 since if this does not
hold then the model becomes trivial and not interesting. Indeed, if » > b then it
does not make sense to buy a stock since investing all money in a bond yields the
riskless maximal profit. If @ > r then it is best to invest all money in the stock and
the bond becomes useless. We usually assume also that a < 0 so that investing in
the stock may yield both profit and loss. The assumption a > —1 means that the
stock price remains positive though it may become arbitrarily small.

It is assumed also that there is a horizon N so that the market is active at times
n=0,1,...,N. We consider the filtration {F, }o<n<n generated by the stock prices
process F,, = 0{So, S1, ..., Sy} where Fy = {Q, 0} is the trivial o-algebra, and so S
is a constant, while we assume that Fy = F, i.e. all our information comes from the
evolution of stock prices and F,, is interpreted as information market participants
have up to time n (inclusive). Set &, = (2p,, —a — b)(b—a)~'. Then €1,¢,...,en
are i.i.d. random variables and

1 with probability p
ek { — 1 with probability 1 — p.

Then p,, = %(a +0b) + %(b — a)en, and so each sequence €1, ...,En, pP1,..., Pn and
S1, ..., S, determine uniquely each other. It follows, that in order to describe ran-
domness generated by the stock evolution it suffices to consider the product space
(Q, F,P) where Q = {-1,1}¥ = {w = (w1,w2,...,wn),w; = 1 or = —1} and

P ={p,1—p}¥, so that for w = (wy,...,wn),
P(w) = p? Tt (1 = pyN=3 D (with),

The o-algebra F here is just the (finite) collection of all subsets of the space (of
sequences) €.

Date: November 15, 2016.



2 Yu.Kifer

1.1. Theorem. In the market model above there exists a unique martingale measure
P* = {p*,1 — p*}" where p* = 7=2.

b—a

Proof. Denote by E* expectation with respect to the probability P* then

Sn — Sin— 1 n
E* (g2 Fn-1) = gt BX S

= g"i(lﬂ”)*l(p* 1+b)+(1—-p)1+a))= %

where we use that S,,_ is F,,_1-measurable while p,, is independent of the o-algebra
Fn_1. Hence, the sequence {gn, n =0,1,...,N} is a martingale with respect to
the probability measure P*, and so the latter is a martingale measure. In fact,
this is true also when N = oo taking P* to be the product measure on the space
of infinite sequences defined on cylinder sets determined by finite sequences by the
above formula. Nevertheless, we will consider usually N < oo.

Next, we will prove the uniqueness. Let ) be another martingale probability
measure on (Q, F) with F = Fy and let Eqg be the expectation with respect to Q.
If

Sn Sn—l
Eo(—=—|Fn-1) = =—
ol Wn) =5 —
then )
Eq( + Pn |Frn—1) =1 and so Eq(pn|Fn-1) =T

1+7r
It follows that

Q{pn = alFn_1}ta+ Q{pn = b|Fp_1}b=r.
Since, Q{pn = a|Fn-1} + Q{pn = b|F,,—1} = 1 we obtain that
r—a b—r
Qf{pn =b|Fn1} = b—a and Q{pn = a|Fp_1} = b—a
Hence, we have a random variable X = p,, such that for any Borel set I" the
conditional probability
Q{X eT|G} = Eq(Iyxeryl9), G = Frn

is constant (Q-almost surely. Hence,

Eq(Iixeryl9) = Q{X €T} = Q{X € I'} = Eg(I{xer}) @ —as.,
and so for any A € G,
QAN{X eT}) = [, Ir(X)dQ = [, Eq(I{xer}|G)dQ
= [,Q{X eT}Q =Q(A)Q{X eT}.

Hence, A and {X € T'} are independent and this being true for all A € G and any
Borel I' means that X is independent of the o-algebra G.

Applying this to our situation we conclude that p1, ps,..., py are independent
with respect to @ (since each Fy is generated by p1, ..., pr by the definition) and
Qlpr = b} = =2 =1 - Q{px = a} for all k = 1,..., N. It follows that on the

b—a
sequence space () described above @) coincides with P*. (I

It will be important for what follows to understand that if we consider a multi-
nomial instead of binomial model then there are already infinitely many martingale
measures. Namely, let p1, p2,...,pn be ii.d. random variables such that p; = a;
with probability p;, j = 1,2,....m with m > 3, a1 < a2 < ... < an, p; >0
and p; +p2 + -+ + pm = 1. Now, we consider the product (sequence) space
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(Q, F, P) where Q = {1,2,..m}¥ = {w = (w1,ws,...,wn) where each w; takes
values 1,2,...,m and P = {p1,pa,...,pm }¥. Then P will be a martingale measure
if and only if

1+p1
147

m
E Prap = 1.
k=1

Here we have one equation for m variables pi,...,p,m to which we have to add
another equation py + - - - + p,, = 1 and the condition p; > 0 for all j =1,...,m. It
is easy to see that if min;a; < r < max;a; these equations have infinitely many
nonnegative solutions in py, ..., py, (check!).

Ep

=1, i.e. Epp1 =71

which means that

1.2. A martingale representation lemma. Consider again the product proba-
bility space (Q, F, P) where Q = {~1,1}¥ = {w = (w;,ws, ...,wn), wi = lor = —1}
and P = {p,1 — p}* together with the i.i.d. random variables ¢, s, ...,en given
by ex(w) = wy for each w = (w1, wa, ...,wn) so that e, = 1 with probability p and
e = —1 with probability 1 —p. As before we consider also the filtration {Fj bo<r<n
where Fy, = o{eq,...,ex} for k > 1, Fy = F and Fy is a trivial o-algebra.

1.2. Lemma. Let M = {M,}o<n<n be a martingale on the probability space
(Q, F, P) with respect to the filtration {F,}o<n<n. Then there exists a unique
predictable sequence {Hy}1<n<n such that

M, = Mo+ Hy(ex —2p+1) forn=1,2,..,N.
k=1

Proof. Since M, is F,-measurable and the latter is generated by €1, ...,&, then
M, (w) = fn(e1(w),...,en(w)) = fulwi, ..., wn) for some function f,, : {—1,1}" — R.
(Here it is trivial but prove that in general: if X is a random vector and Y is a
random variable measurable with respect to o(X) then Y = f(X) for some Borel
function f).

Now, My, k > 0 is a martingale, and so

0=E(M, — My_1|Fp—1)(w)
= pfn(wlv sy Wn—1, ]-) + (1 - p)fn(wla oy Wn—1, _1) - fnil(wh '“7wn71)

where we used that e, is independent of F,,_; while €1,...,&,_1 are measurable
with respect to it. In view of this equality we can define
_ Fa@teswn 1) = Faot (1w 1)
Hn(w) — 1 1 2(171)) 1 1 1

_ fano1(WiyesWn—1) = fa (Wi Wi —1,—1)
= o .

Then H,, is F,,_i-measurable and we have to show that

M, = Mo+ Hi(e, — 2p+1).
k=1

This equality holds true trivially for n = 0. Suppose that it holds true for all n up
to m — 1. Then

Mm(w) = fm(wl, ...,wm) =
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frn(Wi, oo wm—1,1) = fr—1 (w1, ooy Win—1)
2(1—p)

(wm - 2p + 1) + fmfl(wla "'awm)

if wy, =1

7 fm(wlv ey Wm—1, 71) - fm—l(wl, ~~-awm—1)(

2p wm72p+1)+fm—1(wla"'awm)

if w,, = —1.
= H,,(w)(em(w) —2p+ 1) + M1 (w)
completing the proof by induction.

It remains only to establish the uniqueness. Suppose that the representation
holds true also for H;,k =1,...,N. then

> (Hy — Hy)(ex —2p+1) = 0.
k=1

Then

0=E() (Hi— Hj)(er — 2p+ 1)|F1) = (Hy — H)(e1 — 2p+ 1)
k=1
implying that H; = H{ since 1 — 2p+ 1 # 0 and we used that E((Hy — H},)(ex, —
2p + 1)|.7-'k,1) = 0 for each k. Now assume that H, = Hj, for all K <m — 1. Then
0=E(Y (Hp— Hp)(ex —2p + V)| Fn) = (Hp — Hp)(em — 2p +1)
k=m

implying that H,, = H}, completing the proof by induction. ]
1.3. Fair price of options in CRR market.
1.3. Theorem. Let P* = {p*,1—px}, p* = =2 be the martingale measure in the

b—a
CRR market and denote by E* the expectation with respect to P*. Then the fair
price V' of a contingent claim with a payoff process R is given by

(i) in the European case:

(ii) in the American case:

R
V= sup BoE"(=
0<T<N B;

);

where the supremum is taken over the stopping times;
(i) in the Israeli (game) case

R(o,7)
V = inf 3 BoE* !
OSI‘?SNO;BEN 0 ( Ba/\'r

),

where both the infimum and the supremum are taken over the stopping times.

Proof. (i) We already obtained the appropriate lower bound even in the case of a
more general discrete time market, and so it remains only to show that there exists
a hedging self-financing portfolio strategy with the initial capital
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Introduce the martingale
R
M, = E*(By=X|F,), n=0,1,2,...
By

Since e —2p* +1 = 2(px —7)(b—a) ! we obtain by the martingale respresentation
lemma for the CRR market that
My, = Mo+ 370 (L + 1) 3 Sk—15(b — a)(ex — 2p* +1)
= Mo+ > (L4 7r)*ySk_1(px — 1)
where (1 +7)7F = B(]Blzl and v, k > 1 is a predictable sequence obtained from
the martingale representation lemma so that v, = 2Hg(1+7)¥((b—a)Sk_1)"*. Set
X,=04+r)"M, and 8, = (Xp_1 — 'ynSn,l)BT;ll so that
Xn—l = Ban—l + 'YnSn—L

Observe that (8,,7v,), n > 1 is a predictable sequence and in order to prove that
it is a self-financing portfolio strategy we have to show that

Xy = BuBp +YSn, n=1,2,....
By the martingale representation and the formula for X,,_; we obtain
Xp=1+7r)"Mp=1+7)"Mp_1+¥2n—1(pn —7)
=14+7rXp-1+vSn-1(pn —7) =1 +7)(BnBn-1 + nSn—1)
FmSn-1(pn = 1) = BnBn +n(1 4 pn)Sn—1 = BuBn + S,

and so m = (B, vn), n > 1is a self-financing portfolio strategy. Finally, Xo = My =
2* and Xy = (1 + 7)Y = Ry, and so the strategy m with the initial capital * is
hedging. It follows that the fair price V should not be bigger than x* which together
with the estimate in the other direction obtained earlier yields that V = x*.

(ii) In the American contingent claim case we define

(we can take max here since there are only finitely many stopping times between
0 and N on a finite probability space Q). As we proved it in the optimal stopping
section the sequence {Y,,, n = 0,1,..., N} is a supermartingale and by the Doob
supermartingale decomposition theorem

Y, =M, A, n=0,1,..,N

where M,,, n > 0 is a martingale, My = Yy and A,,n > 0, Ag = 0 is a non
decreasing predictable process.

Again, we use the martingale respresentation lemma for the CRR market to
obtain

M, = Mo+ (14+7) " nSp_15(b—a)(er — 2p* +1)
=Moo+ (L 4+7) " Se_1(px — 1)

where v, & > 1 is a predictable sequence. We set again X,, = (1 + r)"M,, and
Bn = (Xn—l - ’YnSn—l)B;il so that

Xpno1= ﬁan—l + PYnSn—L
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is a self-financing

In the same way as in (i) we see that 7 = s Yn), > 1
+ YnSp,n = 1,2,.... Now,

(Bn
strategy, i.e. that we also have here X, = (£,B,
X():MO:YO:VaHd

Xo=0Q+r)"M,=1+r)"(Y,+A4,)>1+r)"Y, >R,
where the last inequality follows since Y,, is a supremum over all stopping times 7
greater or equal n and we can always take 7 = n. Hence, 7 is hedging with the
initial capital V' and we conlude again that the fair price should not be bigger than
V' which together with the estimate in the other direction obtained earlier yields
that, in fact, it equals V.
(iii) In the game contingent claim case let the payoff function is given by

where U, > W,. Now, we fix a stopping time o and define Z] =
ByB; !\ R(0,k), k=0,1,..,N and

Y7o = nngang E*(Z2|Fp).
It is easy to see (check!) that Z7 is Fi-measurable, and so as we proved it in the
optimal stopping section the sequence {Y,?, n = 0,1,..., N} is a supermartingale
and by the Doob supermartingale decomposition theorem

Y =M —-A? n=0,1,..,.N
where M7, n > 0 is a martingale, MJ = Yy and A, n > 0, A = 0 is a non
decreasing predictable process.

Again, we use the martingale respresentation lemma for the CRR market to

obtain
M7 = Mg + 33 (1+7) " 7 Sk13(b— a)(ex — 2p" + 1)
= M§ + 3 (L4 7) 97 Se1(pe — 1)
where 77, k > 1 is a predictable sequence. We set again X7 = (14 r)" M7 and
85 = (X7, —95Sn-1)B, 1, so that
ngl = 65Bn71 + ’Y,gsnfl.

In the same way as in (i) we see that 77 = (87,77),n >
strategy, i.e. that we also have here X7 = 87 B,, +v2.5,, n =

1 is a self-financing
1,2,.... Now,

Xp=QQ+r)"M7=Q0+7)"(Y,] + A7) =2 (1+7)"Y] = R(o,n),
and so 77 is a hedging strategy with the initial capital
X =M =Yy = oglrangE (Zonr)-

Take o* = min{n : U,(1+7r)"" =V, } where

V, = nglgNng_?{NE (Zonr|Fn)-
It follows from the above formulas and the theorem about Dynkin’s games proved
before that X{)’* =V, and so 77 is a hedging strategy with the initial capital V.
Relying on the same way concluding argument as in (i) and (ii) we complete the
proof of (iii) and of the whole theorem. O

From the backward induction (dynamical programming) formulas derived for
single and game versions of the optimal stopping problems we obtain the following
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1.4. Corollary. (i) The fair price V. of an American contingent claim can be ob-

tained by the backward induction as V = Vy where Vy = B%i” and

R, _.
‘/n = maX(BOB—, E (Vn+1|Fn))

form=N-—-1,N—-2..1,0;

(ii) The fair price V of a game contingent claim can be obtained by the backward

induction as V = Vy where Viy = B}OBZN and

V,, = min (BO%, max(Bo%, E*(VHH\]—-”)))

forn=N—1,N—2,..,1,0 where R(m,n) = UpLn<n + WpIpn>n.
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