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1. Lecture 5: Derivatives in Cox-Ross-Rubinstein (CRR) market
model

1.1. Cox-Ross-Rubinstein (CRR) (binomial) market model. In this model
the market acts on a probability space (Ω,F , P ) and it consists of two securities:

a) a bond with the price evolution Bn = B0(1 + r)n where r ≥ 0 is a constant
(interest rate) and

b) a stock with the price evolution Sn = S0

∏
1≤k≤n(1 + ρk) where ρ1, ρ2, ... are

i.i.d. random variables taking on only values so that

ρk =

{
b with probability p

a with probability 1− p
where 0 < p < 1. In addition, we assume that b > r > a > −1 since if this does not
hold then the model becomes trivial and not interesting. Indeed, if r ≥ b then it
does not make sense to buy a stock since investing all money in a bond yields the
riskless maximal profit. If a ≥ r then it is best to invest all money in the stock and
the bond becomes useless. We usually assume also that a < 0 so that investing in
the stock may yield both profit and loss. The assumption a > −1 means that the
stock price remains positive though it may become arbitrarily small.

It is assumed also that there is a horizon N so that the market is active at times
n = 0, 1, ..., N . We consider the filtration {Fn}0≤n≤N generated by the stock prices
process Fn = σ{S0, S1, ..., Sn} where F0 = {Ω, ∅} is the trivial σ-algebra, and so S0

is a constant, while we assume that FN = F , i.e. all our information comes from the
evolution of stock prices and Fn is interpreted as information market participants
have up to time n (inclusive). Set εn = (2ρn − a− b)(b− a)−1. Then ε1, ε2, ..., εN
are i.i.d. random variables and

εk =

{
1 with probability p

− 1 with probability 1− p.

Then ρn = 1
2 (a + b) + 1

2 (b − a)εn, and so each sequence ε1, ..., εn, ρ1, ..., ρn and
S1, ..., Sn determine uniquely each other. It follows, that in order to describe ran-
domness generated by the stock evolution it suffices to consider the product space
(Ω,F , P ) where Ω = {−1, 1}N = {ω = (ω1, ω2, ..., ωN ), ωi = 1 or = −1} and
P = {p, 1− p}N , so that for ω = (ω1, ..., ωN ),

P (ω) = p
1
2

∑N
i=1(ωi+1)(1− p)N− 1

2

∑N
i=1(ωi+1).

The σ-algebra F here is just the (finite) collection of all subsets of the space (of
sequences) Ω.
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1.1. Theorem. In the market model above there exists a unique martingale measure
P ∗ = {p∗, 1− p∗}N where p∗ = r−a

b−a .

Proof. Denote by E∗ expectation with respect to the probability P ∗ then

E∗( Sn

Bn
|Fn−1) = Sn−1

Bn−1
E∗ 1+ρn

1+r

= Sn−1

Bn−1
(1 + r)−1(p ∗ (1 + b) + (1− p∗)(1 + a)) = Sn−1

Bn−1

where we use that Sn−1 is Fn−1-measurable while ρn is independent of the σ-algebra
Fn−1. Hence, the sequence { Sn

Bn
, n = 0, 1, ..., N} is a martingale with respect to

the probability measure P ∗, and so the latter is a martingale measure. In fact,
this is true also when N = ∞ taking P ∗ to be the product measure on the space
of infinite sequences defined on cylinder sets determined by finite sequences by the
above formula. Nevertheless, we will consider usually N <∞.

Next, we will prove the uniqueness. Let Q be another martingale probability
measure on (Ω,F) with F = FN and let EQ be the expectation with respect to Q.
If

EQ(
Sn
Bn
|Fn−1) =

Sn−1

Bn−1

then

EQ(
1 + ρn
1 + r

|Fn−1) = 1 and so EQ(ρn|Fn−1) = r.

It follows that

Q{ρn = a|Fn−1}a+Q{ρn = b|Fn−1}b = r.

Since, Q{ρn = a|Fn−1}+Q{ρn = b|Fn−1} = 1 we obtain that

Q{ρn = b|Fn−1} =
r − a
b− a

and Q{ρn = a|Fn−1} =
b− r
b− a

.

Hence, we have a random variable X = ρn such that for any Borel set Γ the
conditional probability

Q{X ∈ Γ|G} = EQ(I{X∈Γ}|G), G = Fn−1

is constant Q-almost surely. Hence,

EQ(I{X∈Γ}|G) = Q{X ∈ Γ|G} = Q{X ∈ Γ} = EQ(I{X∈Γ}) Q− a.s.,

and so for any A ∈ G,

Q(A ∩ {X ∈ Γ}) =
∫
A
IΓ(X)dQ =

∫
A
EQ(I{X∈Γ}|G)dQ

=
∫
A
Q{X ∈ Γ}dQ = Q(A)Q{X ∈ Γ}.

Hence, A and {X ∈ Γ} are independent and this being true for all A ∈ G and any
Borel Γ means that X is independent of the σ-algebra G.

Applying this to our situation we conclude that ρ1, ρ2, ..., ρN are independent
with respect to Q (since each Fk is generated by ρ1, ..., ρk by the definition) and
Q{ρk = b} = b−r

b−a = 1 − Q{ρk = a} for all k = 1, ..., N . It follows that on the
sequence space Ω described above Q coincides with P ∗. �

It will be important for what follows to understand that if we consider a multi-
nomial instead of binomial model then there are already infinitely many martingale
measures. Namely, let ρ1, ρ2, ..., ρN be i.i.d. random variables such that ρ1 = aj
with probability pj , j = 1, 2, ...,m with m ≥ 3, a1 < a2 < ... < aN , pj ≥ 0
and p1 + p2 + · · · + pm = 1. Now, we consider the product (sequence) space
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(Ω,F , P ) where Ω = {1, 2, ...,m}N = {ω = (ω1, ω2, ..., ωN ) where each ωj takes
values 1, 2, ...,m and P = {p1, p2, ..., pm}N . Then P will be a martingale measure
if and only if

EP
1 + ρ1

1 + r
= 1, i.e. EP ρ1 = r

which means that
m∑
k=1

pkak = r.

Here we have one equation for m variables p1, ..., pm to which we have to add
another equation p1 + · · ·+ pm = 1 and the condition pj ≥ 0 for all j = 1, ...,m. It
is easy to see that if minj aj < r < maxj aj these equations have infinitely many
nonnegative solutions in p1, ..., pm (check!).

1.2. A martingale representation lemma. Consider again the product proba-
bility space (Ω,F , P ) where Ω = {−1, 1}N = {ω = (ω1, ω2, ..., ωN ), ωi = 1 or = −1}
and P = {p, 1 − p}N together with the i.i.d. random variables ε1, ε2, ..., εN given
by εk(ω) = ωk for each ω = (ω1, ω2, ..., ωN ) so that εk = 1 with probability p and
εk = −1 with probability 1−p. As before we consider also the filtration {Fk}0≤k≤N
where Fk = σ{ε1, ..., εk} for k ≥ 1, FN = F and F0 is a trivial σ-algebra.

1.2. Lemma. Let M = {Mn}0≤n≤N be a martingale on the probability space
(Ω,F , P ) with respect to the filtration {Fn}0≤n≤N . Then there exists a unique
predictable sequence {Hn}1≤n≤N such that

Mn = M0 +

n∑
k=1

Hk(εk − 2p+ 1) for n = 1, 2, ..., N.

Proof. Since Mn is Fn-measurable and the latter is generated by ε1, ..., εn then
Mn(ω) = fn(ε1(ω), ..., εn(ω)) = fn(ω1, ..., ωm) for some function fn : {−1, 1}n → R.
(Here it is trivial but prove that in general: if X is a random vector and Y is a
random variable measurable with respect to σ(X) then Y = f(X) for some Borel
function f).

Now, Mk, k ≥ 0 is a martingale, and so

0 = E(Mn −Mn−1|Fn−1)(ω)

= pfn(ω1, ..., ωn−1, 1) + (1− p)fn(ω1, ..., ωn−1,−1)− fn−1(ω1, ..., ωn−1)

where we used that εn is independent of Fn−1 while ε1, ..., εn−1 are measurable
with respect to it. In view of this equality we can define

Hn(ω) = fn(ω1,...,ωn−1,1)−fn−1(ω1,...,ωn−1)
2(1−p)

= fn−1(ω1,...,ωn−1)−fn(ω1,...,ωn−1,−1)
2p .

Then Hn is Fn−1-measurable and we have to show that

Mn = M0 +

n∑
k=1

Hk(εk − 2p+ 1).

This equality holds true trivially for n = 0. Suppose that it holds true for all n up
to m− 1. Then

Mm(ω) = fm(ω1, ..., ωm) =
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=



fm(ω1, ..., ωm−1, 1)− fm−1(ω1, ..., ωm−1)

2(1− p)
(ωm − 2p+ 1) + fm−1(ω1, ..., ωm)

if ωm = 1

− fm(ω1, ..., ωm−1,−1)− fm−1(ω1, ..., ωm−1)

2p
(ωm − 2p+ 1) + fm−1(ω1, ..., ωm)

if ωm = −1.

= Hm(ω)(εm(ω)− 2p+ 1) +Mm−1(ω)

completing the proof by induction.
It remains only to establish the uniqueness. Suppose that the representation

holds true also for H ′k, k = 1, ..., N . then

n∑
k=1

(Hk −H ′k)(εk − 2p+ 1) = 0.

Then

0 = E
( n∑
k=1

(Hk −H ′k)(εk − 2p+ 1)|F1

)
= (H1 −H ′1)(ε1 − 2p+ 1)

implying that H1 = H ′1 since ε1 − 2p+ 1 6= 0 and we used that E
(
(Hk −H ′k)(εk −

2p+ 1)|Fk−1

)
= 0 for each k. Now assume that Hk = H ′k for all k ≤ m− 1. Then

0 = E
( n∑
k=m

(Hk −H ′k)(εk − 2p+ 1)|Fm
)

= (Hm −H ′m)(εm − 2p+ 1)

implying that Hm = H ′m completing the proof by induction. �

1.3. Fair price of options in CRR market.

1.3. Theorem. Let P ∗ = {p∗, 1−p∗}N , p∗ = r−a
b−a be the martingale measure in the

CRR market and denote by E∗ the expectation with respect to P ∗. Then the fair
price V of a contingent claim with a payoff process R is given by

(i) in the European case:

V = B0E
∗(
RN
BN

);

(ii) in the American case:

V = sup
0≤τ≤N

B0E
∗(
Rτ
Bτ

),

where the supremum is taken over the stopping times;
(iii) in the Israeli (game) case

V = inf
0≤σ≤N

sup
0≤τ≤N

B0E
∗(
R(σ, τ)

Bσ∧τ
),

where both the infimum and the supremum are taken over the stopping times.

Proof. (i) We already obtained the appropriate lower bound even in the case of a
more general discrete time market, and so it remains only to show that there exists
a hedging self-financing portfolio strategy with the initial capital

x∗ = B0E
∗(
RN
BN

).
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Introduce the martingale

Mn = E∗(B0
RN
BN
|Fn), n = 0, 1, 2, ....

Since εk−2p∗+ 1 = 2(ρk− r)(b−a)−1 we obtain by the martingale respresentation
lemma for the CRR market that

Mn = M0 +
∑n
k=1(1 + r)−kγkSk−1

1
2 (b− a)(εk − 2p∗ + 1)

= M0 +
∑n
k=1(1 + r)−kγkSk−1(ρk − r)

where (1 + r)−k = B0B
−1
k and γk, k ≥ 1 is a predictable sequence obtained from

the martingale representation lemma so that γk = 2Hk(1 + r)k((b−a)Sk−1)−1. Set
Xn = (1 + r)nMn and βn = (Xn−1 − γnSn−1)B−1

n−1 so that

Xn−1 = βnBn−1 + γnSn−1.

Observe that (βn, γn), n ≥ 1 is a predictable sequence and in order to prove that
it is a self-financing portfolio strategy we have to show that

Xn = βnBn + γnSn, n = 1, 2, ....

By the martingale representation and the formula for Xn−1 we obtain

Xn = (1 + r)nMn = (1 + r)nMn−1 + γnSn−1(ρn − r)
= (1 + r)Xn−1 + γnSn−1(ρn − r) = (1 + r)(βnBn−1 + γnSn−1)

+γnSn−1(ρn − r) = βnBn + γn(1 + ρn)Sn−1 = βnBn + γnSn,

and so π = (βn, γn), n ≥ 1 is a self-financing portfolio strategy. Finally, X0 = M0 =
x∗ and XN = (1 + r)N = RN , and so the strategy π with the initial capital x∗ is
hedging. It follows that the fair price V should not be bigger than x∗ which together
with the estimate in the other direction obtained earlier yields that V = x∗.

(ii) In the American contingent claim case we define

Yn = max
n≤τ≤N

E∗(
B0

Bτ
Rτ |Fn)

(we can take max here since there are only finitely many stopping times between
0 and N on a finite probability space Ω). As we proved it in the optimal stopping
section the sequence {Yn, n = 0, 1, ..., N} is a supermartingale and by the Doob
supermartingale decomposition theorem

Yn = Mn −An, n = 0, 1, ..., N

where Mn, n ≥ 0 is a martingale, M0 = Y0 and An, n ≥ 0, A0 = 0 is a non
decreasing predictable process.

Again, we use the martingale respresentation lemma for the CRR market to
obtain

Mn = M0 +
∑n
k=1(1 + r)−kγkSk−1

1
2 (b− a)(εk − 2p∗ + 1)

= M0 +
∑n
k=1(1 + r)−kγkSk−1(ρk − r)

where γk, k ≥ 1 is a predictable sequence. We set again Xn = (1 + r)nMn and
βn = (Xn−1 − γnSn−1)B−1

n−1 so that

Xn−1 = βnBn−1 + γnSn−1.
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In the same way as in (i) we see that π = (βn, γn), n ≥ 1 is a self-financing
strategy, i.e. that we also have here Xn = βnBn + γnSn, n = 1, 2, .... Now,
X0 = M0 = Y0 = V and

Xn = (1 + r)nMn = (1 + r)n(Yn +An) ≥ (1 + r)nYn ≥ Rn
where the last inequality follows since Yn is a supremum over all stopping times τ
greater or equal n and we can always take τ ≡ n. Hence, π is hedging with the
initial capital V and we conlude again that the fair price should not be bigger than
V which together with the estimate in the other direction obtained earlier yields
that, in fact, it equals V .

(iii) In the game contingent claim case let the payoff function is given by

R(m,n) = UmIm<n +WnIm≥n
where Un ≥ Wn. Now, we fix a stopping time σ and define Zσk =

B0B
−1
σ∧kR(σ, k), k = 0, 1, ..., N and

Y σn = max
n≤τ≤N

E∗(Zστ |Fn).

It is easy to see (check!) that Zσk is Fk-measurable, and so as we proved it in the
optimal stopping section the sequence {Y σn , n = 0, 1, ..., N} is a supermartingale
and by the Doob supermartingale decomposition theorem

Y σn = Mσ
n −Aσn, n = 0, 1, ..., N

where Mσ
n , n ≥ 0 is a martingale, Mσ

0 = Y σ0 and Aσn, n ≥ 0, Aσ0 = 0 is a non
decreasing predictable process.

Again, we use the martingale respresentation lemma for the CRR market to
obtain

Mσ
n = Mσ

0 +
∑n
k=1(1 + r)−kγσkSk−1

1
2 (b− a)(εk − 2p∗ + 1)

= Mσ
0 +

∑n
k=1(1 + r)−kγσkSk−1(ρk − r)

where γσk , k ≥ 1 is a predictable sequence. We set again Xσ
n = (1 + r)nMσ

n and

βσn = (Xσ
n−1 − γσnSn−1)B−1

n−1 so that

Xσ
n−1 = βσnBn−1 + γσnSn−1.

In the same way as in (i) we see that πσ = (βσn , γ
σ
n), n ≥ 1 is a self-financing

strategy, i.e. that we also have here Xσ
n = βσnBn + γσnSn, n = 1, 2, .... Now,

Xσ
n = (1 + r)nMσ

n = (1 + r)n(Y σn +Aσn) ≥ (1 + r)nY σn ≥ R(σ, n),

and so πσ is a hedging strategy with the initial capital

Xσ
0 = Mσ

0 = Y σ0 = max
0≤τ≤N

E∗(Zσ∧τ ).

Take σ∗ = min{n : Un(1 + r)−n = Vn} where

Vn = min
n≤σ≤N

max
n≤τ≤N

E∗(Zσ∧τ |Fn).

It follows from the above formulas and the theorem about Dynkin’s games proved
before that Xσ∗

0 = V , and so πσ
∗

is a hedging strategy with the initial capital V .
Relying on the same way concluding argument as in (i) and (ii) we complete the
proof of (iii) and of the whole theorem. �

From the backward induction (dynamical programming) formulas derived for
single and game versions of the optimal stopping problems we obtain the following
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1.4. Corollary. (i) The fair price V of an American contingent claim can be ob-
tained by the backward induction as V = V0 where VN = B0RN

BN
and

Vn = max(B0
Rn
Bn

, E∗(Vn+1|Fn))

for n = N − 1, N − 2, ..., 1, 0;
(ii) The fair price V of a game contingent claim can be obtained by the backward

induction as V = V0 where VN = B0UN

BN
and

Vn = min
(
B0

Un
Bn

, max(B0
Wn

Bn
, E∗(Vn+1|Fn))

)
for n = N − 1, N − 2, ..., 1, 0 where R(m,n) = UmIm<n +WnIm≥n.
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