Final Examination
Professor Mackey

1,

2.

MATHEMATICS 213 T? q

February 3, 1960
9:15 a.m,

Find all of the fifth roots of 1 + V3i and all values of (-1)1*%,

Assuming the least upper bound property of the real numbers, prove that any Cauchy
sequence of complex numbers converges to some complex number. You may not Assume
the Cauchy sequence property of the real numbers. Prove it if you need it,

For subsets of the plane define compactness, boundedness, closedness, openedness
and connectedness. Illustrate each definition with en example and a counter-

example,

Define analytic function and give as many properties as you can think of which are
equivalent to analyticity.

Let a,ve z+ta, z2 + ... be a power series which converges to

1

z3-1

(22 +2z 4 1)(z2 + 32 - 4)

for all z with |z} sufficiently small. Compute the largest possible € such
that the series in question converges for | z { < € . What can you say about the
series if | z| 7 € .

Starting from Cauchy's integral formula for circles (which you may assume to be
true) prove that every non-constant polynomial has at least one root.

Define isolated singularity and describe in two ways the three way classification
into removable singularities, poles, and essential singularities. Define residue
and find the residue of cos z/(22 + 1) at z =i,

Outline the main points in the reading period assignment up to and including the formu-
lation of the general form of the Cauchy integral theorem.
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FINAL EXAMINATION

o

g;zg: gg;dan Due: Wed. Dec. 16, 2:00 P.M.

Directiens: 1. Answer ss many preblems as ysu can - but at

least 6 preblems. Mere are needed fer an A
2. Be neat and accurate. )
3. Delete any straightferwarad cemputatiens.
4, Yeu may nest werk Jeintly, ~

5. Ysu may use any netes or references, If a
result 1z dene 1in seme reference, de net
recopy it, but mere}y give the page and
name of the reference,

6. Papers handed in after 2:00 P.M., will net
be sccepted. :

T« Graded papers may be picked up in ny effice
between 1-2 P.M. en Thurs., Dec. 17, If yeu
prefer, ysu may give me sz self-addressed
snvelwpe.

8., PLEASE DO THE PROBLEMS IN THE O ]
ON THIS SHEET. ROER LISTED

1. (a} Prove that the rests of the pelynemial

n n=-1

p(z) = z" # an.12 * see + 8

depend centinuously en the cae&icientl? {aé%.
(b) If f is analytic in s neighberheed of z5 and
if £ has 8 zere of erder n> i1 at Zgs» DIreve
that g(z) = £f(z) ~ a has n simple zerses in
a neighberheed sf 2y fer all sufficlently small

cemplex numbers s.

A PAUSE FOR SOME NOTATION:
K = epen unit disk, centered at O.
K. = spen disk ef radius r<¢ 1, centered at O,

U, V = simply connected epen setz in L .



Math. 60 2 S
_ a 9, page g’ Mgth. 609, page 3 .
2. Let f be analytic infeV, If 1lim if(z)|=
752U

constant, preve that

autemerphism q ef K such that q(E) = K., and censider foq'l)

£(z) i_—; h(z) 7. Let f and F be anslytic in K with F univalent
) there, and let U = f(K), V= F(K), Ir r£(0) = F(0)
for ssme h analytic seme censtants ’J ' £ and UV, preve that there is s functien g analytic
3. Let £ be analytic in [f(z){< M in K and in K auch that
£(0) # 0. Preve that £ =Fog, with \|e(z)l< [z}
(number of zeln K.)g 1  leg teco)l . Moresver, shew that (K.} F(E.),
. leg r M
(Hint: censider g(z)) 8, Loek up the definitien of ”natu;‘itl' besundary” fer an
) analytic functien. Prove that/any cennected spen set
4. Find the foellowing cems f: U—3K, where U 1s1 D in the complex plane, thewls a2 functien f analytic
(a) intersectien of {, {k -« 1}' in D having D as a natural beundary. (Remark: Af
(o) region eutside of 1}U{ Iz 1]’5‘ 1§ d you can nst do the genersl case, then do what yeu cam).
(e) XN { x>},
9, Let f be an entire analytic functlen with the preperties:

6.

Suppese the linear tran w = S(z) maps the

unit circle ents the rith S(0) = i.

(a) On what circle muiie?

{b) Preve that every 1is circle is s peseible
value of S(%).

Let £ be an Aisemerph{ rte: U and let Ur=f(Kr)’
(a) If h 1s an auter U 1leaving f£(0)

fixed, preve that U, . (Hint?

apply
the Schwarz Lemmast ),
(b) If U is convex,: U, is alme cenvex.
(Hint: 1let |2;l¢and consider
glzit) = 'z5) + t£(z) ).
(c) Mere generally, 1i epen disk in X, preve

that f(E) is coniHint: Prsve there is an

(a) f(x + 2¥) = £(x) Tfor any resl x,
(v) \r(zi % exp alz} , for sll 2z and some a> O,
Preve that f has the form

£(2) =>—_—”: aklikz

k=-n

, where n < 8.
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MATHEMATICS 221 (@—3>
January 22, 1960
9115 a.m.
Define norma)l family of functions. Show that a family of functions analytic and
bounded in a region is normal there. s
State and prove the Riemann mapping theorem for a simply connected region,

and sachli
Let the functions fn(s) amlytieAin 8] <1 converge almost uniformly there to
fp(s), with rn(o) =0, and let K be a continuum conteining ‘w = O which 1lies
in the image of |l|< 1 under the transformetion w.= fo(z). Show that for n suf-
ficiently large K lies in the image of |n| < 1 under the transformation w= fn(s).
State and prove the Bieberbach Flichensatz.
If the region D of the s-plane is atar-shaped (with respect to the origin) and if
w=1t(s) maps D anto |w|<1, then the subregion Iff:)l <r, 0<r«<i, of D
is also star-shaped.

Show that a doubly connected region bounded by two disjoint Jordan curves can be
mapped conformally onto an anmulus.

Show by methods of potential theory that any simply connected region possess a
Green's function can be mapped conformally onto a circle, ine

Show that an arbitrary smooth surface which is topologically equivalent to a sphere
can be mapped conformally onto a sphere.

State the Uniformisation Theorem and outline its proof.

Professor J. L. Walsh

11

Math, 213a

<

Homewcerk Due Nov. 22, 1965

¥ind the siaear L7 t-.eformation“which carries @, i, -i into

i, -1, C, v

Show that any four distinct pointe can be carried by a linear trans-
formaciion into positions 1, -1, &k, -k wl}elre; . k depe;lds on

the points, How many solutions? L

Find the linear traﬁsfomatiﬁon wlfzi‘_l:l_'x‘,s:arries jz} = 2 into

fz + i| =1, the point -2':'.;.1:9_ _t.;mmpﬂztigin,"aﬂvc'l'the.';)ri‘gin into 1.
What is the most geueral ti;nséormationbf :'[zl < 1 onto itself?
of the upper half plane onto it:eif? »

Find a linear travsforrnation which carries |zl =1 and

|z - %l = ‘li into concentric circlze. ‘hat is the ratio of the radii?
Find the fixed points of

2z _ 3z-4

W = pm——

TS SO s na R i

& e
AR S
Which of these transformations zre elliptic, hyperbolic, or
parabolic?

Find all circles which are orthogonal to |z} = 1 and [z-1] = 4,
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Math, 213 a “omework Due November 29, 1965

Jn these exercises all nappings are to be conformal and you are expecied

to give an explicit expression for the analytic function which yielde the

required mapping,

1, Map the common part of the disks Is] <1 ana o -1t <

onro Y4«
inside of the unit circle, Choose the mapping go that the twe symmetr:

are preynrved,

2. Map the region between |z] = 1 and = - %l:

Wi

on 2 half pisne

i

>
3., Map the complement of the arc }#] = 1, ¥y 2 0 ontha cutside of

the unit circle so that the poiats at o correspond t: each other,

2>
4. Map the outside of the parebola y~ = 2px onthe disk |w| > ;

sothat x = 0 aad x = J} cerizsoondto w = 1 and w = 0,

E

a

. 2 2
5, Map the outsidz of the dipge {x/2)" {y/b)" = 1 onto le <1
with preservation cf symmetries,

6, Mag the parct of the z-plane to the lefi of the right-hand branch

of the hyperbola xz - yZ =1 on a Lalf plane,

tHint: Coneider ou ¢oe »ide the mapping of the upper haif of the
N 2
regionby w = .“, onthe other e1de the mappiug o » quadrant by

W= & - 32),

(&2

Math, 213a Hour-examination Dec, 5, 1945
z+1 ial fractioes
1, Expapd ry>——~—— in partial fractices,
z (z-1)
2. What are the values of (1 + i)‘?

For what values of z is

l-z \n
f n (l +z )
1
convergent, and what is the sum?

Prove that a continuous function from one metric space to ancther
maps connected sets on connected sets,

Fiad the image of the region 1 < jz+1| < 2 under the mapping
2

zZ

W= oy . 1s the mapping one to one?
The circle |z- ll = 1 is mapped by w =_2:1_z-i__ir . Where is the
cepter of the image circle?
What is the value of

[, 1217
where - y is the clock~wise boundary of the first quadrant of |z} < L.
In the following integrals C is the circle |z| = 2 iu the positive

sense, Find

zdz ¢ _d= e’az
2 JezeT - o e 221’ ) -“C -1y
What is .
1 of)d ¥
£(z) = 2 IC -2

-1
if C is the unit circlie (positive sense) and al?y =P+ ",

{Different auswers for |z| <1 and |zl > 1),
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213b Hbmework Due February 7, 1966

If f(z) isanalyticin |z| 51 and if |£z)] = ! when
]z} = 1, show by use of the reflection principle that f(z) is
a rational function,
'Prove that
lim (L+3° - &
P
n—> oo

unifoermly on any compact set. (Ues the series expansion of

log(l + ).

Show taat .
@ (8) = Z a8
n=1

converges for Re o > 1, that it represents an anyaltic function
(known as Riemann's zeta-function) ard that .P'(s) can be
obtained by term-~wise differentiation,
Prove that

(1-2""% () =175 2754 375 L oen
when Re 8> 1, and that this series couverges for Res> 0,
(Suggestion: estimate a”° - (n+1)~°).

1 . : - - s
If —s— s developed in powers cf z - a wWwiere a isa
l+z

real number, what is the radius of convergence, Find the develop-

ment, (Suggecstion: use partial fractions),

Develop log (f—i:—z-) in powers of z up to the term z6,

Find the first three non-zero terms in the development of tanz
by dividing the sine and the cosine series, (Check with the book,

2nd, ed, p. 182, lst, ed, p, 146),

Math 213b

1.

Homework Due Mazrch 14, 1966

The expression
{f z} - riz) _g_ (.f" (z) )Z
' £1(z) £1(z)

is known as the Schwarzian derivative of f, If f has a pole or

zero of order m at Zg find the leading term in the Laurent
development of {f, z}.
Find the Taylor series of (log (4 - z))2 about the origin,
(Give the general expression for the n th coeificient),
Find the Laurent series of cot z about the origin up to the
term z3.
Compare the development in the preceding exercise with what you
can get from the partial fraction devg&opment of o§°t z, Show
that you can thus find the values of Z —12- and Z -11 .

1 ® 1 ®
What is the canonical product development of cos (V_;), and
what is its genus?
Show that if f(z) is of gerus 0 or 1 with only real zeros,
and if f£(z) is real for real 2z, then all the xeros of f'(z)
are real, Hint: use tiie canonical product and consider

Im £'(2)/#(2).




MATHEMATICS 213b

Professor Walsh June 5, 1965

9:15 a.m.

1. Prove the validity of the Cauchy-Hadamard formula for

the radius of convergence of a power series.

2. It is sometimes stated that a power series converges
uniformly in its circle of convergence. Correct this state-

ment and prove the intended theorem.

3. A function with period 2mi is analytic at every finite

point of the plane. Derive a formula for the function.

4., State, and outline the proof of, the Riemann mapping

. theorem.

5. Prove that any two elliptic functions with the same periods

are connected by an algebraic relation.

6. State and prove a theorem expressing the mean value property

as sufficient for the harmonicity of a function,

7. Show that a function harmonic and bounded for all =z is

identically constant.

ao OVER
L

Y7

Mathematics 213b Page 2

8. Define subharmonic function. Show that a continuous

function v(z) is subharmonic in a region { if and only

if we have

1
N ||‘
£}
e

v(zo)

1
N

[FaN
H
B
=]
fe
.

for every disk IZ

9. Show how an arbitrary region of finite connectivity can

be mapped onto an annulus minus a number of circular arcs.

10. Without the use of the Riemann mapping theorem, and by
study of the level loci of Green's function G(z,0) for a

simply connected region Q (having at least two boundary

bpoints and containing the origin) with pole in the origin,

where 6(z,0) —> - oo as z —> 0, show that the function
w = explG(z,0) + iH(z)] maps i . one-to-one and conformally
onto lwl < 1. Here H(z) indicates a function conjugate

to G(z,0) in Q.

94



ithematics 221

Final Examinati May 27, 1963
Professor Walsh 2:15 p.m.
1. State and rarz's Lemma. State explicitly any

5.

form of the of Maximum Modulus that you use.
State and Bieberbach Area Theorem (Flichensatz).

Show that iction 2z + azz2 + ces is analytic
and schlicopen unit disk, then ,32, £2.

Show that n unit disk is mapped conformally onto
a convex rh circle in the disk whose center is

the originl onto a convex curve.

Let the fu’l(z), fz(z),..., analytic and schlicht
in a simpld region D , with fl(o) = 0 and

0 imn D, continuously there to a function £(z)
not identitant. Show that if a closed bounded
set E 1is in the map of D by £(z) , then E
is containmap of D by each fn(z) for n
sufficient

Outline th the Riemann mapping theorem.

Show how a' functions arise naturally in the con-

formal mapltiply connected regions.

‘ 9-
Mathematics 221 -2 - May 27, 1963

8 Show that a (suitably smooth) surface which is topologically

to a
equivalent to a sphere can be mapped conformally on

sphere.

9 State the Uniformization Theorem and outline its proof.

(OVER) 30




