50.

51,

52.

53.

54.

55.

56.

b0

Find a conformal map of the half disk {|z| < 1, y > 0} onto the unit disk {|w| < 1}.

'

Prove that the function f: z+— €° — z has an infinite number of zeroes in the complex
plane.

Let p be a polynomial of degree at least two; all of whose roots lie in {|z| < R}. Prove
1
f —dz=2.
lzl=r P(2)

. 1 .
Give an example of a rational function k(z) with Py fi‘ | h{z)sinzdz = 0.
z|==1

Let f be single-valued and analytic in {a < |z| < %} and let f(z) = X7, a,z" be its

Laurent expansion.

a) If f(1)=f(z) prove that f is real for |z| = 1 and that a_, = d@y.

b) Conversely, if f is real for {z| = 1 and a., = a,, is it necessarily true that f (%) =
f(z)? Proof or counterexample.

Assume f = u+iv is analytic in D = {|z] < 1} so
f:D — C. In the figure, the curve shows the path of
f(2) as z goes once around dD (the boundary of D). Li

f(z)

True or False — and why.

2 £(3D) =3f(D))-

b) There is precisely one point zg € D such that f(z) = 0.

¢) fisl-to-1onD.

d) There are three distinct points z;, z2 in D with f(z1) = f(z2)-

B

e) There are three distinct points z1, z2, z3 in D with f(z1) = f(z2) = f(z3).

f) As z traverses 0D counterclockwise, then w = f(z) also traverses f(dD) counter-
clockwise.

a) Consider the set of bounded analytic functions in {|z] < 1} with the norm
Ifll="sup |f(z)]
{lz<1}
Do these form a Banach space? Why?
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57.

58.

59.

60.

6l.

G/

b) What about the functions analytic in the closed unit disk with the same norm?

. .. . a
Consider the Dirichlet series Y, —-'zl, where the a, and z are complex numbers. Let A
n>1
be the points in the complex plane where this series converges absolutely.

a) Prove that one of the following holds:
(@ A=C,

b) Give examples showing that all three cases can occur.

(b) A =empty set, (¢©) A={z|Rez> c} for some real c.

If f€ L' (R) and f(r) =0 for all t < 0, define

F(z)= /_ : Fle)edr.

Prove that F is defined and holomorphic in the upper half plane Im z > 0.
Let u(x,y) be positive and harmonic for all (x,y) € R?. Prove that ¥ must be a constant.

Define the differential operators d/dz and 9/9Z by the rules:
i—l a—ii and 9 _1 a+'a
2 2\ax o %z 2\ax ‘o)

a) Show that the Cauchy-Riemann equations for an analytic function f = u+iv can
be summarized by df/0z=0.

b) Compute 9%/0z97 and use this to show that if u(x,y) is a real harmonic func-
tion,then du/dz is an analytic function. [This construction is the simplest way to
go from a real harmonic function to an analytic function.}

Let f(x,y) : R? - R? be a smooth map. Using the notation of the previous problem,
say there is a real function p(x,y), 0 <y < 1 such that

of of

<yl
| = H|ez

for all (x,y). Show that the Jacobian matrix of f has positive determinant.
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62.

63.

65.

66.

62

Let f be holomorphic in {|z| < 1}with max,—|f(z)| < M. Assume f(0) = f'(0) =
f"(0) = 0. Show that

If@I<Mz®  forall |z < L.

Let p(z) be a polynomial of degree n and let M(r) := max|,—,|p(z|. Show that if

0 < r <R then
M()  M(R)
m — Rt

. Let f and g be analytic in DISK. If neither f nor g are zero in the disk and |f(z)| =

|g(z)| on |z} = 1, what can you conclude about the relationship of f and g?

Let Q C C be open with A:={(x,y) | —1<x<1} C Q. If f is analyticon Q —A
and continuous on @, prove that f is analytic on all of Q.

Let f(z) = ¥n-qanc" have radius of convergence 1. If all the Taylor coefficients satisfy
ap > 0, prove that f is not analytic at z= 1. [SUGGESTION: Consider the power series
about z=1/2.]

HARNACK Assume the functions f, = u, + iv, are analytic in a domain ¢ C C. If the u,

67.

68.

69.

70.

converge uniformly in compact subsets of Q and the numbers v,(c) converge for some
point ¢ € Q, show that the functions f;; converge uniformly on compact subsets of Q.

In the complex plane, let L be a straight line and p, g distinct points that lie on the
same side of L. Prove that one can construct using ruler and compass all the circles
throughj p and ¢ having L as a tangent line. [HINT: Use conformal mapping].

Let A, be the annulus A := {1 < |z] < r}. If there is a univalent conformal map from
A, to Ay, prove that r =2.

Let Q C C be any connected open set. Prove there is a function f that is analytic in Q
and has the boundary of Q as a natural boundary.

Let f be a non-constant meromorphic function with two periods, ®; and ®; such that
)/, is not real. Let P be the parallelogram with vertices 0, ®1, 0z, and ®; + w3,
where 0 and the open line segments (0,,), and (0, ®;2) but no other boundary points
belong to P. Show that

2 <#zeroesof fin P= #polesof f in P.
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71.

72.

73.

63

Let Q C C be a domain that is not simply connected. If ¢ & Q, prove that f(z) =
1/(z—a) cannot be approximated arbitrarily (in the uniform norm) by a polynomial.

Let A(Q) be the set of functions that are analytic in a region Q C C and are in L*(Q)

with the norm
171 := [[ |12 Paxdy

a) If B={|z—zp| < r} isaclosed ball in Q, prove the solid mean value property

fl(20) = 7:% //Bf(Z)dxdy
and ] »
f@) < — A7,
where r is the distance from zg to the boundary of Q.
b) Prove that A3 is a (complete) Hilbert space with the obvious inner product.
©) If f(z) = Zu>0an(z—20)" in B, show that

n42

J[irordsay=r 3 ja

n>0

Note this again proves the inequality in part a).
d) If Q= {|z| < 1}, show that @x(z) := 2%, k= 0,1, ... are orthogonal in A2(LQ).

e) If zp € Q and Q is bounded, prove that the functional £(f) := f(zp) is a bounded
linear functional defined on A2(€).

f) If Q= {|z] < 1}, use part d) to find a function k € A2(Q) so that £(f) = {f, h).
Here £ is from part d) and we use the inner product of A>(Q).

g) If 2 € Q and Q is bounded, prove that the functional £(f) := f{¥}(z) is a
bounded linear functional defined on A;(Q). (Here {4 is the k" derivative.)

h) Leta;, az,...,a, be distinct points in Q and let
A(Q):={f €A(Q)} flaj) =0, j=1,2,...,n}.
Prove that 4(Q) is a (closed) subspace of A(Q).

Assume the disk A = {|z—a| < r} is inside the unit disk D = {|¢| < 1}. Find a
univalent conformal map of the annular region between A and D onto some annulus
of the form {1 < |w| < R}.

12




64

74. Assume f is analytic in {|z] < R}. Show that for |z| < R:

1y T,

f(0)=2m’ l=kE—2z

f(z)+f_(07=.if 50 4

i Jig=r§—2

1 11 1™ g ;
f@)-f(0)= ﬁq:)z [E——Z_Z] “(C)dc=1—t/0 m“(Ree)de-

T

k! u(€)

O)==§ e,

IP0=5 =g (§—2)**! :

75. Let Q € C be the intersection of the disks |z— 1| < 2 and |z+ 1| < 2.
a) Find an injective conformal map from Q to the unit disk.

b) Isthere a conformal map that maps points on the imaginary axis in € to the interval
between i on the imaginary axis? If so, is this map uniquely determined?

76. Let Q € C be a (connected) simply connected open set that is symmetric under the
map z — Z (symmetric across the real axis).

a) Can you always find a conformal map from € to the open unit disk that maps the
real points in Q to points on the real axis?

b) Can you find a map f with the property that f(Z) = f(z)?

13
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Mathematics 630 FINAL EXAMINATION May 3, 1967

SUBMIT ANSWERS TO ANY EIGHT PROBLEMS.

l. If £ is analyticon D and z, is in D prove that

|f(n)(z°)| 2 nin” cannot hold for all n .

2. Show that if f is analyticon D and |f(z)| is constant on the
boundary of a bounded connected subsct E of D then f is
constant or £ has a zero in E .

dat

o Jl-t4

3. Prove that we= maps the unit disk onto a square.

4. Let £ be a single-valued analytic function on a simply connected
region D . Let C be any simple closed path in D having the
origin inside. Prove that Elf I £'(z) Log z dz = f(z ) - £(0)

moJ, []

where z, is the initial and terminal point of integration.

5. (fn) is a sequence of functions analytic on D . Prove that the

uniform convergence of 2" =1 |f (z) | on every compact subset of D

(k)

implies the same of Zn_llf (2], x=12,2,... .

6. Show that mtan mz =5 —2
(n+3) "~

7. Find the first four non-zero terms of the Laurent expansion of

z
e
a3 on 0< |z]l<1.
z (1-27)
8. Verify that a) j °°s"d" -3 I (1+43e”9
o +l)

’xalx
b)j = L for 0<ac<l.

sin an
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Mathematics 630
Final Examination Page 2

9. Show that the functions z° , n a non-negative integer form a

normal family in {z]| <1, also in |z| > 1 but not in any region

that contains a point of the unit circle.

10. Give a non-trivial example to illustrate the monodromy theorem.
w Give a non~trivial example to show that the conclusion of the theorem
may be false if the assumption that the continuation paths are

homotopic is drcpped. Discuss the converse of the theorem.

Math, 213 b Homework Due March 28, 1966

Prove that the maximum modulus M(r) of an entire function

which is not a polynomial satisfies

lim ‘-"—'E'—"(—)‘lo M(r = 00,

r—> o log r

What is the order of the functions
(1) ze3z (ii) e” cos
(iii) cos /z (iv) fl e ™ at
© 1 0
Prove that n.-?l 1+ m;—--) = 2.
Use Jensen's formula to find the value of
2y
T‘rl-r— Or log | sin z|de

over the circle |z| =,

6%




