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FINAL EXAMINATION

Math. 410

Spring, 1970
Dr. Kazdan

Due: Fri. May 1 at 4:%0P.M.

DIRECTIONS: Take home, any references allowed. Pleass

do not consult other people., Answer any 7 (out of 12)
questions. 15 points each., NO extra credit for more. If
more than 7 problems are done, only the first 7 will be
graded. Be neat, using only one prgoblem per ¢ and do not
use_the back of the paper. Computational errors will be

severely penzlized.

If you wish to find out your grade, hand in a stamped,
addrees, post card, The exams will not be returned.

1. Find all complex solutions of % = 1 4 21 ,
2, a). Show_ in a dlagram the image in the w plane o&thc
square Osxg£l, Oeys 1} under the map w = e .
b). Find en analytic function £ from the 2z = x + iy
plens to the w = u 4 iv plane that mape the given
region A in the 2z plane onto the region B 1in the
W plane,
A » B
1) {x)_ 1} {V;O}
11)  first quadrant { u>,2}l){ vy 3}
111)  {x» o} first quadrant

3, Same directione as in #2b(above),
1). {1¢ x<2) f1cus3)
1), fzle 1y $tw - atezy

1 51“%2 dz
£ .S;z - bz + 3 '

where C 1a the contour (taken counterclockwise)

a) {lzl = 1‘;

b) {lz-2| =3}

4, Evaluate

5e

7.

8.

9.

10.

11,

s ARIN
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Prove there 1s no function f analytic in {\zlél\
having all of the following properties:
a) {f(z) £ 2 on (2= ‘il},
b) r(1/3) =0,
c) f(1/4)=1.

Let

®
f(z) =2  ____ = B_ z2n
e? - 1 Z n

be the Taylor series expansion of f in a neighborhood
of 2 = O,
a Find the radlus of convergence of the series,
b). Prove that By = BE = B7 = eos = B2y , 120, k=1,2,.,.

Lst £ be an entire anslytic functlon such that the

image of f does not contain the disc {iw - sl R

for some RS>0 and some complex number a, Prove -1
that f£(z) = constant. (Suggestion: consider (£(z) - a) ).

Find a conformal mep of the half plane {yél\ into the
unit disc {wi<1} with O——>0 and 1—>1,

Let f ©be analytic in (lzml} and have the properties
a) r(0) =0
b) Re {f(z)} < 1 for {121 = 1

Prove that [£(z)i $2 1n{izis 3}. (Suggestion: consider
g{z) = h(£(z)), where h 1is the msp hiw)} = w/(w-2)
of the half plane Rej wi< 1 into the unit dlsc with 0—»0).

aD

a) Consider an infinite series of the form Zanz"n . If
thls serles converges ata polnt 2z = ¢ prove that it
converges absolutely for all z with le >lcle
b) Consider an infinite series of the form _Z an z? .,
Prove that thie series converges in some snnulus

{r<tzic R
where r, R may be zero or infinite, and where the
inequalitiegs r<iz snd |21 < R msy be equality for
some series,

a) If f 1s snalytic in {izig¢ R} and |f(z)l ¢ M for
lzl = R, show that
J£(z) - £(0)|< 2M|§t .

b) Use thts result to give s proof of Liouville's Theorem.
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12, Let f be analytic 1ln {]zls 1‘ and have the properties

a) (o) = o0,
b) f(z) 0 for z # 0,
c) If(z)] =1 for g1l z with |zl = 1.

Prove that f must be of the form f(z) = c¢c 2P , for
some positive integer n and eome constant ¢, |c|l =1,

BONUS PROBLEM If this problem is done, you need only do
one (1) other problem, making a total of 2 instead of 7
problems.

Let f he an entire analytic function with the properties
a) f(x:+ 2W) = f£(x), where x 18 any real number
) (f(z) < 212 for a1 z.

Prove that f has the form
k=n

ikz
£(z) =é§ - . where n'% a.
=-n
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Complex Analysis Problems
2003-2004

1. Assume f = u+iv is analytic in {|z| < R}.

a) Show that f(z)+(0) = % ?|{c|=x _éi_ﬁ_)z d.

b) Find a formula determining v inside the disk in terms of 1 on the boundary of the
disk.
2|z|
R—|q|

¢) Show that |f(z)| < A(R) +1£(0)],

2k'R
(R— |z|)*t!

where A(R) = sup|,_g|u(2)|.

d) More generally, |f¥(z)| < A(R) +|f(0)] fork=1,2,....
. Let f(z) be analytic in the disk {]z] < r} and assume f(0) = 0. Prove that the series

Y f(z)" converges for |z] <r.
0

. let D C C be open and connected and f, : D — C be bounded analytic functions.
If f,(z) — z uniformly in D, prove that for some N we have n > N implies f, is
univalent.

. Let ay,...,a, be arbitrary distinct points in a domain D C C. Show there is a function
f that is analytic in D such that f is univalent and f(a;)} = a;.

(z—a))+-+(z—ar)

[SUGGESTION: Consider fi(z) =z+ - for large KJ.
Use residues to evaluate (a) / " _dx ®) / - sinzxdx
e iy e L ) 0 x2 '

. If f(z) is analytic in a neighborhood of z = ¢ show that h(z) := f(Z) is analytic in a
neighborhood of z=¢.

. Leta functioﬁ f(z) have all of the properties
(a). analytic in {|z| < 1},
®). |f(2)|=1for |z =1,

10.

11,

5%

(©). f(a) =0 for some |a| < 1,
(d). f(z) #0forall |z| <1, with z#£a.

n
z—a . o
Prove that f(z) =« ( 1 'z> , where |af = 1 and n is some positive integer.
—a.

. Let f(z) be analytic in {|z| < 1}. If f(e®) =0 for a < 0 < b (where a < b), prove

that f = 0. [In fact, if f(z) = 0 on a set of positive measure on {|z| = 1}, then f=0.
This is the F. and M. Riesz Theorem.]

. Let H be the normed linear space of functions analytic in {|z| < 1}, f(z) = Z,>0an2"

with finite norm || £||? = 3,>0lanl.

a) Prove that H> is a (complete) Hilbert space. Prove that H; is a ring with the usual
pointwise product: (fg){z) := f(2)g(z).

z—o

b) If |a| < 1, let ®(z):= .

) If o <1, let @(2) == 7—~
¢) Show that the functions eg :=®(z), e1 := z®(z), . .., e := Z*®(2) are orthonormal
in H;. Is this a complete orthonormal set?

d) Define the linear map M : Hy — Ha by (Mf)(z) := ®(z) f(z). Show that indeed
M f € Hy; infact, M is an isometry into H. Prove that the image of M is a closed
ideal of the ring H,. More precisely, the image of M are those functions g € H3
with g(a) =0.

e) Prove thatin the H; inner product, for any f € Hy: f({) = (f(2), (1 — gz)~1) for
all |¢| < 1.

Show that ®(z) € H, and compute its norm.

Let f(2) := z+ayz> + a3z’ +--- be analyticin {|z| < 1}. If the a;’s are all real and f

is univalent, prove that |a,| < n by the following steps.

a) If f =u+iv, show that v(2) = —v(z), so v(x,~y) = —v(x,y). Conclude that
v(re®)>0for0<8<m,0<r<1.

T .
b) Show a,r" =2 / v(re®)sinnBdd.
0

¢) Prove and use |sinn! < n|sin| to complete the proof.
d) If lay] = N for some N, find f.

Let f = u+ iv be analytic in some connected open set Q C C and let P(§,1) be a
polynomial (in two variables). If P(u,v) is identically zero on Q, prove that f must
be a constant. [SUGGESTION: Observe the hypothesis can be stated as Q(f, f) =0
for some polynomial Q.]
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12. If f is analytic in {|z| < r} and continuous in {|z| < r}, prove:

1 21 . fd
2) PARSEVAL'S IDENTITY: >~ / If(re®?de =Y laq|*r™".
0 n=0

b)Y lanl?r" < MA(r), where M(r) = maxy_,|f(2)].
n=0

M(r)
at
d) MAXIMUM PRINCIPLE: If | f(0}| = M(r) for some r > 0O, then f is a constant.

¢) CAUCHY INEQUALITIES: |ap| <

n n a:d n
e) If aj,...,a, are any complex constants, then Y, > —L k_<n ¥ lael*.
P o e o e o v

[SUGGESTION: Consider f(z) = ao+aiz+---anz".]

13. Let a; be the Fibonacci sequence: ap = ay = 1, ap42 = apy1 +a,. Show that

$ oo L

—gg2"
n=0 l-z~z

14. Let f be an analytic function for r < |z] < R and assume that | f(z)] <M.

15.

16.

a) Show that the Laurent coefficients a_, about z = 0 satisfy |a_,| < Mr", n=
0,1,2,....

b) As a special case, if f is analytic function for 0 < |z| < R and |f(z)| < M, show
that a_, =0, n=1,2,... and hence that f(z) has a removable singularity at z=10.

¢) Show the conclusion of part b) still holds if the assumption “|f(z)| < M” is weak-
ened to |f(z)| < M|z|* for some o > —1.

Let aj € C, j=1,2... satisfy |oj] < |oj41] — o and say Aj € C are such that

A ;
Y7 |Aj/e;| converges. Show that the function f(z) := Y, —— is analytic every-

1 j
where except for simple poles at the o;.

[SUGGESTION: Show that the series ¥, z_féc_j converges uniformly for |z| < |a,|/2].

Let P(z) be a polynomial. Prove that the zeroes of P/(z) lie in the smallest convex
polygon containing the zeroes of P.

17.

18.

19.

20.

21.

22.

23.

&<

[SUGGESTION: If ay, a3, .
then

.., a, are the zeroes of P (counted with their multiplicity,

P'(2) 1 1
o et

P(z)

Note that if ¢; > 0 satisfy ¢; +...+c, =1, then z=c121+... +cpz, if and only if z
is in the convex hull of the set determined by zy,...,2,.]

a) Let f(z) =logi—ir—§. Describe f({|z| < 1}).

b) Let f(z) =log(l —2z2). Describe f({y > 0}).

(Generalized Schwarz Lemma). If f is analytic in {|z| <1} and supj,, |f(2)| < I,
prove that for |z| < 1:

FO)I-1d If O+ Izl

1- 1700 < VO = T

Where does the series 2 Tf—% converge?
z

Find a smooth function u(x,y) for y > 0 with all of the properties:
a). u(x,y) is harmonic,

b). u(x,y) is bounded for y > 0,

¢). u(x,y) is continuous for y > 0 — except at the origin,

d). u(x,0)=0forx<0,

e). u(x,0)=1forx>0,

Also prove there is only one such function.

Let u(x,y) be a real harmonic function in a domain € € C. Find all real harmonic
functions v(x,y) so that @(x,y) := uv is also harmonic. In other words, when is the
product of two (real) harmonic functions also harmonic?

A complex number is a period point of a meromorphic function f if f(z-+a) = f(z)
for all z. Thus the period points of ¢* are z=2nmi, n=0,%1,42,.... Show that the
period points of a non-constant meromorphic function cannot have a finite limit point.

a) If an entire function f(z) has period both 1 and i, prove that it must be a constant.
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25.

26.

27.

28.

29.

30.
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b) If f is meromorphic in C and is doubly periodic with period 1 and v/2, prove that
S = constant.

Let wy, wp, w3 be linearly independent complex numbers in the sense that if nyw; +
nawy + n3ws = 0 for some integers ny, nz,n3, then ny =ny = n3 =0. If f is mero-
morphic in C and is triply periodic, that is, f(z+w;) = f(z) for all z, prove that
Jf = constant. Thus, there are no non-constant triply periodic meromorphic functions.

Let f(z) = u + iv be analytic in Q where Q C C is a simply connected domain. If
f(2) #0 for z € dQ and u =0 at 2n points on Q, prove that f has at most n zeroes
mside Q.

Let u(x,y) be a real harmonic function in Q, as in the previous problem. If the restric-
tion of u to the boundary, 0Q, has precisely n local maxima and n local minima (all
non-degenerate), prove that grad u is zero at n — 1 points in Q.

[SUGGESTION: First assume € is a disk and observe that the function g(z) defined by

Jdu 0
8(x):=13 (a—: —ta—;)

is analytic in € (this construction is the simplest way to go from a real harmonic
function to an analytic function — see problem 59b) below). Let h(z) = zg(z) and
show that g(z) = ru, — iug, where r and 8 are polar coordinates. Apply the principle
of the argument to g.]

Let f(z) = p_Ez% , where p and q are polynomials without common zeroes and degree g >
qz

2+degree p. If T is a simple closed curve bounding a domain containing all the zeroes
of g, show that ?{f(z)dz =0.
r

If f(z) is analytic in {|z|} < r, show that g(z) := f(Z) is also analytic there.

Let f(z) be an entire analytic function. If there are real constants a, b so that {f(z)| <
a+blog(l+|z|) for all z€ C, prove that f = constant.

Prove that f(z) :=z+az® +a3z’ +--- is univalent for |z| < 1 if I ,nla,] < 1.

31.

32.

33.

34.

35.

36.
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Let f(z) = p(z)/q(z), where p and ¢ are polynomials with no common factors and
deggq > degp. Thinking of f as a map from C — C, a point { € C such that f({)=¢
is called a fixed point of f. Let A be the set of all fixed points of f and assume that at
any such fixed point, f'({) # 1. Prove

1
T

LeA

1.

[SUGGESTION: Consider the residues of (f(z) —z)~!].

If f(z) = Y a,z" is holomorphic in unit disk {|z] < 1}and if |f(z)| < ﬁ—l
-z

, show that
the Taylor coefficients satisfy

lan] < (n+ 1)(1+%)” <e(n+1).

Let f(z) = Tanz", where the series is assumed to converge for |¢| < r and denote by
o a kth root of unity, so @ = e*™/*, Show that

k o
! 3 f(@'2) =Y aud™.
k v=0 0

Let f(z) = 23+1(akcos kz + by sinkz), where the a; and by are real numbers with
Any1 +ibpy1 #0.

a) Show that f(z) = g(e'?), where g(z) = Z’f(,:H)Akzk with A_; =A; and A,41 #0.

b) Show that f(x) =0 for —n < x < 1 exactly 2(n+ 1) times, counting multiplicity
of course.

Assume f is analytic in the closed unit disk {|z| < 1}. Prove that
! 21 [ e
[ P <4 [Cire)Rae.
[SUGGESTION: Write f = g +ih where g(z) = 1[f(z) + f(Z), h =7 and note that g

and h are real for z real. First prove the inequality for g and h separately by applying
the Cauchy theorem separately to the upper-half circle and lower-half circle.]

Map the sector {z=¢", 0<r< 1, 0 <0< m/6} conformally onto the upper half
plane.
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37. Let P(1) = ap+aiT+ -+ +ant™ and Pj=aj+aj 1T+ +ant" /.

Py ()t
P(1)
closes all the roots of the polynomial P.

a) Show that dt =8, where the contour vy in the complex plane en-

b) Let P(D) be the constant coefficient ordinary differential operator
P(D)=ap+aiD+---+anD", where D =d/dt.

Show that the solution of P(D)u = 0 with initial conditions D/uj,— = c;, j =
0,....m—1,is

u(’) = C()Vo(t) +Clvl(t) + +Cm—lvm—1(t),
where
1 4 . 1 &Y
w(t) = -ZE/O Ut —s)f(s)ds, with U(t)= Eﬁf{P_(‘cde’

and ¥ is as in part a).
38. Let f be holomorphic in nthe unit disk {|z] < 1}. Show that

1
0=—// z)dxd forO<r<1.
10)= 3 [, S@dxay
39. Find all entire functions with simple zeroes at z=n!, n=1,2,... and no other zeroes.

40. Let ¢(x,y) be a real harmonic function for x2+y? < 1. Assume that ¢(x,0) = x and
@y(x,0) = 0. Compute ¢(3).

41. Prove there is no meromorphic function f =u+iv with v> 0 and f'(0) =1.

42. Let f be a univalent (that is, one-to-one) conformal map of the first quadrant {x >
0. y > 0} onto the unit disk {|z] < 1}. Prove there is precisely one meromorphic
function g : C — C that coincides with f on the given quadrant. Show that g has
exactly two poles, both of first order, and their mid-point is 0.

43. Locate and classify the singularities of the following functions (please don’t forget the
point at infinity):
F4 () 1+322
1422 T 14z

(a) , (¢). vV1+z, (d). sin(1/z).
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44. Let f:[-n,n] — C be continuous and periodic, f(8+2n) = £(8) for all © € [—n, 7).
Say the Fourier series of f is

f(e) ~ i an e:‘ne.

Prove there is a (unique?) function F(z) that is analytic in {|z| < 1}and continuous in
{lz] < 1} such that F(e®) = £(8) if and only if all the negative Fourier coefficients are
zero: a, =0forn=-1,-2,....

45. Let f be analytic in {|z| < 1}, and continuous in {|z| < 1} and assume that for some
integer n, Re {z"f(z)} = 0 on |z] = 1. Prove the following.

a) If n>0then f=0.

b) If n =0 then f = constant.

¢) If n <0 then f is a polynomial (of what degree?).

d) Whatif f is only meromorphic in {|z] < 1}, and continuous in {|z| < 1}?

46. If f is entire analytic and | f(z)| > 1 everywhere, what can you conclude? Justify your
assertions.

47. Let f: C — C be analytic in a neighborhood of zp € C and assume that f'(zg) # 0.
Regarding f as a map from R? — R?, let J be the Jacobian 2 x 2 matrix.

a) Prove that J = PR, where P is a positive scalar matrix (=positive multiple of the
identity matrix) and R is an orthogonal matrix with detR = 1.

b) Use this to prove that an analytic function f is a conformal map at all points z
where f'(z) #0.

48. Let f be analytic in {|z] < 1}with sup, | |f(2)| < M. If fla1) = f(az) = =
f(an) =0 where |ax| < 1, k=1,...,n, prove that

FO)] < M§|ak1.

49. Let f(z) = Spoar, g(z) = Y _obrz, where the series converge for |z| < Ry and
|z| < Ry, respectively. If h(z) = X _qarbiz®, show that for |z| < p < RiR2

z,dz

1
M) =5 TORDT




