Mathematics 245 Name
Functions of a Complex Variable
Final Exam (Friday section)

Jan. 22, 1960, 6:00 P.M. to 8:00 P.M.

M246-5/60

d. Show in a diagram the image, in the w-plane, of the

square 0<z<1 in the z-plane (2 =x + 1 y) under
0<y<1

each of the mappings:

(1) w=e™
(@) w
(3) w

Please write on these sheets. \

12z +1

I. (8 credits) Express the following numbers in the form a + bi:
(2 +51)(3+ 1) =
a5 & (4 + 31) =
(1+ 1)4 =
eiw/?
einyﬂ

in 1 =

(1 +1)z

(1 + 1)

3t =

II. (8 credits) Place the appropriate sign (<, >, <, > =
or é )* _1in the following expressions, where a, B,...

are complex numbers:

la + 8] lal + |8}

la - B8] lal-i8]

| e8] laf-i8l

Im(a + B) In(a) + In(B) |
aa laf® j

* The last of these symbols means merely that there 1s no relation
between the quantities: either one may be larger or they may be

equal.



&7

2 - .
la + 8l 4Re (aB) 6. The function f£(z) 1s sald to have an isolated
l i 3 I%I . I%l singularity ‘at hz =z, ir
a
la + Bl fa - Bl

IIT. (1% credits) Complete the following definitions:

1. The series Co + Cy Hrret Cp Hoe is said to be absoclutely

7. The function f(z) is said to have a simple pole at

convergent if Z =2 ir
o]

2. The series ﬁo(z) + ﬂl(z) +ro ﬂn(z) +°*°  is said

to be uniformly convergent for z in a set S 1if

IV. (12 credits) Give the power-series expansions about
z = 0, and the radii of convergence, for the following

t
functions, using the format of the 12% example:
3. A function f(z) 1s said to be analytic in an (open) ! & e P

domain D 1if function series radius of conv.
e® =.].+z+%z2 Forot (-I]';,)zn dooo ©
4. A point set in the complex plane is said to be an open cos 2z = ®
set 1f
1 =
i1 +2
5. A point set in the complex plane is sald to be simply iIn(3 +2) =

connected if

V1+ 23

#




VI.

<é&f)

(10 credits) For each of the following functions u(x,y),

give a function v(x,y) (the so-called harmonic conjugate of

u(x,y)) such that u(x,y) + i v(x,y) 1s an analytic function

of z =x+ 1Yy 4in the unit circle |z| < 1 ; if no such

function exists, write ‘"none"

ul{x,y) = x, v(x,y) =

u(x,y) = % - ¥%, v(x,y) =

u(x,y) = =% + 5%, v(x,¥) =
/ 3.2

u(x,y) = v (x + 2)° + 5%, v{x,y) =

u(x,y) = e* cos y, v(x,y) =

(14 credits) Mark all the correct conclusions from the stated
premises (there may be more than one) by encircling the
corresponding letters (a, b, etc.).
1. If the real-valued functions u = u(x,y) and
v = v(x,y) have continuous derivatives satisfying
3—;% = 3% and 3% = - 3—3 in a domain D, the function
f(x+ Ly) =u+1iv is necessarily
- a. continuous in D.

b. a constant.

¢. analytic in D.

d. bounded in D.

e. an entire function.

£(2) 1is an entire function (i.e. analytic for all

-4 -

z), and if |f(2)] <1 for |z| > 1,

a. |[r(z)] <1 for all =z

then,

b. f(z) is a constant
c. f(z) 1is real-valued
d. r(z) =0

)
3. If £(z) 1s defined by 2 anz" whenever this
0 (n)

this series converges, and if Ianl < l/ﬁ! for all n, then
a. I£(2)] < |7
b, f£(2)
c. 1/£(z)
d. ETES is an entire function

e. l£(z)] g el

1s an entire function

1s an entire function

VII. (8 credits) Complete each of the following statements to

indicate the values of the complex variable 2z for which

the stgtement 1s valid:
le®| <1 ror Re(z) < 0)

<)
1. If the series EO () anJ converges for z =1 + 1,

(Example:

it converges absolutely for
2. Ieizl <2 for
3. sinaz + coszz =1 for

4. Re(fn 2) < 0 for

&7




@

VIII.(10 credits) values of the following integrals,
the path of In being in each case the circle lz] =1

described cowwise:

Jz az

Jz dz

1
z dz

fsin(zz

sin z
=5
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l. Find the radius of convergence of the power series ZZ anzn,

glven that

2
oft

(2) i 8,
[e]

converges

cos(il:_15> dz

) f T
fz|=1
(@) o = esin z 4,
oo PR X
n |z|=n {z - 1000) 0
2. Glven that
+ o0
igs 52

z(z2 - 1) =

8

[o]

in some dohain, find all possible values of a_z.

3. Compute +
COS X a4y

1+ XZ

8“8

L. Given that f£(z) is holomorphic for |z| < 0,

and that for real x, - 1 <x <1, |f(x)] < e

you say about f?

2
-1/2° . yhat can



-2 -

Let f(z) be entire. Assume that f(z) # 0 for z ¥ n

(n=1,2, ...) and that
qh az 4 S.ﬁi__
J  f(z) J f{z)
fz| = n-1/2 lz] = n+ 1/2.

Is this function transcendental?

Find all functlons f(z) such that f(z) 1s holomorphic except

perhaps for z = 0,1,2,3,l, 21

100 |z} 20
fe(z)] = < :
Teillz-2Hz-31[2-k]
and
gfdz=l, Sfdz=-3,
|z|=3/2 lz]=5/2
3 fdz = S‘fdz =0
lz|=7/2 l2| =
Let £{z) be holomorphic for |z|<2. Where does the series
2 1 d'(2)
& nt 3zt
n=0
converge?

Let £(z) be holomorphic for |zl< 1, £(0) = 0, £(1) = 1 and

[£(z)]< 1 for |z| = Show that [f£'(1)} > 1.
State and prove the maximum modulus theorem.

State and prove Liouville's theorem.

27
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FINAL EXAMINATION
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1. Find the radius of convergence of each of the following
series

(1) The power series in
e? + log z°

(z-1) about 1 of the function

(11) i.t (1 + cos 5’41
)

)n zn

©
(111) 3 2" sin n®
[+

2. Find the laurent serles expansion near
of the function

in powers of 2z

flz) = 3= 12_ .
Is it regular at o ?
3. (a) State Rouche’s theorem.
(b) Let f(z) be analytic in the strip |Im z| < 10 with

|r{z){ <1 . Prove that has an infinite number of
zeros in the strip.

4, Evaluate the integral

cos z + £(z)

f log x ax
4+ x°
around the half circle Q for R large. By taking its
-R O R
real part evaluate
f loz X g
4+ x2

The function f(z) i8 analytic in the punctured disc

LR (a)

0 < jz| < 1,
boowped 0 (RE/,
continuous in O < |z] < 1 '\and {r(z)}} <1 "on

|t(z)} <1 everywhere.

(b) Assuming furthermore that on lz| =1,
Re f{z) =y = Im z , determine the function £ , proving your
statement.

lz} =1 . Prove that




