Matrices A(t) depending on a Parameter t

Jerry L. Kazdan

If a square matri¥A(t) depends smoothly on a parameteare its eigenvalues and eigen-
vectors also smooth functions b? The answer is “yes” most of the time, but not always.
This story, while old, is interesting and elementary — anskaiees to be better known.
One can also ask the same question for objects such as th@d8gjer operator whose
potential depends on a parameter. Much of our current utaaheling arose from this fun-
damental example.

Warm-up Exercise

Given a polynomialp(x,t) = X"+ an_1(t)x""1 4. +ay (t)x + ap(t) whose coefficients
depend smoothly on a parameter Assume at = 0 the numberx = c is a simple root
of this polynomial, p(c,0) = 0. Show that for allt sufficiently near O there is a unique
root x(t) with x(0) = c that depends smoothly dn Moreover, if p(x,t) is a real analytic
function oft, that is, it has a convergent power series expansidnneart = 0, then so
doesx(t).

SoLuTION: Given thatp(c,0) = 0 we want to solvep(x,t) = 0 for x(t) with x(0) = c.
The assertions are immediate from the implicit functionotieen. Sincex(0) =c is a
simple zero ofp(x,0) = 0, thenp(x,0) = (x—c)g(X), whereg(c) # 0. Thus the derivative
px(c,0) # 0.

The examplep(x,t) :=x3 —t = 0, sox(t) =t1/3, showsx(t) may not be a smooth function
at a multiple root. In this case the best one can get is a “Byisgpansion” in fractional
powers oft (see [Kn, 15]).

The Generic Case: asimple eigenvalue

In the following, letA be an eigenvalue and a corresponding eigenvector of a matAx

We sayA is asimple eigenvalueif A is a simple root of the characteristic polynomial. We
will use the equivalent versionf (A—A)?V =0, then V = cX for some constant c. [The
proof of the equivalence is, for instance, an immediate equsnce of the fact that every
matrix is similar to an upper triangular matrix.]

The point is to eliminate matrices such as the zesoZ2matrix A= 0, whereA =0 is a
double eigenvalue and any vect¥r~ O is an eigenvector, as well as the more complicated
matrix A= (3 §) which hasA = 0 as an eigenvalue with geometric multiplicity one but
algebraic multiplicity two.

Theorem Given a square matrix A(t) whose elements depend smoothly on a real param-
eter t, if A = Ag isa simpleeigenvalue at t = 0 with a corresponding unit eigenvector
Xo, then for all t near O there is a corresponding eigenvalue and unique (normalized)
eigenvector that depend smoothly ont.

Also, if the elements of A(t) arereal analytic function of t, then so are the eigenvalue and

eigenvector.
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The only books | know of that have proofs of this theorem area[is, p.?] and [Lax,
p. 131]. The proofs there are different.

PrROOFE™* Although we won't use it, the eigenvalue part is immediatarfrthe warm-up
exercise above applied to the characteristic polynomias the eigenvector aspect that is
takes a bit more work.

Given A(0)Xo = AoXp for some vectoiXy with || Xo|| = 1, we want a functioi\(t) and a
vector X(t) that depend smoothly anwith the properties

ADX() =AOX(1), (Xo,X(t) =1, and A0)=Xo, X(0)=Xo.
Here, (X, Y) is the standard inner product. Of course we could also haee aglifferent
normalization, such agX(t)[|?> = 1.

SOME BACKGROUND ON THEIMPLICIT FUNCTION THEOREM.

If H:RN xR — RN, say we want to solve the equatioHgZ,t) = 0 for Z = Z(t). These
are N equations for theN unknownsZ(t). Assume tha¥Z = Zj is a solution at =0, so
H(Zy,0) = 0. ExpandingH in a Taylor series in the variablé nearZ = Zy we get

H(Z.t) = H(Zo.t) + Hz(Zo,)(Z ~ Zo) + -,

where Hz is the derivative matrix and-- represent higher order terms. If these higher
order terms were missing then the solutiortbfZ,t) = 0 would be simply

Z—Zo=—[Hz(Zo,t)] H(Zo.1),
that is,

Z = Zo—[Hz(Zo,t)] "H(Zo,1).
This assumes that the first derivative matix(Zo, 0) is invertible (since it is then invertible
for all t near zero). Themplicit function theorem says that this is still true even if there
are higher order terms. The key assumption is that the firstadiwe matrix Hz(Zp,0) is
invertible. Although we may think of the special case where R, this works without
change if the parametére RX is a vector.

(CONTINUATION OF THE PROOK We may assume thal = 0. Write our equations as
fOGA) A(t)X —AX
FOXAL) = W] =
( Y ) (g(xu)\ut)) <<X07 X>_1 ,

where we have writterf (X, A,t) := A(t)X —AX andg(X,A,t) := (X, X) — 1. We wish to
solve: F(X,A,t) = 0 for both X(t) andA(t) neart = 0. In the notation of the previous
paragraphZ = (X,A) and H(Z,t) = F(X,A,t). Thus the derivative matri¥lz involves
differentiation with respect to botk andA.

The derivative with respect to the paramet¥randA is the partitioned matrix

F/(X A1) = G); ;2) = (A<t>)<OT_“ —Ox) .

Here we usedXo, X) = XJ X, whereX] is the transpose of the column vect&y. Thus

att=0
A(0) — Aol —Xo
' S)

*This was worked out at the blackboard with Dennis DeTurck.

F(%020.0) = (
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For the implicit function theorem we check that the matrixtba right is invertible. It is
enough to show its kernel is zero. Thus, $&yXo,Ao,0)W =0, whereW = (V) # 0.

ThenA(0)V = AoV +rXp and (Xp, V) = 0. AssumeV # 0. Then by the last conditioK

andV are linearly independent. Writ&(0) as a matrix in a basis whose first vectoXs
and second i¥ . SinceAXp = ApXg andA(0)V = rXg+ AoV, in this basis

Ao I % *

0O Ao x ---
A(0) = 0 0 % -+ % 7

0O 0 x - x

where “” can be anything. Thug, is at least a double root of the charachteristic poly-
nomial — which contradicts the assumption thgtis a simple eigenvalue oA(0). Thus

V =0 and hence =0, soW = 0. Consequently the derivative matriX (Xp,Ao,0) is
invertible. By the implicit function theorem the equatiéi{X,A,t) = 0 has the desired
smooth solutionX = X(t), A = A(t) neart = 0. If F is real analytic int neart =0 then

so is this solution .

The General Case

If the eigenvalue\(t) is not simple, then the situation is more complicated — eixi¢efy(t)

is self-adjoint and depends analytically bonThen both the eigenvalue and corresponding
eigenvectors are analytic functionstofsee [Ka] and [Re]). However, it is obviously false
that thelargest eigenvalue is an analytic function of— as one sees from the simple
example(§9) for t near 0.

We conclude with three examples showing that if either thieaghoint or analyticity as-
sumptions are deleted, the eigenvalue and/or eigenveetpnot depend smoothly an

01
t O
characteristic polynomial ip(t) := A2 —t, the eigenvalues are not smooth functiong of
for t near O.

EXAMPLE 1 At t =0 the matrixA(t) = has O as a double eigenvalue. Since the

EXAMPLE 2a This is a symmetric matrix depending smoothly (but notydically) on t.
Neart = O the eigenvectors are not even continuous functiorts @his is from Rellich’s
nice book [Re, page 41]. Let

t)y O sh(t) —sind(t
s o) end o= (Rl entl).
wherea(0) = 0. Fort # 0 we leta(t) := exp(—1/t?) and ¢ (t) := 1/t.

The desired symmetric matrix &(t) = R(t)B(t)R(t). Itis similar to B(t), but the new
basis determined by the orthogonal matt) is spinning quickly neat = 0. We find

cos2p(t) sin2h(t)
A(t) =a(t) (sin2¢(t) —cl:OSZIJ(t)) ’
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Its eigenvalues arg . = +a(t). Fort # 0 the orthonormal eigenvectors are

_ [cosh(t) _[—sing(t)
Vi(t) = (sinq)(t)) and V_(t) = ( cosb(t) |
Sincea(t) goes to 0 so quickly nedr= 0, even thoughp(t) = 1/t the matrixA(t) is aC”
function oft. However the eigenvectors keep spinning and don’'t evenezgevas — 0.

ExAMPLE 2b Another example of the same phenomenon.NMetand M_ be symmetric
2 x 2 matrices with different orthonormal eigenevctds V., andW;, W, ,respectively.

For instance
0 1 10
M, = (1 0) and M_ = (O 2) ,

so we can let; = (\[ f) V2 = (5, 75), andWy = (1,0), Wy(0,1). With at) :=
exp(—1/t%) as above, let

A) = at)M; fort>0
at)M_ fort<O

with A(0) = 0. This matrix A(t) depends smoothly oh and has the eigenvectox§
and V,, for t > 0, butW; andW, for t < 0. The eigenvectors are not continuous in a
neighborhood of = 0.

EXAMPLE 3 In the previous example the eigenvalues were still smagthtions, but this
was lucky. There are symmetric matrices depending smoathlg parametet whose
eigenvalues are ndt? functions oft. Since the eigenvalues are roots of the characteris-
tic polynomial, this is just the situation of a polynomial @8e coefficients depend on a
parameeter and asking how smoothly the roots depend on thenpter. One instance is
x? — f(t) = 0, wheref (t) > 0 is smooth. The key observation (certainly known by Rellich
in [Re]) is the perhaps surprising fact that tHi&) may not have a smooth square root.
This has been rediscovered many times. One example is

f(t)=sir?(1/t)e Y +e 2" fort>0 while f(t)=0 fort<O0.
For a recent discussion with additional details and refe¥ensee [AKML].
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