Vector Integrals and Stokes’ Theorem

0 Introduction

This chapter is about “vector integration”. For this new kind of integration,
both the regions of integration and the integrands are of a different type
from those considered in Chapter ?7?. We will learn to calculate integrals for
which the region of integration is a curve in R? (so-called “line integrals”)
and integrals for which the region of integration is a surface in R?® (“surface
integrals”). The integrands will be of the form (F(X), V (X)), where F' and
V' are vector-valued functions.

In this introductory section, we will describe briefly the kinds of curves
and surfaces that we will use for regions of integration in our vector integrals.
For line integrals, the region of integration will be a “smooth oriented curve”
C. See Figure ??. The adjective “smooth” means that there is a tangent
line at each point on the curve, except of course at its endpoints. The
word “oriented” means that we will choose a direction along the curve, as
indicated by the arrow in the figure. In surface integration, we will integrate
over “smooth oriented surfaces” in R3, which are surfaces that have tangent
planes at each point (except at the “surface boundary” or “edges”), and
which are oriented by choosing one side as the “positive” side. For example,
a sphere is a smooth surface which can be oriented by choosing either the
inside or the outside as the positive side. It has no surface boundary. As
a second example, consider a parallelogram region in R3, which is a smooth
surface whose surface boundary consists of four line segments. If you think
of this region as a thin wafer that is blue on one side and red on the other,
you can orient it by choosing either the blue or the red side as its positive
side.

As mentioned earlier, our integrands will be inner products of the form
(F(X),V(X)), where F and V are vector fields defined on the region of
integration. The vector field F' may be thought of as a force field that
surrounds the region of integration. See Figure 7?7, where F' is indicated by
the curved arrows (“streamlines”), and the region of integration is the surface
B, with surface boundary 0B. For each point X on the surface, the vector
V(X)) is a special unit vector that indicates the orientation of the region of
integration at X.

Line and surface integrals arise often in physics and engineering as well



as in mathematics. In Section 1, we will discuss smooth oriented curves in
more detail, and define the line integral. In Section 2, an important theorem
(Stokes’” Theorem) concerning line integrals is proved. It is a beautiful and
useful generalization of the Fundamental Theorem of Calculus. In Section 3,
smooth surfaces and surface integrals are treated, along with generalizations
of Stokes” Theorem. We will see that both line and surface integrals can be
calculated in terms of ordinary integrals (including double and triple inte-
grals). The final section, Section 4, introduces an important type of vector
field, called a “conservative force field”, or a “potential field”. Calculations
of line integrals in conservative force fields are quite easy, since the answer
only depends on the locations of the endpoints of the curve of integration.
Throughout the chapter, there are discussions of applications of vector inte-
gration.

1 Line Integrals

1.1 Smooth oriented curves

Let C be a curve in R?. For example, see Figure 7?7, where a half circle in
R? is shown. The curve C may have two endpoints, as shown in the figure,
or it may have one or no endpoints, for example, it may be a ray or a full
circle. Let C, be that part of the curve C that doesn’t include the endpoints.
Suppose for each point X of C,, there exists a unit vector V = V(X) such
that the line parametrized by tV 4+ X is the tangent line of C at X. We
imagine that the unit vector V(X)) is attached to the curve at the point X.
Note that V : C, — RY is a vector-valued function. If V' is a continuous
function, we say that C is a smooth oriented curve with (positive) unit
tangent vector V(X) at X. The direction of V(X) is the orientation of the
curve C at X. In Figure 7?7, the curve has been oriented so that it travels
counterclockwise around the origin. You might imagine the positive tangent
vectors attached to various points on the half circle in the picture. These
tangent vectors point upward near the point (1,0), downward near (—1,0),
and toward the left near (0, 1).

Most often, we will work with curves in terms of parametrizations. A
parametrization of a curve provides a natural orientation for that curve. If
the curve C is parametrized by the function « : [a,b] — RY, and if /() exists



and is not 0 for ¢ € (a,b), then a unit tangent vector at X = «(t) is given by

/
t
V(X) = O‘,( ).
le’ ()]
If o/(t) is continuous and not 0 at all t € (a,b), then V(X) will also be
continuous, and thus will provide an orientation for the curve. In this case,
we will say that C is oriented by the parametrization a.

1. Let a(t) = (cost,sint), 0 <t < . Then a parametrizes the curve in Fig-
ure ?77. Since o (t) = (—sint, cost) is a unit vector, we take V(X) = o/(¢)
for X = «(t). As you may easily verify, this parametrization provides
the same orientation as that shown in the figure.

2. The half circle is also parametrized by a(t) = (cos2t,sin2t), 0 < ¢t < /2.
You should check that it also provides the same orientation.

3. The half circle in the figure is parametrized with the opposite orientation
by a(t) = (cos(m — t),sin(r — t)), 0 < t < .

Some curves, such as circles, have no endpoints. We call such curves
closed curves. We will always insist in this chapter that if « : [a,b] — R?
is a parametrization of a closed curve C in RY, then a(a) = a(b). The usual
parametrization of the circle

a(t) = (cost,sint), 0<t<2rm

satisfies this condition.

1.2 Definition of the line integral

Let C be a smooth oriented curve in R? with positive unit tangent vectors
V(X) for X € C,. Also let F': C — R? be a continuous vector field. Imagine
that C has been partitioned into small pieces C;, and let X; be a point in the
piece C;. Let As; be the arc length of the piece C;. Our approximation for
the line integral of the vector field F' along the oriented curve C is

Z(F(Xi)a V(X;)As; .
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This formula has a somewhat more familiar appearance if we use the

alternate notation
X Y=(X)Y)

for the inner product of two vectors X and Y, in which case the synonym
“dot product” is often used for “inner product”. Then our approximating
sum becomes

Y F(X) - V(X)As;

which looks a lot like an approximating Riemann sum. Under appropriate
conditions, the approximating sums converge as the pieces C; become smaller
and more numerous to a quantity which we denote by

/F(X)-V(X)ds:/F-Vds.

c c
This quantity is called the line integral of F' along the oriented curve C.

REMARK There are several varations on the notation for the line integral.
For example, we may write dX for V ds, leading to the notation

/CF-Vds:/CF(X)-dX.

Of course, dX is not really a vector, so F' - dX is not defined. Nevertheless,
this notation is well-established, and reminds us of the notation for ordinary
single-variable integrals. It is also common to write the line integral in terms
of components. For example, if F' = (p,q) is a vector field in R?, then we
write

/CF(X)-dX—/Cp(x,y)d:chq(:v,y)dy,

where we have expressed the “vector” X as X = (dz,dy). We will switch
among these various ways of writing the line integral, depending on which
seems most convenient.

We need a way to calculate the line integral. This will be done in terms
of a parametrization of the curve C. Suppose that C is oriented by the
parametrization «. Let the domain of @ (an interval) be denoted by R, and
let R be partitioned into small intervals R; centered at ¢; and having arc
length At;. We know from our work with arc length (Section ?7) that the
arc length of the image of R; under « is approximated by ||a/(¢;)||At;. Let
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X; = at;). Since V(X;) = o/(t;)/||/(t;)||, the approximating sum for the
line integral is itself approximated by

SR () At = 3 F(a(t) (1A

lo’ ()]

This last sum is an approximation for the (ordinary) integral

(@FWM%MML

Note that the integrand in this last integral is a scalar, since it is the inner
product of two vector-valued functions. This reasoning justifies the following
theorem:

Theorem 1 Let C be a smooth curve in R? which is oriented by a parametriza-
tion & whose domain is an interval [a, b], and let F' be a continuous vector field
whose domain includes C. Then

LFV%zl%M®yd@ﬁ.

As in our previous work with integration, we have not been completely
rigorous in our definitions of line integrals, so it is not appropriate to try to
give a proof of this theorem. There is however one aspect of the theorem
that we wish to justify here. The right-hand side of the formula given in
the theorem appears to depend on the parametrization . We would like to
know that if we use another parametrization 3 : [¢,d] — R? that orients C
with the same orientation, then

/ﬂW»MWﬁ/meﬂww

(A similar situation occurred when we found a formula for arc length in
Section ??.) For simplicity, let us assume that § = « o, where v is an
increasing function from [c,d| to [a,b]. (It turns out that this assumption
always holds if o/ and (3’ are both never equal to 0.) Using the single-variable
chain rule and the substitution ¢ = 7(s), we obtain

/mm»mws:/mwm»wwmww



EXAMPLE Let C be the oriented curve a(t) = (cos2t,sin2t) for 0 < ¢t <
/2. See Figure ??7. (The image of « is the upper half-unit circle traversed
counterclockwise.) Let us evalute

/(ﬂfz,fﬁl) . dX N
C

which we can also write as

/.I'Q dl’l — T dl’g .
C

Since o/ (t) = (—2sin 2t,2 cos 2t),

w/2
/xg dr; — r1dze = / (—2sin? 2t — 2 cos? 2t) dt
c 0

w/2
= / —2dt = —m.
0

There is an obvious way to extend the definition of the line integral to
finite unions of smooth oriented curves. If we have two curves C; and C,,
then we write C; + Cy for their union, and define

/ FX)-dX = [ P(X)-dX + / F(X) - dX.
C Cy Ca

An important case in which it is appropriate to think of C as a union of
smooth oriented curves is when C is a piecewise smooth. See Figure ?7.
Such curves have tangent lines except at a finite number of points along the
curve (shown as “corners” in the illustration). We think of a piecewise curve C
as a union of finitely many smooth curves, in the obvious way. A line integral
along a piecewise smooth curve is calculated by integrating separately over
each smooth piece, with each successive integration picking up where the
previous one left off, and then adding the results. Incidently, the reason for
our increased generality is not obscure. We merely want to include curves
like triangles and squares.

ExamMpPLE Let C = C; + Co, where C; is defined by «ay(t) = (2,3 —t) for
0<t<2 and Cy by as(t) = (4 —t,1) for 2 <t < 3, and so C is composed
of two straight-line segments. See Figure ??7. Then, because

J=h L
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we evaluate

2
/xzdx—xydy:/ 2(3—1t) dt =8,
Cq 0

and ;
/ r? dr — vy dy:/ (4 — t)*(—dt) :—z.
Co 2 3
Consequently
T 17
Yde —aydy=8— - = —.
Cx r —zy dy 5= 3

1.3 Properties of line integrals

The first and most basic property of a line integral is its linearity described
in the following theorem.

Theorem 2 Let F' and GG be continuous vector fields, k a constant, and C a
piecewise smooth oriented curve. Then the following properties hold:

1L [L[F(X)+G(X)]-dX = [,F(X)-dX + [,G(X)-dX ,
2. fckF-dX:kaF~dX, .
The next property is an inequality.

Theorem 3 Let F' be a continuous vector field and let C be a piecewise smooth
oriented curve in D(F'). Assume that ||F'|| < M for all X on the curve C. Then

/F(X)-dX’ < ML,
C

where L is the arc length of C.

PROOF: Let o be a parametrization of the curve C and let a < b denote
the endpoints of D(«). Then

/abF(a(t))-o/(t) dt‘ < /ab|F(a(t)).O/(t)| g

/CF(X)-dX‘ =
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By the Cauchy-Schwarz inequality, we have
[F(a(t)) - o' ()] < [ F (@) o' ()] < Mlla’(2)]] -
Therefore ,
/F(X)-dX’ < M/ lo/(8)]| dt = ML .
C a

Done.

If C is an oriented curve, then we denote by —C the oriented curve that
is obtained by reversing the orientation of C. See Example 3, illustrated by
Figure 77, and also see Figure ?77.

Theorem 4 If C is any piecewise smooth curve, then

/_CF(X)-dX:—/F(X)-dX.

C

Proor: This is essentially identical to the argument that the formula for
the line integral does not depend on the parametrization, except that now
t=h(r)=a+b—7, a <7 <b, and —C is parametrized as f = o h. The
key change is in the limits of integration. Here a = h(d) and b = h(c). Thus

[Fe-ax = [ Foin) s ar

c

- - "B - 8 (r) dr
— —/_CF(X)-dX.

Done.

1. One parametrization of the oriented line segment C from (2,3) to (1,1)
shown in Figure ?7? is

alt)=(2—-t3-2t), 0<t<1.

(Note that the words “from (2,3) to (1,1)” indicate the orientation.)
Then

/xz dm—xydy:/1[—(2—t)2—|—2(2—t)(3—2t)] dt =4.
c 0



2. Let us evaluate
/(2y—3) dx + 2% dy |
c

where C is the curve from (—1,1) to (1,1) along the parabola y = 2.

We will use the parametrization
Blr)=(rr?), -1<r<1.

We obtain

' 14
/(2y—3) dz + 2 dyz/ [(2r* = 3) + 2r'] dr = ——.
¢ -1

3. Let I" denote the boundary of the triangular region with vertices at (1, 1),
(2,1), and (2, 3) traversed once counterclockwise. See Figure ?7. We will

compute
/ 2 dx —zy dy .
r

Again, this makes sense with any parametrization for I'. Now I' =T"y +
[y + I's, where I'y is the line segment from (1,1) to (2,1), Iy is the line
segment from (2,1) to (2,3), and I's is the line segment from (2,3) to
(1,1). Thus I'y = —Cy and I'y = —C; where C; and Cy are the oriented
curves in Example 1.2, and '3 = C the oriented curve in Example 1.

e
_ 7/Cz+/01+é/62/&+/c

= 3 8+4= 3
Our calculations show that the line integrals along two different curves
I'y+TIy and —I's from (1, 1) to (2, 3) are different even though the oriented
curves begin and end at the same places; the values along the curves are
% -8 = —% and -4, respectively. (This does not mean that different
parametrizations of the same oriented curve would give different results.)



4. Let C denote the line segment from (2,1) to (1,1). One convenient
parametrization is a(s) = (—s,1), —2 < s < —1. Thus

/xde—xydy:/ —s?ds = ——.
c 2 3

Of course, this should have been anticipated, because « is just a reparametriza-
tion of the curve Cy in Example 2. Another method for the same prob-

lem is to observe that —C is somewhat simpler to parametrize: ((t) =
(t,1), 1 <t < 2. Then we find that

2
/:—/ :—/tZdt:—z.
C —C 1 3
1.4 Work

If the vector field F' is a force field so that F(X) is the force “felt” by a
particle at the point X, then the line integral

/F~Vds
c

is defined in physics to be the work done by the force in moving the particle
along the curve C. Since V is a unit vector, the dot product F' -V is the
length of the component of F' in the direction of V', so only the component
of the vector field F' tangent to the curve influences the value of the line
integral, and hence the work done by the force. In particular, if a force field
is perpendicular to the curve C traveled by a moving particle, then this force
does zero work.

For example, if the force field, like gravity, is vertical, then this force
does no work in any horizontal motion of the object. Work done by this
force is nonzero only when moving an object up or down. It is friction, not
gravity directly, that causes us to expend work in sliding objects horizontally.
On smooth ice, where sliding friction is quite small, it is very easy to move
objects horizontally.

If the curve C is parametrized by a function « : [a,b] — RY, then the
formula for the work can be written as

b
work = / F(a(t)) - (t)dt .

10



Since the velocity o’(t) appears in the formula for work, one might be led
to believe that work depends on the velocity, and so if 3(7) describes the
motion of another particle moving in the same direction along the same
curve, then the work done by the force would be different for the two particle
motions «(t) and (7). Not true. The work does not depend on the particular
motions but only on the curve and the direction traveled along the curve (that
is, the orientation of the motion). More precisely, we are just reasserting in
a physical context the fact discussed earlier that the value obtained from the
formula for a line integral does not depend on the parametrization, as long
as the orientation remains the same. We can interpret Theorem 4 as stating
that if a force F' does work W in moving a particle along a curve C, then in
running the particle backward, that is, along —C, the force does work —W'.

1. Compute fc 2z dx + 6(x—y) dy where C is the oriented curve parametrized
by

a

o

@)

= D

c) (cost,sint,t), 0<t<2rm

d) (cos2tsint, sin2tsint, cost)

3. For the oriented curve C parametrized by
a(t) = (cos?t, costsint, costsint, sin’t), 0 <t <,

compute [, F'(X)-dX, where

11



a) F(X)=

b) F(X)=X +(1,1,0 0)

c) F(X) = (z1,—x2, —3,4)
d) F(X) <x17m27 —I4) .

. Compute [,2zdx + 6(z — y) dy where

a) C is the graph of y = 2x for 1 < < 2 and oriented in the direction
of increasing x

b) C is the line segment beginning at (—1,1) and ending at (2, —2)

c¢) C is the shortest curve from (0,0) to (1,1) that passes through the
point (1,0)

d) C is the shortest curve from (0,0) to (1,1) that passes through the
point (0,1)

e) C follows the parabola x = ¢?, from (1,—1) to (1,1)
f) C is the larger arc of the circle (z —1)? +y* = 1 from (0,0) to (1, 1).

. Compute [,(6z —y*)dxr — 2zydy for the curves C in parts (a) and (b)
of Exercise 1 and parts (c) and (d) of Exercises 4. Compare your four
answers.

. Compute [, X -dX, where C is a circle of radius » < 1 on S((0,0,0);1).

. Evaluate [, y?dz + 32” dy for each of the following curves:
a) C is the line segment from (—1,1) to (2, —2),
b) C is line segment from (2, —2) to (—1,1).

. Use answers to parts (a) of Exercise 1 and (d) of Exercise 4 to calculate

/Qxdx + 6(x —y)dy,
c

where C is the counterclockwise oriented boundary of the triangular re-
gion with vertices at (0,0), (0,1), and (1,1).

12



10.

11.

12.

13.

14.

15.

. Use parts (e) of Exercise 1 and (f) of Exercise 4 to calculate

/dex + 6(z —y)dy,
c

where C is the entire circle (z — 1)? 4+ y* = 1 oriented counterclockwise.

Evaluate
/em sinydx + e*cosydy ,
c

where C is the portion of the circle 22 + 3? = 1 with > 0, oriented
so that it begins at (0,1) and ends at (0,—1). Hint: In calculating the
eventual single-variable integral avoid the tempatation to represent the
integral of a sum as the sum of the integrals.

Evaluate fc(aﬁ + x%) dxi + 2x125 dxe, Where C is the oriented curve rep-
resented parametrically as (1 — 2,3 — 2t) for 1 <t < 2.

Let a force field be F(x,y) = (zy, z*> — 3y?). Compute the work done by
this force to move a particle of unit mass from (0,0) to (1,1) along each
of the oriented curves in Exercise 1, parts (a) and (b).

Let a force field be F(z,y) = (zy, 2* — 3y*). Compute the work done by
this force to move a particle of unit mass from (0,0) to (1,1) along each
of the oriented curves in Exercise 4, parts (c¢) and (d).

If a force field is F(x,y) = (ye™¥, xe™), find the work done by this force
to move a particle of mass 1 counterclockwise around the boundary of
the square |z| <1, |y| < 1.

Here is a review problem. Let a be a differentiable parametrized curve
whose image does not include 0, and let h be a scalar-valued differentiable
function on the interval (0, 00). Show that

ay o Rla®b
(o) = = FRal) (1)
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16.

17.

18.

19.

20.

Let C be a smooth curve in R™ with initial point U, and terminal point
U;. Assume that 0 ¢ C. Use the preceding exercise to show that

X 1 1
X =
/c X3 1Tl [|UAl

Generalize the preceding exercise by replacing || X||* on the left-hand
side by an arbitrary power of ||X|| and changing the right-hand side
appropriately.

For C, Uy, and U; as in Exercise 16 and 1 an arbitrary continuous scalar-
valued function on the interval (0, c0), find a formula for

/C (WX )X) - dX |

Hint: To express your answer you will need to introduce a function not
explicitly mentioned in the preceding sentence.

For each of the following statements decide whether it is true or false. If
it is false, give a counterexample. If it is true, give a proof. Here F'is a
continuous vector field whose domain contains the smooth curve C.

a) If C is a vertical line segment in R? and f; is the zero function, then
J. F(X)-dX =0.

b) If C is a circle in the xozz-plane in R? and f, and f3 are the zero
function, then [, F(X)-dX = 0.

c) If Cis a circle in the xyz3-plane in R and f, and f3 are negatives of
each other, then [, F(X)-dX =0.

d) If each f; is nonnegative, then [, F(X)-dX > 0.

Let C denote the quarter-circle 22 + 32 = 1 in the first quadrant oriented
counterclockwise.

a) Show that

/_e(xy)2 dr + o~ (@)? dy Sg el/16 4 1
C
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21.

2

b) Show that

\el/16 4 o—1/16

/ @ gy 4 e~ gy < T
. 2

Let F'(X) be a continuous force field in the plane. Suppose that a particle
of mass m moves so that its position «(t) is determined by Newton’s
second law:

ma” = Foa .

Show that the work done by the force F' during the time interval ¢; <
t <t is equal to the change in kinetic energy of the particle:

| F e =Sl - o

t1

Hint: First show that $m(d/dt)||o/(¢)||> = (F - &/)(2).

Stokes’ Theorem in the Plane

2.1 Stoke’s Theorem for a rectangular region

The time has come to generalize the Fundamental Theorem of Calculus to
multiple integrals. Throughout this section, we will use the following nota-
tion: if R is a pathwise connected open set in R?, then we will denote the
boundary of R by OR. Here is the simplest case.

Theorem 5 Let R denote the rectangle a < x < b, c <y <dand F = (p,q)
a vector field with a continuous derivative. Then

// (@—@) dA:/ p dv + q dy,
r \O0z  Jy R

where the boundary OR is oriented counterclockwise.

PrROOF: We treat the p and ¢ terms separately. Now

//R% = /cd ( ab%@y) dx) dy = /Cd[Q(b, y) —q(a,y)] dy.

15



In the notation of Figure 7?7, however, we have

d
/‘ﬂ&wdyz/nqw
c C2
d
/q(a,y)dyz—/ qdy:/qdy,
c —Cy Cq

and since y = constant on C; and Cs,

/qdy:O and/qdy:().
Cl C3
// 3q dA = / q dy.

Similar considerations give

[ Far=-] pa

Adding these two equations, we arrive at the result.

and

Therefore

2.2 More general regions

Precisely the same result holds for more general regions than rectangles. We
prove this in two steps. First is the case where a region B C R? can be
written both as

o) <y <y(x), a<z<b,

so that ¢ and v are the lower and upper boundary curves, respectively, and
as
O(y) <z <V(y), c<y<d

so that & and ¥ are the left-hand and right-hand boundary curves, respec-
tively. See Figure 77. We also suppose that the boundary is a piecewise
smooth curve; that is, the boundary 0B consists of a finite number of smooth
curves. Such regions are called simple regions.
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Theorem 6 Let B C R? be a simple region and F' = (p, q) a vector field with
a continuous derivative. Then

// (@—@) dA:/ p dx + q dy,
s \0r Oy o8B

where the boundary 0B is oriented counterclockwise.

Proor: We discuss only the p term. The ¢ term is treated similarly. Now

[l = L(LGena) s
_ /ab[p(x,zzz(x)) — plz, ()] dz.

Let C; denote the bottom curve of B, and Cy the top curve, oriented so that
0B is oriented counterclockwise. Then

/abp(x,@/)(x)) dr = /c2p dz, /abp(x,gp(x)) dr = /Clp de.

Thus, as claimed,

//@dA:—/ pdx:—/pdx
59y C1+Co B

(observe that [ p dx = 0 over any vertical line segment).

Finally, we extend this to more general regions, possibly containing holes.
The idea is to dissect the region into simple regions and apply Theorem 6 to
these simple regions separately. An example makes this clear. Let B C R?
be the region indicated in Figure ??. We have dissected B into a number
of simple regions. If one applies Stokes” Theorem to each of these simple
regions separately, then line integrals along the interior dotted lines appear.
The integrals along the dotted lines cancel, however, since, for example, the
line shared by B; and B, is traversed once in each direction. By Theorem 4,
the net result is zero. Thus, only integration along 0B remains, that along
the “outer” portion of 0B is traversed counterclockwise and that along the
“inner” portion is traversed clockwise. There is a mnemonic device that
enables us to remember the orientation of the boundary: if you walk along
0B so that your left hand is in B, then you are walking in the positive
direction of 0B. We call this the positive orientation of 0B5.

The discussion above has established
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Theorem 7 (Stokes) If B C R? is decomposable into a finite number of
simple regions with piecewise smooth boundaries, then for any vector field F' =
(p, q) with a continuous derivative,

o) 4=
— — = | dA = x,y) de + q(z,y) dy,
(G- [ o) dot ale.y) dy

where 0B has positive orientation.

1. Let B denote the triangular region with vertices at (0,0), (1,0), and
(0, 1), with positively oriented boundary. We evaluate

/ (e*4+y—2z) do+ (Tx —siny) dy.
oB

Let p=-e€Y +y — 2x and ¢ = 7Tx — siny. Then, by Stokes’ Theorem,

/(e"”—i—y—Q:c) dx + (Tz —siny) dy://6dA.
oB

//BdA: area (B) = 3.

/ (e +y —2z) do + (Tx —siny) dy = 3.
b

But
Thus

The theorem greatly simplified the amount of computation.

2. Let B denote the disk of radius a centered at the origin and let p(r) =
p(z,y), q(r) = q(x,y) be functions that depend only on the distance r
from the origin. Assume that p and ¢ have continuous derivatives. Then
by Stokes” Theorem

dq 319) /
— — — | dA = dr +q dy .
//B (8$ y asp 1%

But on 0B = circle of radius a, p = p(a), ¢ = q(a) are constant. There-

" //B(qx —py) dA = /%p(&) dr + q(a) dy.
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To evaluate the line integrals, we could introduce a parametrization and
go through the easy computation. Instead, we are sneaky and again
apply Stokes’ Theorem, using the fact that p(a) and g(a) are constants.
A moment’s thought (do not write anything) reveals that the value of
the integral is zero; that is, if p and ¢ are constant on the circle,

[ [@=p)as=o

2.3 Other versions

In practice, people often use several different variants of Stokes” Theorem.
For the first variant we need the idea of the unit outer normal vector to
the boundary of a region B. If V(X) is the positive unit tangent vector at
a point X on 0B, then the unit outer normal vector N(X) at X is the unit
vector obtained by rotating V' (X) 90 degrees clockwise in R?. In other words,
N(X) is perpendicular to V(X), and hence perpendicular to the curve 0B5.
Furthermore, if you are facing in the direction of V(X), then N(X) will
point toward your right, which is “outward” or away from the region B. If
X = at) = (ai(t), az(t)) is a parametrization of 0B, oriented positively,

then
o(t)  (e4(), ah(1))

l @) [I(ed (2), b (t))]]

equals V(X). If we apply the linear transformation with matrix

0 1
-1 0
to this vector (thus rotating it 90 degrees clockwise), we obtain

 (alt), —al(1)
N = e ol

ExaMPLE For a simple example of a unit outer normal vector, let B be the
disk of radius 2 centered at the origin, so that 9B is the circle of radius 2. See
Figure 7?. At a point (z,y) on 0B, the unit outer normal is given by N =
$(z,y) = (cost,sint), where OB is parametrized by a(t) = (2cost,2sint).
Note here that the unit tangent is (—sin¢,cost) = (—y, z).

Let us now state the divergence form of Stokes’” Theorem.
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Theorem 8 (Divergence Theorem in R?) If F' = (fi, f») is a vector field
with a continuous derivative, and if B C R? satisfies the assumptions of Theo-
rem 6, then

div F dA = oh % dA= | F-N ds,
/1. AG: I

where N is the unit outer normal to 9B and s is arc length on 0B.

ProoOF: The first equality is the definition of the divergence:

. Of | Of
leF—%‘i‘a—y

To prove the second equality, we let ¢ = fi, p = —f> in Theorem 6. Then

[ i [ paes

Thus, if a(t) = (a1 (t), aa(t)), a <t < b, is a parametrization of 9B, we have

// (afl 8f2) d“:/ab(—fza’ﬁfla’z) dt:/abF-Nds.

Done.

This theorem has a nice physical interpretation. Think of F' as the ve-
locity vector of a fluid—a gas, say—moving in the plane, and assume unit
density. Then div F(X) measures how the gas is moving from the point X.
Integrating this over the whole region B, we obtain the net change in the
amount of fluid in B. But there is another way to measure the same quan-
tity: merely stand by the walls of B and see how much leaves. See Figure 77.
In computing this, we of course need only the component of the velocity F
perpendicular to the boundary (the component of the velocity tangent to the
boundary affects only the circulatory, that is, whirlpool-like, motion of the
fluid in B). This explains why we use the unit outer normal vector in the
line integral. Theorem 8 is just a statement of the equality of these two ways
of measuring the change in the amount of fluid in B. If div F' = 0, then the
net fluid flow across any closed curve is zero. Thus, we refer to a vector field
satisfying div F' = 0 as having no sources or sinks in B.
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Perhaps a more familiar statement of the same idea is to let B denote a
room in which a party is taking place and F(X) the velocity of the person
standing at X. Then one can measure the change in the number of people at
the party either by (1) counting the people inside the room B or (2) standing
at the doors (= 0B) and counting how many people enter and leave. The
number from (1) is the left-hand side of Theorem 8, and (2) the right-hand
side.

One can also see how the single-variable theorem

/ f(x) de = F(b) - f(a)

fits into this pattern. See Figure ??. The minus sign in front of f(a) arises
because the “outer normal” to the interval a < x < b at a is in the negative
direction.

We conclude this section with two important identities due to Green.
Green’s first identity asserts that if B has a smooth boundary and if u
and v are functions with continuous first and second partial derivatives, then

//vAudA:/ vVu~Nds—//Vv-VudA,
B oB B

where Au = ug, + uy, is called the Laplacian of v and Vv = grad v =
(vg, vy). This formula is an analog of integration by parts. To prove it, we
use the Divergence Theorem 8 with f; = vu, and f; = vu,. Then

oh ot
ox oy
and the result follows. It is often useful to note that the term Vu - N in the
boundary integral is the directional derivative of u in the direction of the

outer normal to dB. This is sometimes written du/0N, and so Green’s first
identity reads

ou
vAudA:/ v—ds—//VU-VudA.
//B oB aN B

Green’s second identity asserts that

ou ov
//B(UAU —ulAv) dA = /azs (va—N - ua—N> ds.

This is proved by writing Green’s first identity with the roles of u and v
reversed and then substracting the two equations.

= VUgy + Vply + VUyy + vyuy = vAu+ Vo - Vu,
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2.4 Applications

Now let us see how Stoke’s Theorem may be applied to some issues in math-
ematical physics. Let B C R? be a given region with smooth boundary, and
let u(x,y,t) denote the temperature at the point (x,y) € B at time ¢t. In
physics, it is shown that a simple model for heat flow requires that u satisfy
the differential equation u; = Auwu; that is,

oo
ot 0z  Oy?’

To determine the temperature u(x,y,t) for t > 0, it is physically plausible
to require prior knowledge of both the initial temperature (at ¢t = 0)

u(z,y,0) = f(z,y), (z,y)€B,
and the temperature on the boundary for all time ¢ > 0
u(@,y,t) = p(z,y,t), (v,y)€dB, t=0.

Although we do not prove that a solution does exist, it is easy to show that
there is at most one solution—a uniqueness theorem. Thus, once one solution
satisfying the initial and boundary conditions has been found, by whatever
means, you are guaranteed that there is no other one.

Suppose that v and w are two solutions, and let © = v —w. We show that
u(z,y,t) = 0 for all (z,y) € B. This, of course, proves that v = w. Now,
since v; = Av and w; = Aw, we see that

u — Au = v, — w, — (Av — Aw) =0,
and for (x,y) € B,
u(z,y,0) = v(z,y,0) —w(z,y,0) = f(z,y) = fz,y) =0,
and similarly for (x,y) € OB and t > 0,
w(z,y,t) =v—w=¢—p=0.

Now—and here is the trick—we define a kind of “energy” function F(t)

by
1
E(t) = —// w?(x,y,t) dr dy.
2/ Js
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Then, differentiating with respect to ¢t under the integral sign (see the theorem
in Section ?7?), we find that

de 1 0
e 5//3 atﬂ(x,y,t)dx dy = //Buut dx dy.

But u; = Au, and so by Green’s first identity with v = u there,

a—E://uAudxdy:/ uVu-Nds—//HVu]Fdxdy.
8t B OB B

Now we recall that ©w = 0 on 0B, and so the boundary integral is zero. Thus

E
& _ —// Vul]* do dy < 0.
di 5

Consequently, F(t) is a decreasing function, E(t) < E(0)—physically, energy
is dissipated. Since u(z,y,0) = 0, however, we see that F(0) = 0. Moreover,
it is evident from the definition that F(t) > 0. Hence for all t > 0

0 < E(t) < E(0) =0;

that is, E(t) = 0 for all £ > 0. This implies that u(z,y,t) = 0 for all ¢ > 0,
since if not, then E(t) > 0 for some ¢ > 0.

As our second application, we consider a vector field F satisfying div F' =
0 in a region 2 C R?; that is F' has no sources or sinks in §2. See Figure ??.
For instance, we might have

z Y

with Q the region 1 < 22 + 3 < 9 between two circles of radius 1 and 3,
respectively. It is easy to check that, for (x,y) # 0,

) 0 T 0 Y
dwF_%<x2+y2) +8—y(x2+y2> =0

Let C be the curve in Figure ??. We claim that

/F-Nds:/F-Nds:QW,
C c
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where ¢ is the unit circle || X|| = 1 oriented counterclockwise. If F' represents
the velocity vector of a fluid in €2, this asserts that the net flow across the
curve C equals that across the unit circle c¢. This is plausible if one observes
that the vector field F' is radial outward of length 1 at every point on c. It
also appears that there is a source at the origin.

The computation is easy. Let B denote the region between C and the unit
circle || X|| = 1. Then by the Divergence Theorem 8,

0:// dideA:/ F - N ds.
B oB

But 0B = C — ¢, where we have —c, not ¢, since its orientation is reversed
when considered part of the boundary of B. Therefore

O:/ F-NdS:/F'NdS—/F~NdS.
oB C c

We now evaluate the integral around c. There are two methods. The eas-
iest is to observe that on ¢, the radius vector X = (z,y) is the unit outer
normal. Thus F' = N is also the unit outer normal, so that F'- N =1 on c.

Consequently
/F~Nd5:/ ds = 2.
C c

The second method is to parametrize ¢ as * = cosf, y =sinf, 0 < 6§ < 27.
Then F' = (cosf,sinf) on ¢ and, as we saw just before Theorem 8 N =
(cosB,sinf). Therefore F'- N =1, and

27
/F-Nds-/ 1 df = 27.
c 0

This number 27 represents the magnitude of the source at the origin.
Other applications of the various forms of Stokes’ Theorem appear in
later sections.

1. As a check of Stokes’” Theorem 6, compute both sides separately and
showing that they are equal, for each of the following:

a) F(z,y)=(1—y, x), Bis the disk 2> + 3> < 4
b) F(x,y) = (x+y, © —6y), B is the triangular region with vertices at
(—4,1), (2,1), and (2,5)
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c) F(z,y) = (vy,—ry), B is the disk 2% + y* <9

d) F(z,y) = (ysinmx, ycoswz), B is the rectangular region given by
1<zr<2and -1<y<1

e) F(z,y) = (2*+y, ¢V —x), B is the region above the parabola y = z?
and below the line y =1

(z,y) = (2® + y?, —2xy), B is the half-disk 2% + y? < 16, y >0

(z,y) = (x, 2z +y), B is the ring region 1 < 2% + y? < 4

h) F(z,y) = (v*, x?), B is the region outside the circle x? 4+ y* = 1 but
inside the rectangle —2 < <3, —4<y <5.

Fla,y) = (
Fla,y) = (

. a) Given a bounded region B C R2, show that

1

Area (B) = 5/ rdy — ydx .
oB

b) Use part (a) to find the area inside the ellipse
(z,y) = (acosp,bsing), 0 <p < 2r.

c) Use part (a) to find the area of the region 1 < 2?2 + y? < 25.

If w : R? — R is a function with continuous first and second partial
derivatives, prove that

ou
Au dA = — ds.
//B o ON

. Let a force field F' = (2 — 5x +y, ). Find the work expended in moving
a particle of unit mass counterclockwise around the boundary of the
triangle with vertices at (1,1), (3,1), and (3,5).

. Let C; denote the circle z°+y* = 1 and C, the circle (z—2)*+(y—1)? = 25,
both oriented counterclockwise, and let B denote the ring region between
these curves. If a vector field F' satisfies div F' = 0 in B, show that

/F-Nds:/ F - N ds.
C1 C2
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(Note that the proof of this extends immediately to the case where C}
and (5 are replaced by more general curves and B is the region between
them.)

6. For certain kinds of heat flow, the temperature u(x,y,t) in a region B C
R? satisfies
uy = Au — u.

Prove that there is at most one solution that has a given initial temper-
ature u(z,y,0) = f(z,y), (z,y) € B, and a given boundary temperature
u(z,y,t) = p(x,y,t) for (z,y) € OB and t > 0. (The same function E(t)
given in Section 2.4 works here.)

7. Let F' = (p,q) be a vector field with a continuous derivative in R?, and
let B C R? be a region with a smooth boundary 0B. If F is a constant
vector on 0B, show that

//B(Qw_py)dA:O'

3 Surface integrals

3.1 Smooth oriented surfaces in R?

Stokes’” Theorem generalizes to three and higher dimensions. We content
ourselves with an intuitive description of the R?® case without proofs. For
this case we require the notion of integration on an oriented smooth surface
¥ in R3.

Let ¥ be a surface in R®. We picture ¥ as consisting of two disjoint
pieces, the surface interior, which we will denote by ¥,, and the surface
boundary, which we denote by 9%. Suppose that the surface boundary 0%
is the union of a finite number of closed curves, and further suppose that at
each point X on the surface interior ¥,, there is a tangent plane. Then we
call ¥ a smooth surface. If the surface boundary of ¥ is empty, then we
call ¥ a closed surface.

1. The torus and the sphere in R? are examples of surfaces ¥ such that
0% = (), since both of these surfaces have tangent planes at every point.
Thus they are both closed surfaces.
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2. The upper hemisphere
Y= {(z,y,2):2*+y*+ 2> =1and z > 0}
has the set
Yo = {(z,9,2) : 2° +9* + 22 =1 and 2z > 0}
as its surface interior, and the circle
oL ={(z,y,2) : 2° +y*+2* =1 and z = 0}

as its surface boundary.

3. Consider the set
Y={(r,y,2): 2 =2 +y*and a > z > b},

where @ > b > 0. This is the circular cone z = |[|(z,y)| truncated by
the planes z = a and z = b. It looks somewhat like an upside-down
lampshade. Its surface interior is

Yo ={(,y,2): 22 =2 +y*and a > z > b},

and its surface boundary consists of two horizontal circles centered on
the z-axis. One of these circles has radius a and lies in the plane z = a,
and the other has radius b and lies in the plane z = b.

4. If we let b = 0 in the preceding example, we obtain a surface that looks
like an ice cream cone (or a dunce cap). One piece of the surface boundary
is the same as before, namely a circle of radius a in the plane z = a. The
other piece has shrunk to a single point, namely the origin. You may not
find it natural to think of this point as a closed curve, or even as a surface
boundary point. However, it is the image of the function F(t) = (0,0, 0)
(with 0 < t < 1, say), so it is a curve. And for the purposes of this
discussion, we want to consider it a surface boundary point, since there
is no tangent plane to the cone at the origin.
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To orient a smooth surface 32, we must designate one side of the surface as
the positive side. We do this by supposing that at each point X on the surface
interior ¥, there is attached a unit vector N = N(X) that is perpendicular
to the tangent plane at X. See Figure ?7. The direction of N is called the
orientation of X at X, and NN is called the positive unit normal vector
of ¥ at X. The adjective “positive” signifies that N points in the direction of
the orientation of 3. The vector —N is the negative unit normal of X at X.
Note that N is a vector-valued function from ¥, to R3. If N is a continuous
function, we say that ¥ is oriented by V.

ExAMPLE Not all surfaces can be oriented. The “Moebius strip” is a famous
example of this. The Moebius strip may be parametrized as follows:

G(0,t) = ((1 +tcosf)cosh, (1 +tcosh)sinb, tsind) ,

where 0 < 0 < 27 and —% <t< % Ask someone to show you a few of the
strange and fascinating properties of this surface. We guarantee that he or
she will be delighted to do so.

Once a surface Y is oriented, we are automatically led to an orientation of
the surface boundary 0% by thinking of X as a piece of a “curved plane”. See
Figure 77, where 3 looks like part of a curved plane with a hole cut out of
it. Imagine that you are standing on the positive side of an oriented surface,
with your right foot on one of the curves that makes up its surface boundary,
and your left side toward the surface interior. Then you are facing in the
direction of the orientation of the curve. Try to visualize yourself doing this
near each of the two boundary curves in Figure ??7. Note that if you stand
on the opposite (negative) side of ¥ near one of the curves and face in the
direction of orientation of the curve, then the surface interior will be on your
right, and your left foot will be on the boundary curve.

We now describe a natural way in which a surface can be oriented by using
a parametrization. Suppose G = (g1(s,1), g2(s, 1), g3(s,t)) is a parametriza-
tion of the surface ¥ in R3. Let (so,%p) be a point in the domain of G where
G is differentiable. We recall the notation

0G dg dg dg
DiGi(s.0) = Gos,t) = (F20s.0). 205,00, T

and

oG dg Jg 9y
DaGls,t) = —-(5t) = (a—;(s,t), = (5:1) a—;(s,t))
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from Sections ?? and ??. If the linear transformation G’(sg,%s) has rank
2, or in other words, if the vectors D1G(sg,to) and DoG(sg, o) are linearly
independent, Theorem ?7 tells us that the plane P parametrized by

SDlG(So, to) -+ tDzG(So, to) + G(So, to)

is tangent to the image of G at the point (s, tp). Let N be the unit vector that
has the same direction as the cross product D;G(sg,to) X D2G(sg,tp). Then
N is orthogonal to the two vectors D1G(so,to) and DyG(sg, 1), and since
those two vectors have directions parallel to the tangent plane P, it follows
that N points in a direction that is perpendicular to the tangent plane of ¥
at X = G(so,%p). Thus the parametrization G leads to an orientation of the
surface at the point G(s,ty).

Now suppose for each point (s,¢) of the domain of G such that G(s,t) is
on the surface interior 3,, the derivative G'(s,t) is continuous and has rank
2. For X = G(s,t), let

DlG(S, t) X DQG(S, t)

N(X) = |D1G(s,t) X DoG(s,t)||

Since G'(s,t) is continuous, the vector-valued function N is continuous, pro-
vided it is well-defined. A problem with the definition may arise if G maps
more than one point in its domain to the same point X on the surface, for
then it would be possible to get two different normal vectors N(X). If we
obtain the same vector N(X) from the above formula for all points in the
domain of G that are mapped to X, then N(X) is well-defined on ¥,, and
we say that X is oriented by the parametrization G.

1. The upper half of the unit sphere S(0; 1) in R is oriented by the parametriza-
tion
G(0, ) = (cos O sin o, sin O sin ¢, cos ) ,

where 0 < 0§ < 27 and 0 < ¢ < 7/2. Let us determine which side of
the sphere is the positive side under this orientation. We compute the
positive normal vector at the point (v/2/2,0,v/2/2) = G(0,7/4). The
vectors D1G(0,7/4) and DyG(0,7/4) are computed by taking partial
derivatives with respect to 6 and ¢. We get

DyG(0,7/4) = (0,v/2/2,0) and D, G(0,7/4) = (v/2/2,0,—v/2/2)
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so N(v/2/2,0,4/2/2) is the unit vector in the direction of the vector

The third coordinate of this vector is negative, so it points toward the
“inside” of the hemisphere. Similar computations can be made at other
points, and in each case, the positive normal vector has a negative third
coordinate. Thus, the inside of the hemisphere is its positive side un-
der this particular orientation. The orientation of the surface boundary,
the “equator”, is clockwise around the vertical axis (when viewed from
above). Note that if we parametrize the equator by setting ¢ = 7/2,

F)=G0,7/2),

then F' gives us the reverse of this orientation. (This is a coincidence,
not a general rule.)

. You will be asked to show in the exercises that the parametrization given
earlier for the Moebius band does not produce a well-defined unit normal
vector at every point. It is in fact true that if a smooth surface ¥ has a
parametrization G that with a continuous derivative of rank 2 at every
point in its domain, and if G produces two different normal vectors N (X)
at some point X on »,, then X cannot be oriented.

REMARKS

. If a surface ¥ is oriented by a parametrization G(s,t), then it is ori-
ented in the opposite direction by the parametrization H(s,t) = G(t, s),
since the positive normal vector for the parametrization H points in the
direction of

DlH(S,t) X DQH(S,t) = DQG(t, S) X DlG(t, 8)
= —DlG(S,t> X DQG(S,t) .
In other words, simply by switching the order of the variables, we change

the orientation to the opposite direction. Try this with the parametriza-
tion of the hemisphere given above.
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2. In the example of the hemisphere, we glossed over a minor technical
point, namely that the vectors DG and DG are not linearly independent
when ¢ = 0, since D1G(0,0) = 0 for all . When ¢ = 0, G(0,¢) is
the “north pole” (0,0,1), so G fails to provide us with a unit normal
vector at (0,0,1). There are several ways to take care of this problem,
but perhaps it is best to either not worry about it, or to think of such
a point as a surface boundary point, such as we did for the vertex of
the cone in Example 4. Note that there is in fact a tangent plane at
the north pole, and that the orientation provided by G can be extended
continuously to give the unit normal vector N(0,0,1) = (0,0, —1) at that
point. A similar technicality occurs at the south pole when we extend
this parametrization to the whole sphere by letting ¢ range between 0
and 7.

3.2 Definition of a surface integral

We are now ready to discuss the integral of a vector field F' in R3 over an
oriented surface ¥ in R3. We assume that ¥ is a smooth oriented surface,
with positive unit normal vector N(X) at each point X in X,. Imagine that
3] is partitioned into tiny pieces ¥; that have surface area AA;. Let X; be a
point on ¥;. Then the sum

Y F(X) - N(Xi)AA

is to be our approximation of the surface integral

/ F(X)-N(X)dA .

You should think about the analogy between this description of the surface
integral and our development of the line integral. A completely rigorous
definition of the surface integral is beyond the scope of this book.

REMARK

One physical interpretation of the quantity F'(X) - N(X)dA is in terms
of wind pressure on a surface, such as a sail. The vector field F' indicates
the direction and strength of the wind at each point. The inner product
F(X)-N(X) gives the force per unit area exerted on a surface perpendicular
to N(X), and the quantity F'(X)- N(X)dA is the force exerted on the small
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piece of the sail at the point X with surface area dA. Note that if the force
F(X) is perpendicular to N(X), then the inner product is 0, and no force is
exerted on the surface at X. This is as expected.

Just as with line integrals, in order to compute a surface integral, we need
a parametrization. Thus we assume that ¥ is oriented by a parametrization
G. To derive a formula for surface integrals on >, we think of each of the
small pieces ¥; as images under G of rectangles in the domain of G. Let R
be the domain of GG, and partition R (at least approximately) into small rect-
angles R; centered at (s;,t;), with sides of length As; and At; parallel to the
coordinate axes in R?. Let 3; = G(R;). Then ¥; has approximately the same
area as the parallelogram G'(s;,t;)(R;) in R®. According to Theorem ?7, the
area of the parallelogram is

|D1G(ss,t;) X DaG(s,t;)] - ( area of R;) .

Letting X; = (s;,t;), it follows that

ZF X)AA; ~

ZF (siyti)) - N(G(si, )| D1G (s, i) x DaG(si, 1) || Asi At .

Using our formula for N in terms of the parametrization GG, we have

D F(X:) - N(X)AA; = ZF (5i,15)) - (D1G(si,t;) X DyG(s4, 1)) .

This reasoning justifies the following theorem:

Theorem 9 Let F be a continuous vector field defined on R3, and let ¥ be a

smooth surface in R? that is oriented by a parametrization G with domain R.
Then

/Z F(X)- N(X)dA — / /R F(G(s,1)) - (D1G(s,) x DyG(s,1)) dA
_ //R[FoG, D\G, DyGdA

(Recall that [X,Y] Z] is the notation for the triple product of three vectors in
R3.)
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ExaMPLE We compute the surface integral of F'(x,y, z) = (y, z, 2) over the
portion of the cone z = ||(x, y)|| where z < 3. We orient the cone so that the
positive side is the “outside”. Thus all the positive unit normal vectors will
have negative third coordinate. A parametrization for this orientation is

G(6,t) = (tcos,tsinb,t) ,
where 0 < 0 < 27 and 0 <t < 3. At the point G(6,t), we have
DG(0,t) x DoG(0,t) = (—tsinf,tcosf,0) x (cosb,sind, 1)
= (tcosf,tsinf,—t) .

Note that this vector has negative third coordinate. Now we compute the
integrand

F(G(0,4)) - DyG(0,1) x DoG(0, 1) = t2(sin20 — 1) .

This integrand is easily integrated over the rectangle determined by 0 < 4 <
2w, 0 <t < 3in the Ot-plane. The answer is —187.

3.3 Stokes’ Theorem in R?

In this section we give two versions of Stokes” Theorem for surface integrals.
For the first version, we need a definition. If F' = (p,q,r) is a differentiable
vector field in R?, we define curl F to be the vector field

curl F' = (ry — 2,02 — T2y Gz — Dy) -

ExXAMPLE Since the curl F' is a new object, we compute it for F(X) =
(xyz, y—3z, 2y). Then p = zyz, ¢ =y — 3z, and r = 2y, so that curl F' =
(243, zy — 0, 0 —zz) = (5, xy, —x2).

We remark that the complicated formula for curl F' is usually remembered

by thinking of it as the symbolic cross product of the operator V = (9/0x)i+
(0/0y)j + (0/02)k with the vector F' and is written

i j k
curl F =V x F = a% a% %
p q T
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Theorem 10 (Stokes’ or Ostrogradsky’s Theorem) Let

F(z,y,2) = (p(z,y,2),q(x,y, 2),7(x,y,2))

be a differentiable vector field in R3. Then for any smooth oriented surface &

//E(curl F)~NdA:/82F(X)~dX, .
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REMARK
In the special case when Y is a region in the xy-plane, so that N =
(0,0,1), r=0, and F' = (p,q,0), then

(curl F) - N = q, — py,

and the formula simplifies to

[ [@=ppar= | Fex-ax

which is just our Theorem 6.

The second generalization of Stokes’ Theorem is the three-dimensional
version of the Divergence Theorem. Let F' = (p,q,r) be a differentiable
vector field in R3. Then, by definition,

Op 0q Or
div Fl = —+ — 4+ —

Jor Oy 0z

Let B C R3 be a solid region whose “exterior” 9B is an oriented surface
with positive unit normal N pointing “away from” B, then the Divergence
Theorem states that

///B dideV://aBF-NdA,

where dV = dz dy dz is the element of volume in R3. The physical interpreta-
tion made before in terms of fluid flow carries over to this three-dimensional
case without change.

It is straightforward to prove the three-dimensional versions of Green’s
identities by imitating the two-dimensional proofs. For example, Green’s first
identity becomes

///B"UAUdV://anVu-NdA—///BVU.VudV’

where Au = Uy, + Uy + u,, and Vv = (v,, vy, v,).
Although it might be difficult to believe, these theorems are quite easy
to use in most standard applications. Here are a few.
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1. Let F =
B((0,

—z) and let ¥ be the sphere S((0,0,0);a). Then, if
) is the solid ball of radius a, we have ¥ = 0B, and

//F N dA = ///leFdV—47TCL

To see this, we compute div F' =1+ 3 — 1 = 3, and so the right side is
three times the volume of the ball; that is, 3(47a®/3) = 4ma® as claimed.

O/‘\

2. Let u(z,y, z) be a function that satisfies the Laplace equation

0%u N 0%*u N 0%u
or?  0Oy? 022

that is, Au = 0, in a domain B in R®. Such functions are called har-
monic functions. They arise often in applications. For example, u
might be the temperature distribution in a body at thermal equilibrium
(this means that the temperature is independent of time). If the temper-
ature is zero on the boundary of the body, u = 0 on 0B, we claim that
it must be zero throughout the body. This physically plausible assertion
is easy to prove. We apply Green’s first identity, stated above, in the
special case when u = v. Since Au = 0, the integral on the left is zero.
Moreover, u = 0 on dB. Thus the double integral over 0B is also zero.

This leaves
/// V|2 dV =0,
B

which implies that Vu = 0. That is, ' = O throughout B. Therefore
= constant in B. But u = 0 on 0B, and so the value of the constant is
zero; that is, u = 0 throughout B. The proof is complete.

3.4 Gravitational force

The purpose of this section is to briefly investigate the gravitational force due
to a spherically symmetric solid. We will apply some of the results obtained
so far to prove that in this case the gravitational force is the same as that
due to a point mass. Although the problem caused Newton considerable
difficulty, we find it quite easy. To use Newton’s phrase, however, “We are
standing on the shoulders of giants”.
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Recall (Section ?7) Newton’s law of gravitation for the force F' on a mass
m at X due to a mass M at Y:
mM

F=—y—"
X =vJp

(X -Y).
It is convenient to introduce the force at X per unit mass, G = F/m,

G(X) = (X = Y).

_/y—

X =Y
G(X) is called the gravitational field at X. By a straightforward compu-
tation, one sees that

div G(X) =0, for X #Y.

Thus if B C R3 is any region whose boundary is a finite union of closed
smooth surfaces, and if B does not contain Y (see Figure 7?7, where Y is in
a hole in B), then the Divergence Theorem yields

0:///3 divGdV://%G-NdA://SZG-NdA—//SlG-NdA.

Here we have used —S&j, since the orientation given to Sy in Figure 77 (its
positive normal points into 53) is the negative normal when regarded as part
of the boundary of B (denoted 0B above). Consequently, for the smooth
surfaces S, Sy, with Y &€ B,

// G-NdA:// G- N dA.
81 82

Now we pick a convenient surface for S;: a sphere of radius r with center
at Y. Then for X € Sy, the positive unit normal to Sy is N = (X =Y /(]| X —
Y|) and r = || X — Y||. Therefore, if X € S,

—yM yM
G N=——F——5=—F.
X =Y} r?

Now, since the area of S; = 4772, we have

// G‘NdA:// G-NdA:—%// dA = —4ny M.
Ss S1 r S
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All this has assumed that the mass M (at Y) lies inside the surface S;.
On the other hand, if M lies outside Sy, then div G = 0 throughout B. See
Figure ?7. Hence

///B dideV://SQG-NdA:o,

Combining these two cases, we conclude that if S is any closed surface,

then
0, M outside S,
//SG N dA = { —4nyM, M outside S.
It is important to observe that this integral, called the total “flux” of the
gravitational field through the surface S, depends only on the mass M and
whether M is inside or outside &, but not on the particular location Y of the
mass nor on the shape of the surface.

Now suppose that there are lots of masses My, Ms, ..., M, at the points
Y1,Ys,...,Y,. Let G;(X) be the gravitational field at X due to the mass M;
at Y;. Since force is a vector, the gravitational field G due to all these masses
is the sum
Consequently, if S is any closed surface (see Figure ?7), then the result above
applied to each mass separately yields

[fovan = 5[ [eva

= —4ry - (total mass inside S);

that is,
// G- N dA = —4ny - (total mass inside S).
S
This is called Gauss’s Law.

More generally yet, if the mass distribution in a region B is given in terms
of a density p, then

M = total mass inB:ffpr av.

Gauss’s Law clearly extends to this case, as one can see by thinking of M
as the sum > AM, where AM = p AV is the mass in a small element of
volume AV
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We now apply this to the case of a spherical body B, like the earth,
and see how to compute the gravitational field. We assume that the mass
distribution is symmetric and place the origin at the center of B. See Fig-
ure ??. This implies, by symmetry, that the gravitational force F'(X) and
hence the gravitational field G(X) are in the radial direction. Consequently,
if S, is any sphere of radius 7 concentric with 0B, possibly inside B, we have
G - N = ||G||, where N is the unit outer normal, in the radial direction, to
S,. Moreover, again by symmetry, we see that ||G(X)|| is constant for all X
on S,. Therefore

// G-NdA:HGH// dA = 47r?|G|.
Sr Sr

Combined with Gauss’s Law, we find that

vyM, v M,
G = — = —
G0N = 5 = —5r

for X on &,. Here M, is the total mass inside the sphere §,. Since the
direction of G(X) is radial, that is, in the direction of the unit vector X /|| X],

we finally conclude that
v M,

X2
and so M
YMiViy
F(X)=——7X.
X2

Of course, if » > R, where R is the radius of B, then M, = M, the total
mass of B. Since, given any point X, we can construct the sphere S, with
r = || X]|, the last formula proves that the gravitational force at X due to
a spherically symmetric mass distribution is the same as that from a point
mass M, at the center of the body, where M, is the mass of the body at
distance < r = || X]|| from the center of the body.

1. Let F(z,y,2) = (2zy,yz,2) be a vector field in R®. Use the divergence
form of Stokes’ Theorem to evaluate

//F-NdA,
b

where ¥ is the boundary of the cubical region ||z|| < 1, ||y <1, ||z < 1.
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. Let F(x,y,2) = (xr—y, y*>— 2, 2 +5z) be a vector field in R?. Evaluate

//F-NdA,
b

where Y is the sphere 22 + ¢ + 22 = 9.

. Compute curl F' for the following vector fields F:

a) F(x,y,z)=(y, z, 2—2)

) F(z,y,2) = (zy+ 2, yz +x, zx +y)

c) F(z,y,2z) = (22 +1% 0, 0)
) Fz,y,2) = (

an?/a ?J—Zaz‘i‘%x"’y)-

. Let F = (p,q,r) be a differentiable vector field in R* and u a real-valued
function. Prove the following:

a) div (curl F) =0
) curl (grad u) =0
¢) curl (uF)=wucurl F+ grad u) x F
) if U is a constant vector, then curl (U X (z,vy,2)) = 2U.

. Let F' and G be differentiable vector fields in R®. Show that:
a) div (FxG)=(curl F)-G—F-curl G

b) curl (F+G)= curl F+ curl G

c) if curl F' = G, then div G = 0.

. Is there a vector field F' = (p, ¢, ) such that
a) curl F'= (x,y,2)? Why?
b) curl F=2(z—y, x — 2z, y—x)? Why?

. Indicate on a sketch the orientation given to the torus by the parametriza-
tion in Example 7?7 of Section ?77?.
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8. Find a parametrization of S((0,0,0);1) that gives it an outward orienta-
tion.

10.

11.

. Let

Y={(z,y,2):x* +y*=1land —1<2<1}.

Draw ..

Find a parametrization of ¥ that gives it an “outward” orientation.
Indicate this orientation on your sketch of 3, along with the corre-
sponding orientation of the surface boundary curves.

Calculate the surface integral of F(x,y,z) = (x,y, z) over X. Give
an interpretation of this result. Hint: What is the surface area of 37

Calculate the surface integral of F(z,y,2) = (z* + y?,0,zyz) over %.

Show that the third coordinate function of F' in the preceding part
is irrelevant. Can you explain why?

Use your answer to part (d) to determine the value of the surface
integral of the constant function F(z,y,z) = (1,0,0) over ¥ without
further integration. Can you give an interpretation of this number in
terms of the surface area of a simple geometric object?

Compute the surface integral of
F(z,y,2) = (5 2y, —v2) = curl (zyz,y — 3z, 2y)

over X, first by using the general formula for surface integrals, and
second by using Stokes” Theorem.

Calculate a unit normal vector at each point of the surface interior of

the

Moebius strip of Example 3.1. Verify that the parametrization given

there produces two different normal vectors at some points on the surface
interior.

Let

g be a scalar-valued function defined on a simple region R in R?, and

let X be the graph of g. Assume that Vg exists, is not equal to 0, and is
continuous at all points in the interior of the domain of g.
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12.

13.

14.

15.

a) Show that X is oriented by the unit normal vector

( Dlg(x7y)7_D29(xvy)71)
”( Dlg(xay)a_DQQ(xay)vl)H .

This orients ¥ so that its “top” is the positive side.

N(z,y,2) =

b) Use the answer to the previous part to derive a formula for the surface
integral of a vector field F' over the surface >.

Calculate the surface integrals of the vector field F' over the oriented
surface X.

a) F(r,y,z) = (e""V** 2y, 2 4+ 1), ¥ oriented by the parametrization
G(s,t) = s(0,1,—-2) + ¢(1,1,3) + (2,—1,0), where (s,t) lies in the
triangle bounded by the lines s =0,t =0,s+t=1

b) F(x,y,z) = (yz,x + 2,2), ¥ is the graph of g(z,y) = 2% — 3%, 0 <
x,y < 1, oriented upward

c) F(X) = X, ¥ is the torus of Example 7?7 in Section 77, oriented
outward.

Let X be the hemisphere x? + y?+ 2?2 =1, and z > 0, oriented outward,
and let F' = (z — vy, 322, . Evaluate

// (curl F)- N dA.

Let ¥ be the part of the plane z +y + 2z = 1 in the first octant of R3,
oriented so that the positive unit normal is N = (1,1,1)/v/3. As a check
on Stokes’ Theorem, evaluate both sides of

//E(curlF)-NdA:/azF(X)-dX,

where F'= (z —y,x — 2,y — ).

Let B C R? be a solid region, say a ball, and F' a vector field with a
continuous derivative. Show that

//88(curlF)-NdA:0.
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16.

17.

18.

19.

20.

Hint: Let ¥ = 0B, and observe that % has no points.

Let B C R? denote the solid pyramid bounded by the planes x +y+ 2z =
6, x =0, y =0, and z = 0. Use the Divergence Theorem to evaluate

[ Fevaa
o8

where F' = (2z,2y,4z2).

Let F' and G be two vector fields with continuous derivatives in a ball
B C R3 such that (1) F = Vp, G =V, and (2) div F = div G in B,
while (3) /- N = G - N on the boundary of B, where N is the positive
unit normal to 9B. Prove that F' = G in B.

a) Let X C R3 be the sphere S((0,0,0);1) and ¥’ be some smooth
closed surface outside the sphere ¥, so that for instance >’ might
some larger sphere. If div F' = 0 in the region between ¥ and >,

show that
//F-NdA:// F.NdA.
E !

b) Let B C R3 be the region 1 < || X|| < 3. If F(X) = X/|| X|]* in B,
show by direct computation of both sides that

///BdideV://aBF-NdA.

Prove the Divergence Theorem in R? if B is a box: a1 < o < by, as <
y < by, az < z < bs.

Let B be a hollow spherical shell. Show that the gravitational force inside
B is zero.
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4 Independence of Path; Potential Functions

4.1 The issue

Say that X; and X, are points in R? and F is a force field on R?. Then the
work done by the force F' in moving a unit mass along a curve C from one
endpoint X to the other endpoint X, is

Work — / F(X)- V(X)ds.

The question is, under what conditions on F' is the work independent of
the particular oriented curve C from X; to X357 See Figure ?7. In physical
problems, it is customary to refer to an oriented curve as a path. We then
rephrase the question: under what conditions of F' is the work independent
of the path? In Example 3 in Section 1.3, the line integral does depend on
the path, and so it would be wrong to believe that one has independence of
the path unless further restrictions are imposed on the force F'. If the line
integral is independent of the path C, we say that F'is a conservative force
field. The reason for the name is easy to explain. If F' is conservative, then
the line integrals along any two paths C; and Cs from X; to X, are equal.
Therefore, if we go from X; to X, along C; and return from X, to X; along
—C,, the net result is zero; that is, no work is needed to traverse the closed
curve C; — Cy. Consequently, the force F' could not have any dissipative
aspects, like friction, since dissipation causes an irreversible loss of energy.

The question of a line integral being independent of the path can be raised
about any line integral. It does not need the physical conception of work.

4.2 The main theorems

We would like some criterion to determine when a line integral is independent
of the path. First we show that some line integrals are indeed independent
of the path.

Theorem 11 Let F = V¢, where ¢ is a scalar-valued function defined on
D(F) € R", and let X; and X5 be any two points in D(F). Then

X2 X2
/ F-Vds= Vo - Vds=¢(Xs) —p(X1),

X3 X1
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where the integration on the left-hand side is over any piecewise smooth path C
from X, to X, that lies in D(F). In particular the integral on the left-hand side
depends on the path only through its endpoints, provided that F'is a gradient.

PRrROOF: First assume that C is smooth, and let X = «a(t), a <t < b, be a
parametrization of C. Note that a(a) = X, a(b) = Xs. Then

/CF-Vds = /abvw(a(t)) o/ (t) dt .

But by the Chain Rule

%w(a(t)) = Vo(a(t)) - o'(t)

Therefore, by the Fundamental Theorem of Calculus,

b
[ Pevas= [ Geta) de = o(x) - e(x2).

Since the right-hand side is independent of the path C from X; to X5, we
conclude that the line integral is independent C..
If C is only piecewise smooth, then let its smooth segments be

X\ 21, 7179, ZnXo .

See Figure ??7. We apply the result above to each smooth segment.

o [ [

= lp(%1) - Zy) = p(Z)] + -+ [0(Xa) — o(Zn)] -

After cancellation, we find that
X2
V- Vids = p(Xa) — p(X1)

X1

just as desired. This completes the proof.

We remark that this theorem is itself a generalization of the Fundamental
Theorem of Calculus, to which it reduces if C is an interval on the xq-axis
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and f(X) depends on z; only. The next result is our main theorem. In it we
collect a variety of conditions for the line integral of a given vector field F
to be independent of the path of integration. It asserts that essentially the
only way this can happen is if there is some function ¢ such that F' = V¢, in
which case Theorem 11 gives the independence of path. Recall that a curve
C, parametrized by X = «(t), a < t < b, is closed if the initial and final
points coincide: a(a) = a(b).

Theorem 12 Let F' = (fi,..., f,) be a vector field in a pathwise connected
open subset B in R™. Assume that each of the coordinate functions of F' has
continuous first partial derivatives in B. The following conditions are equivalent:

1. fc F -V ds =0 for any piecewise smooth closed curve in B.

2. fc F -V ds is independent of the path for any piecewise smooth curve C
joining two fixed points in B.

3. There is a function ¢ such that Vo = F;
Any of these implies the following condition on F':
4. D]fz = lej for 1 S Z,j S n.

Moreover, if B is an open ball, then condition (4) implies conditions (1), (2),
and (3). Thus, for an open ball B, conditions (1) through (4) are equivalent.

PROOF: We prove the chain of implications (1) = (2) = (3) = (1). This
will prove the equivalence of (1), (2), and (3).

(1) = (2). Let C; and Cy be any two piecewise smooth curves from X,
to Xs. Then C = Cy — C5 is a piecewise smooth closed curve in B, which we
have pictured as having a “hole.” See Figure ??. Therefore, by (1),

o frva [ <[
c ) —Cs C Cs
/F-Vds:/F-Vds.

C1 C2

(2) = (3). We must exhibit the function ¢(X). Pick a point X, in B and
fix it throughout the discussion. If X is in B, let

So that

o) = [ F)-ay.

Xo
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where we need not specify the path of integration since, by part (2), the
result does not depend on the particular path chosen. Note that there is at
least one path from X, to X since B is pathwise connected. It can be shown
that since B is open, such a path can be chosen to be smooth.

Fix a point X; € B. We must show that ¢ is differentiable at X; and
that Vo(X;) = F(X3), that is, T(X) = o(X1) + F(X;) - (X — X3) is the
best affine approximation to ¢ at X;. Now

o0~ 1) = [Py ay = [ Ry ay RO - (X - x)

N p(X)-T(X) 1 X B |
XXl X = x] Jy, P e

Since F' is differentiable, and hence continuous, one can pick a ball B(X7;J)
so small that [|F(Y) — F(X;)|| < e for Y € B(Xy;d). By Theorem 3,

/X (FY) — F(X,)) -dy' < |IX = Xie .

" o) = T(X)] _ _
XXl -

for all X € B.

(3) = (1). This follows from Theorem 11, since for a closed curve C in
that theorem, we have X, = X;.

To prove part (4), assume that (3) holds. That is, assume that F' = V.
We observe that, by part (3), D;p = f;, and D;¢ = f;. By assumption, F
has continuous first partial derivatives, so ¢ has continuous second partial
derivatives. Therefore, because of the theorem about the equality of mixed
partial derivatives (Theorem ?7 in Section ?7?), we have

D;fi = Dijp = Djip = D f; .
Finally, let us assume that B is an open ball, and prove in this case that

(4) = (3). Without loss of generality, we assume that the ball B is centered
at the origin. For X € B, define

S(X) — /OlF(tX)~th
_ /Ol[xlfl(tX)+...+:vnfn(tX)]dt.
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We are using the fact that B is a ball to ensure that the point tX is in B for
all t € [0, 1].

We wish to compute the partial derivatives of ¢. To accomplish this, we
use the theorem in Section ?? about differentiating under the integral sign.
We have

0 Lo
00 = [ G A+t (0]

Using the chain rule to differente term by term in the integrand on the right-

hand side, we obtain

i
8%

(X) = /0 1[ FEX) 4 t(m Difi(tX) + o+ 2 Dif(EX)] dt .

Now we use the hypothesis that D;f; = D, f;. The integrand becomes
and according to Example ?? in Section ??; this equals

oY(X,t)  dlty(X,t)]
YXt) +1 o dt ’

where (X, t) = f;(tX). Substitute this expression into the integral and use
the Fundamental Theorem of Calculus to obtain
Dy t=1

8x~(X) =tfi(tX) = Ji(X) .

It follows that V(X)) = F(X) as desired. Done.

REMARK

If the line integral of a force field F' is independent of the path, we say
that the force is conservative and call the function ¢ such that Vo = F' the
potential function of F'.

4.3 Examples

One wonders if the proof that (4) = (3) can be extended to more general
regions than balls. The following example shows that it cannot always be
generalized.
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EXAMPLE Let B C R? be the ring domain 1 < 22 + ¢? < 9, and let
F(x,y) = (p(x,y),q(z,y)), where

Yy T

x = - €T = ——Q .
p( ay) x2+y27 q( ’y) .1172—1—y2

Then a computation shows that p, = ¢,. See Figure ??. If we integrate
F = (p,q) around the circle x = 2cosf, y = 2sinf, 0 < 6 < 27, then

2m
/F-Vds —/ (sin®@ + cos? ) df = 27 .
c 0
In other words, the line integral of F' around closed curve C is not zero. Thus

(4) does not imply (1) in this case.

It turns out that (4) implies (1) only if the region B has no “holes” in it.
In the example just done, B does have a hole, namely the disk 2% + y? < 1,
and at the center of this hole, the given vector field F' “blows up”. This is
typical of the problems that arise if the region has one or more holes.

1. Let C be a smooth curve from X; = (2,3) to Xy = (3, —1). We evaluate

/(3I2+y) dr+ (e +x) dy .
c

There are three methods for evaluating this. All three rely on the obser-
vation that the integral is independent of the path, since p, = 1 = ¢, for
all (z,y) € R? (here B is a big disk, or even all of R?).

Method 1. We pick a convenient path—the straight line C:
r=24+t y=3-4t, 0<t<I1.
Then
1
/ = / [3(2+1)% + (3 —4t) —4e>* —4(2+1)] dt
c 0
= 104e!—¢€*.

Method 2. Since p, = ¢, and B is a disk containing X; and X,, by
Theorem 12, there is a function ¢ such that Vi = F,

Vo = (¢zpy) = B2* +y, e +2) .
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We find ¢ by the method used in the proof of Theorem 12. Thus

1
pla,y) = /(3t2~’62+ty,ety+tfc)-(x7y)dt
0

= (% + (2y/2)) + (¢ — 1 + (2y/2))
= P 4aoy—1+¢€.

The line integral we are calculating equals

90(37_1)_(10(273)
= 271-3-1+eH)—@8+6—1+¢e)=10+e"—¢.

Method 3. The beginning and end of this method is similar to the begin-
ning and end of the preceding method. The difference is in the way that
the potential function ¢ is found. Since ¢, = 3z% + y, by integrating
with respect to  and holding y constant, we find that

¢<x,y>:/<3x2+y> dr =+ 2y + K(y)

where K (y) is a function (the “constant” of integration) that depends
only on y. Now we compute ¢, from this expression and compare it with
what ¢, is known to be, that is, ¢, = e + x:

v N dK
et+tr=p, =+ —.
This yields K'(y) = €Y, and so K(y) = €Y, where we have ignored the
integration constant since we are only looking for one potential function,
that is,

o(z,y) = 23 4+ zy + €Y.

Even though the potential function obtained here differs by a constant
from the one found by the preceding method, they give identical answers
for the line integral.

. Let F(x1,x9,23) = (229 + 223, 223 + 211, 227 + 222). We show that
F' is a conservative vector field and find its potential function. Since
D,f; = D,f; for each 7 and j, we conclude from Theorem 12 that F is
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conservative. We use the method given in the proof of Theorem 12 to
calculate a potential function ¢. Thus

@(xlu X, .7:3)
1
= / (2txg + 2tws, 2tas + 2txy , 2tz + 2txs) - (21, 29, 3) di
0

(IQ + $3)$1 + (flfg + xl)l’g -+ (l’l + SL’Q>$3

= 2(1’11’2 + Tox3 + 11335132) .

You might wonder why one prefers to work with potential functions in-
stead of vector fields. One answer is that potential functions are scalars and
it is easier to work with scalar-valued functions, like 2(x1xs + xox3 + x371),
than with vector-valued functions.

1. Evaluate the line integrals fc F -V ds by finding and using a potential
function:

a)
b)

F(z,y) = (z,y), C is the image of (cost,2sint) for 0 <t < /2
F(X) = (z3, xatx3, 11+12+3), C is the image of (¢?,¢,t+1) for —
1<t<2

F(z,y) = (e¥, ze¥), C is the boundary of the rectangular region
given by —1 <z <2 and 5 <y <9, beginning at (2,5) and oriented
counterclockwise

F(z,y) = (e, ze¥), C is the boundary of the rectangular region
given by —1 < z < 2 and 5 < y < 9, beginning at (—1,9) and
oriented counterclockwise

F(xy,19) = (23, 2v129+215) , C is the semicircle defined by z3+x3 =
9 and 1 > 0, oriented clockwise

F(z,y) = (x+y,x—Ty), Cis a pentagon with successive vertices at
(2,0), (1,1), (0,1), (—1,0), and (0, —1), oriented clockwise.

Show that the force field F/(X) = (z+€”siny, e” cosy) is conservative
and find a potential function for it.

Let C be a smooth curve from (1,7) to (0,7/2). Evaluate the work
performed by the force to move a particle of unit mass along C. Recall
that

Work :/F-Vds.
c

o1



. Let C be a smooth path in the disk 2* + (y — 3)? < 6 joining the two
points (—2,2) and (2,2). For which of the following vector fields does
the line integral depend on C only through its endpoints?

a) F(X)=(x—-1, &)

b) F(X)=Bz—vy, 2y+x)
o F(X) = (—zt7 #55)
d) F(X)=(eYcosz, e’sinx)
e) F(X)= (e ¢e")
f) F(X)= (1+z§+y2’ 1+wg+y2> '
. Let F(X) = (—#, JCQ”CTyQ> Evaluate [, F'-V ds, where:

a) C is the shorter arc of the circle 22 + y* = 8 from (—2,2) to (2,2).
b) C is the longer arc of the circle 22 + y* = 8 from (—2,2) to (2,2).

c) Is the line integral independent of the path C in the disk z2+3? < 100
from (—2,2) to (2,2). Does this agree with the “moreover” part of
Theorem 127

. The gravitational force between a mass M at the origin in R? and a mass
m at X in R? is MX
F(X)=——7,

X1

where 7 is a constant. Show that F' is conservative by finding a potential
function ¢) such that FF = grad ¢ at all points other than 0. See
Exercise 16 in Section 1.

. Let C be a smooth closed curve, and let p and ¢ be functions having
continuous first derivatives on R. Show that

/Cp(w) dz +q(y) dy = 0.

. Show that [,(z —y) dz + 2y dy is not independent of the path C by
showing that condition (4) in Theorem 12 does not hold.
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8.

10.

Decide whether the following statement is true or false and explain your
answer, including a counterexample in case your answer is “false”. If F
is a conservative vector field and G is any continuous vector field, then
for any smooth closed curve C

/ (F(X) + G(X)) - V(X) ds — / G(X) - V(X) ds.

c ¢

Decide whether the following statement is true or false and explain your
answer, including a counterexample in case your answer is “false”. Let
F and G be continuous vector fields in R2. If F is conservative and if the
vectors F'(X) and G(X) have the same direction at every point X € R?,
then G is conservative too.

Let ¢ be a scalar-valued function with a continuous derivative on the
interval (0,00). Let FI(X) = ¢(||X||)X for X € R" different from O.
Prove that F' is conservative by verifying that F'(X) = V(]| X]|), where

p(r) = /O pe(p) dp .

In particular, since any central force field F' is of the form above, this
shows that central force fields are conservative. Compare with Exer-
cise 18 of Section 1.
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