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$PNNVOJDBUFE CZ /PUJDFT "TTPDJBUF &EJUPS 3F[B .BMFL�.BEBOJ�

$07*%��� BOE $POUSPM 1PMJDJFT

5IF DPSPOBWJSVT EJTFBTF ���� 	$07*%���
 QBOEFNJD IBT
CSPVHIU BO FOPSNPVT JNQBDU PO PVS MJWFT� #BTFE PO EBUB
GSPN UIF 8PSME )FBMUI 0SHBOJ[BUJPO BT PG .BZ ����
UIFSF IBWF CFFO NPSF UIBO ��� NJMMJPO DPOýSNFE DBTFT PG
JOGFDUJPO BOE NPSF UIBO � NJMMJPO EFBUIT HMPCBMMZ� *O UIF
6OJUFE 4UBUFT UIFSF IBWF CFFO NPSF UIBO �� NJMMJPO DPO�
ýSNFE DBTFT PG JOGFDUJPO BOE NPSF UIBO POF NJMMJPO DBTFT

'PS QFSNJTTJPO UP SFQSJOU UIJT BSUJDMF QMFBTF DPOUBDU�

SFQSJOU�QFSNJTTJPO!BNT�PSH�

%0*� IUUQT���EPJ�PSH���������OPUJ����
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PG EFBUI� /FFEMFTT UP TBZ UIF FDPOPNJD JNQBDU IBT BMTP
CFFO DBUBTUSPQIJD SFTVMUJOH JO VOQSFDFEFOUFE VOFNQMPZ�
NFOU BOE UIF CBOLSVQUDZ PG NBOZ SFTUBVSBOUT SFDSFBUJPO
DFOUFST TIPQQJOH NBMMT FUD�

$POUSPM QPMJDJFT QMBZ B DSVDJBM SPMF JO UIF BMMFWJBUJPO
PG UIF $07*%��� QBOEFNJD� 'PS FYBNQMF MPDLEPXO BOE
XPSL�GSPN�IPNF QPMJDJFT BOE NBTL SFRVJSFNFOUT PO QVC�
MJD USBOTQPSU BOE QVCMJD BSFBT IBWF CFFO QSPWFE UP CF FGGFD�
UJWF JO TUPQQJOH UIF TQSFBEJOH PG $07*%���� 0O UIF PUIFS
IBOE HPWFSOPST BMTP IBWF UP CF BXBSF PG UIF FDPOPNJD BD�
UJWJUZ MPTT EVF UP UIFTF QBOEFNJD DPOUSPM QPMJDJFT� 5IFSF�
GPSF B UIPSPVHI VOEFSTUBOEJOH PG UIF FWPMVUJPO PG $07*%�
�� BOE UIF DPSSFTQPOEJOH EFDJTJPO�NBLJOH QSPWPLFE CZ
TVDI B WJSVT XJMM CF CFOFýDJBM GPS GVUVSF FWFOUT BOE JO PUIFS
JOUFSDPOOFDUFE TZTUFNT BSPVOE UIF XPSME�

&QJEFNJPMPHZ� &QJEFNJPMPHZ JT UIF TDJFODF PG BOBMZ[JOH
UIF EJTUSJCVUJPO BOE EFUFSNJOBOUT PG IFBMUI�SFMBUFE TUBUFT
BOE FWFOUT JO TQFDJýFE QPQVMBUJPOT� *U JT BMTP UIF BQQMJDB�
UJPO PG UIJT TUVEZ UP UIF DPOUSPM PG IFBMUI QSPCMFNT� *OGFD�
UJPVT EJTFBTFT BSF POF PG UIJT LJOE JODMVEJOH UIF POHPJOH
OPWFM DPSPOBWJSVT 	$07*%���
�

4JODF .BSDI ���� XIFO UIF 8PSME )FBMUI 0SHBOJ[B�
UJPO EFDMBSFE UIF $07*%��� PVUCSFBL B HMPCBM QBOEFNJD
FQJEFNJPMPHJTUT IBWF NBEF USFNFOEPVT FGGPSUT UP VOEFS�
TUBOE IPX $07*%��� JOGFDUJPOT FNFSHF BOE TQSFBE BOE
IPX UIFZ NBZ CF QSFWFOUFE BOE DPOUSPMMFE� .BOZ FQJ�
EFNJPMPHJDBMNFUIPET JOWPMWFNBUIFNBUJDBM UPPMT F�H� VT�
JOH DBVTBM JOGFSFODF UP JEFOUJGZ DBVTBUJWF BHFOUT BOE GBDUPST
GPS JUT QSPQBHBUJPO BOE NPMFDVMBS NFUIPET UP TJNVMBUF
EJTFBTF USBOTNJTTJPO EZOBNJDT�

5IF ýSTU FQJEFNJD NPEFM DPODFSOJOH FQJEFNJD TQSFBE�
JOH EBUFT CBDL UP ���� CZ %BOJFM #FSOPVMMJ <#FS��>� 4JODF
UIFO NBOZ QBQFST IBWF CFFO EFEJDBUFE UP UIJT ýFME BOE
MBUFS PO UP FQJEFNJD DPOUSPM� "NPOH DPOUSPM TUSBUFHJFT
UIF RVBSBOUJOF ýSTUMZ JOUSPEVDFE JO ���� JO %VCSPWOJL
PO $SPBUJB�T %BMNBUJBO $PBTU <(#��> IBT QSPWFO B QPX�
FSGVM DPNQPOFOU PG UIF QVCMJD IFBMUI SFTQPOTF UP FNFSHJOH
BOE SFFNFSHJOH JOGFDUJPVT EJTFBTFT� )PXFWFS RVBSBOUJOF
BOE PUIFS NFBTVSFT GPS DPOUSPMMJOH FQJEFNJD EJTFBTFT IBWF
BMXBZT CFFO DPOUSPWFSTJBM EVF UP UIF QPUFOUJBMMZ SBJTFE QP�
MJUJDBM FUIJDBM BOE TPDJPFDPOPNJD JTTVFT� 4VDI DPNQMJDB�
UJPO OBUVSBMMZ DBMMT GPS UIF JODMVTJPO PG EFDJTJPO�NBLJOH
JO FQJEFNJD DPOUSPM BT JU IFMQT UP BOTXFS IPX UP UBLF
PQUJNBM BDUJPOT UP CBMBODF QVCMJD JOUFSFTU BOE JOEJWJEVBM
SJHIUT� #VU OPU VOUJM SFDFOU ZFBST IBWF UIFSF CFFO TPNF SF�
TFBSDI TUVEJFT JO UIJT EJSFDUJPO� .PSFPWFS XIFO NVMUJQMF
BVUIPSJUJFT BSF JOWPMWFE JO UIF EFDJTJPO�NBLJOH QSPDFTT JU
JT DIBMMFOHJOH UP BOBMZ[F IPX UP DPMMFDUJWFMZ PS DPNQFUJ�
UJWFMZ NBLF EFDJTJPOT EVF UP UIF EJGýDVMUZ PG TPMWJOH UIJT
IJHI�EJNFOTJPOBM QSPCMFN�

*O UIJT BSUJDMF XF GPDVT PO UIF EFDJTJPO�NBLJOH EF�
WFMPQNFOU GPS UIF JOUFSWFOUJPO PG $07*%��� BJNJOH
UP QSPWJEF NBUIFNBUJDBM NPEFMT BOE FGýDJFOU OVNFSJDBM

NFUIPET BOE KVTUJýDBUJPOT GPS SFMBUFE QPMJDJFT UIBU IBWF
CFFO JNQMFNFOUFE JO UIF QBTU BOE FYQMBJO IPX UIF BV�
UIPSJUJFT� EFDJTJPOT BGGFDU UIFJS OFJHICPSJOH SFHJPOT GSPN
B HBNF UIFPSZ WJFXQPJOU�

.BUIFNBUJDBM NPEFMT� *O B DMBTTJD DPNQBSUNFOUBM FQJ�
EFNJPMPHJDBM NPEFM FBDI JOEJWJEVBM JO B HFPHSBQIJDBM
SFHJPO JT BTTJHOFE B MBCFM F�H� 4VTDFQUJCMF &YQPTFE
*OGFDUJPVT 3FNPWFE 7BDDJOBUFE� %JGGFSFOU MBCFMT SFQSF�
TFOU EJGGFSFOU TUBUVT o 4� UIPTF XIP BSF OPU ZFU JOGFDUFE�
&� XIP IBWF CFFO JOGFDUFE CVU BSF OPU ZFU JOGFDUJPVT UIFN�
TFMWFT� *� XIP IBWF CFFO JOGFDUFE BOE BSF DBQBCMF PG TQSFBE�
JOH UIF EJTFBTF UP UIPTF JO UIF TVTDFQUJCMF DBUFHPSZ 3� XIP
IBWF CFFO JOGFDUFE BOE UIFO SFNPWFE GSPN UIF EJTFBTF EVF
UP SFDPWFSZ PS EFBUI BOE 7� XIP IBWF CFFO WBDDJOBUFE BOE
BSF JNNVOF UP UIF JOGFDUJPO� "T $07*%��� QSPHSFTTFE JU
XBT MFBSOFE UIBU TQSFBE GSPN BTZNQUPNBUJD DBTFT XBT BO
JNQPSUBOU ESJWJOH GPSDF� .PSF SFýOFE NPEFMT NBZ GVSUIFS
TQMJU * JOUP NJME�TZNQUPNBUJD�BTZNQUPNBUJD JOEJWJEVBMT
XIP BSF JO�IPNF GPS SFDPWFSZ BOE TFSJPVT�TZNQUPNBUJD
POFT UIBU OFFE IPTQJUBMJ[BUJPO� 8F QPJOU UP <";.»��>
XIJDI DPOTJEFST B TJNJMBS QSPCMFN JO UIF PQUJNBM DPOUSPM
TFUUJOH XIJDI JODMVEFT BTZNQUPNBUJD JOEJWJEVBMT BOE UIF
FGGFDU PG JNQVMTFT�

*OEJWJEVBMT USBOTJU CFUXFFO UIFTF DPNQBSUNFOUT BOE
UIF MBCFMT� PSEFS JO B NPEFM JOEJDBUFT UIF þPX QBUUFSOT CF�
UXFFO UIF DPNQBSUNFOUT� 'PS JOTUBODF JO B TJNQMF 4&*3
NPEFM <-)-��> 	TFF BMTP 'JHVSF �B
 B TVTDFQUJCMF JOEJWJE�
VBM CFDPNFT FYQPTFE BGUFS DMPTF DPOUBDU XJUI JOGFDUFE JO�
EJWJEVBMT� FYQPTFE JOEJWJEVBMT CFDPNF JOGFDUJPVT BGUFS B
MBUFODZ QFSJPE� BOE JOGFDUFE JOEJWJEVBMT CFDPNF SFNPWFE
BGUFSXBSE EVF UP SFDPWFSZ PS EFBUI� -FU ö(�) è(�) ì(�) BOE
õ(�) CF UIF QSPQPSUJPO PG QPQVMBUJPO PG FBDI DPNQBSUNFOU
BU UJNF � UIF GPMMPXJOH EJGGFSFOUJBM FRVBUJPOT QSPWJEF UIF
NBUIFNBUJDBM NPEFM�
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XIFSF ° JT UIF BWFSBHF OVNCFS PG DPOUBDUT QFS QFSTPO QFS
UJNF ± EFTDSJCFT UIF MBUFOU QFSJPE XIFO UIF QFSTPO IBT
CFFO JOGFDUFE CVU OPU ZFU JOGFDUJPVT BOE ¹ SFQSFTFOUT UIF SF�
DPWFSZ SBUF NFBTVSJOH UIF QSPQPSUJPO PG QFPQMF SFDPWFSFE
PS EFBE GSPN JOGFDUFE QPQVMBUJPO�

.BOZ JOGFDUJPOT TVDI BT NFBTMFT BOE DIJDLFOQPY DPO�
GFS MPOH�UFSN JG OPU MJGFMPOH JNNVOJUZ XIJMF PUIFST TVDI
BT JOþVFO[B EP OPU� "T FWJEFODFE CZ OVNFSPVT FQJEFNJ�
PMPHJDBM BOE DMJOJDBM TUVEJFT BOBMZ[JOH QPTTJCMF GBDUPST GPS
$07*% SFJOGFDUJPOT $07*%��� GBMMT QSFDJTFMZ JOUP UIF TFD�
POE DBUFHPSZ </#/��>� .BUIFNBUJDBMMZ UIJT DBO CF UBLFO
JOUP BDDPVOU CZ BEEJOH B USBOTJUJPO ì æ ö�

5IPVHI EFUFSNJOJTUJD NPEFMT TVDI BT 	�
 IBWF SFDFJWFE
NPSF BUUFOUJPO JO UIF MJUFSBUVSF NBJOMZ EVF UP UIFJS
USBDUBCJMJUZ TUPDIBTUJD NPEFMT IBWF TPNF BEWBOUBHFT� 5IF
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Susceptible (S) Exposed (E)

Infectious (I)

Removed (R)

Susceptible (S) Exposed (E)

Infectious (I)

Removed (R)

a (standard SEIR)

b (controlled SEIR)

c (game-theoretic SEIR for two regions)

Region 2

Region 1

'JHVSF �� 	B
 " TJNQMF 4&*3 NPEFM� TVTDFQUJCMF JOEJWJEVBMT CFDPNF FYQPTFE BGUFS DMPTF DPOUBDU XJUI JOGFDUFE POFT� UIPTF

FYQPTFE CFDPNF JOGFDUJPVT BGUFS B MBUFODZ QFSJPE� BOE UIPTF JOGFDUFE CFDPNF SFNPWFE BGUFSXBSE EVF UP SFDPWFSZ PS EFBUI� 	C


$POUSPMMFE 4&*3 NPEFM� UIF QMBOOFS DIPPTFT UIF MFWFM PG OPOQIBSNBDFVUJDBM QPMJDJFT 	MPDLEPXO PS XPSL GSPN IPNF
 Í BOE

QIBSNBDFVUJDBM QPMJDJFT 	FGGPSU PG WBDDJOBUJPO EFWFMPQNFOU PS EJTUSJCVUJPO
 È BGGFDUJOH UIF USBOTJUJPOT TVDI UIBU POMZ (r  ¶Í(�)) PG
UIF PSJHJOBM TVTDFQUJCMF BOE JOGFDUJPVT JOEJWJEVBMT DBO DPOUBDU FBDI PUIFS BOE BGGFDUJOH UIF SFDPWFSZ SBUF ¹(È) GSPN JOGFDUJPVT

JOEJWJEVBMT UP SFNPWFE POFT IFSF ¶ JT VTFE EFTDSJCF UIF FGGFDUJWFOFTT PG QPMJDZ Í� 	D
 "O JMMVTUSBUJPO PG UIF HBNF�UIFPSFUJD 4&*3

NPEFM GPS UXP SFHJPOT�

FQJEFNJD�TQSFBEJOH QSPHSFTT JT CZ OBUVSF TUPDIBTUJD� .PSF�
PWFS JOUSPEVDJOH TUPDIBTUJDJUZ UP UIF TZTUFN DPVME BDDPVOU
GPS OVNFSJDBM BOE FNQJSJDBM VODFSUBJOUJFT BOE BMTP QSP�
WJEF QSPCBCJMJTUJD QSFEJDUJPOT J�F� B SBOHF PG QPTTJCMF TDF�
OBSJPT BTTPDJBUFE XJUI UIFJS MJLFMJIPPET� 5IJT JT DSVDJBM GPS
VOEFSTUBOEJOH UIF VODFSUBJOUJFT JO UIF FTUJNBUFT�

0OF DMBTT PG TUPDIBTUJD FQJEFNJD NPEFMT VTFT DPOUJOV�
PVT�UJNF .BSLPW DIBJOT XIFSF UIF TUBUF QSPDFTT UBLFT EJT�
DSFUF WBMVFT CVU FWPMWFT JO DPOUJOVPVT UJNF BOE JT .BS�
LPWJBO� *O B TJNQMF 4UPDIBTUJD 4*4 	TVTDFQUJCMF�JOGFDUJPVT�
TVTDFQUJCMF
 NPEFM <,-��> XJUI B QPQVMBUJPO PGñ JOEJWJE�
VBMT MFU û[ CF UIF OVNCFS PG JOGFDUFE JOEJWJEVBMT BU UJNF
� ° UIF SBUF PG JOGFDUFE JOEJWJEVBMT JOGFDUJOH UIPTF TVTDFQ�
UJCMF BOE ¹ UIF SBUF UIBU BO JOGFDUFE JOEJWJEVBM SFDPWFST
BOE CFDPNFT TVTDFQUJCMF BHBJO� 5IF USBOTJUJPO QSPCBCJMJ�
UJFT BNPOH TUBUFT   ¬ r   r BSF
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"OPUIFS XBZ UP DPOTUSVDU B TUPDIBTUJD NPEFM JT CZ JOUSPEVD�
JOH XIJUF OPJTF ú[ JO 	�
 <5#7�� "MM��> XIJDI XF TIBMM
NBJOMZ DPOTJEFS JO UIJT QBQFS BOE EFTDSJCF JO EFUBJMT JO UIF
MBUFS TFDUJPO�

$POUSPM PG EJTFBTF TQSFBE� "GUFS NPEFMJOH IPX EJTFBTFT
BSF USBOTNJUUFE UISPVHI B QPQVMBUJPO FQJEFNJPMPHJTUT
UIFO EFTJHO DPSSFTQPOEJOH DPOUSPM NFBTVSFT BOE SFDPN�
NFOE IFBMUI�SFMBUFE QPMJDJFT UP UIF SFHJPO QMBOOFS�

*O HFOFSBM UIFSF BSF UXP UZQFT PG JOUFSWFOUJPOT� QIBS�
NBDFVUJDBM JOUFSWFOUJPOT 	1*T
 TVDI BT HFUUJOH WBDDJOBUFE
BOE UBLJOH NFEJDJOFT BOE OPOQIBSNBDFVUJDBM JOUFSWFO�
UJPOT 	/1*T
 TVDI BT SFRVJSJOH NBOEBUPSZ TPDJBM EJTUBOD�
JOH RVBSBOUJOJOH JOGFDUFE JOEJWJEVBMT BOE EFQMPZJOH QSP�
UFDUJWF SFTPVSDFT� 'PS UIF POHPJOH $07*%��� JOUFSWFOUJPO
QPMJDJFT UIBU IBWF CFFO JNQMFNFOUFE JODMVEF CVU BSF OPU
MJNJUFE UP JTTVJOH MPDLEPXO PS XPSL�GSPN�IPNF QPMJDJFT
EFWFMPQJOH WBDDJOFT BOE MBUFS FYQBOEJOH FRVJUBCMF WBD�
DJOF EJTUSJCVUJPO QSPWJEJOH UFMFIFBMUI QSPHSBNT EFQMPZ�
JOH QSPUFDUJWF SFTPVSDFT BOE EJTUSJCVUJOH GSFF UFTUJOH LJUT
FEVDBUJOH UIF QVCMJD PO IPX UIF WJSVT USBOTNJUT BOE GP�
DVTJOH PO TVSGBDF EJTJOGFDUJPO�

.BUIFNBUJDBMMZ UIJT DBO CF GPSNVMBUFE BT B DPOUSPM
QSPCMFN� UIF QMBOOFS DIPPTFT UIF MFWFM PG FBDI QPMJDZ BG�
GFDUJOH UIF USBOTJUJPOT JO 	�
 TVDI UIBU UIF SFHJPO�T PWFS�
BMM DPTU JT NJOJNJ[FE� (FOFSBMMZ /1*T IFMQ NJUJHBUF UIF
TQSFBE CZ MPXFSJOH UIF JOGFDUJPO SBUF ° F�H� B MPDLEPXO PS
XPSL�GSPN�IPNF QPMJDZ Í(�) JNQMFNFOUFE BU UJNF � NPEJ�
ýFT UIF USBOTJUJPO UP

öö(�) ² °(r  ¶Í(�))ö(�)(r  ¶Í(�))ì(�)�

NFBOJOH UIBU POMZ (r  ¶Í(�)) PG UIF PSJHJOBM TVTDFQUJCMF
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BOE JOGFDUJPVT JOEJWJEVBMT DBO DPOUBDU FBDI PUIFS XIFSF
¶ EFTDSJCFT UIF FGGFDUJWFOFTT PG Í <""-��> 	TFF 'JHVSF �C
�
1*T TVDI BT UBLJOH QSFWFOUJWF NFEJDJOFT JG BWBJMBCMF XJMM
BMTP MPXFS UIF JOGFDUJPO SBUF ° XIJMF VTJOH BOUJEPUFT XJMM
JODSFBTF UIF SFDPWFSZ SBUF ¹� 5IF NPEFMJOH PG WBDDJOBUJPOT
JT NPSF DPNQMFY� %FQFOEJOH PO UIF UBSHFU EJTFBTF JU NBZ
SFEVDF ° 	MFTT DIBODF UP CF JOGFDUFE
 PS JODSFBTF ¹ 	GBTUFS
SFDPWFSZ
� *U NBZ FWFO DSFBUF B OFX DPNQBSUNFOU i7BDDJ�
OBUFEw JO XIJDI JOEJWJEVBMT DBOOPU CF JOGFDUFE BOE XIJDI
JT BO BCTPSCJOH TUBUF JG MJGFMPOH JNNVOJUZ JT HBJOFE�

" SFHJPO QMBOOFS UBLJOH JOUP BDDPVOU UIF JOUFSWFOUJPOT�
FGGFDUT PO UIF EZOBNJDT 	�
 EFDJEFT PO QPMJDZ CZ XFJHI�
JOH EJGGFSFOU DPTUT� 5IFTF DPTUT NBZ JODMVEF UIF FDPOPNJD
MPTT EVF UP EFDSFBTF JO QSPEVDUJWJUZ EVSJOH B MPDLEPXO UIF
FDPOPNJD WBMVF PG MJGF EVF UP EFBUI PG JOGFDUFE JOEJWJEVBMT
BOE PUIFS TPDJBM�XFMGBSF DPTUT EVF UP UIF BGPSFNFOUJPOFE
NFBTVSFNFOUT�

(BNF�UIFPSFUJD 4&*3 .PEFM

(BNF UIFPSZ TUVEJFT UIF TUSBUFHJD JOUFSBDUJPOT BNPOH SB�
UJPOBM QMBZFST BOE IBT BQQMJDBUJPOT JO BMM ýFMET PG TP�
DJBM TDJFODF DPNQVUFS TDJFODF ýOBODJBM NBUIFNBUJDT BOE
FQJEFNJPMPHZ� " HBNF JT OPODPPQFSBUJWF JG QMBZFST DBO�
OPU GPSN BMMJBODFT PS JG BMM BHSFFNFOUT OFFE UP CF TFMG�
FOGPSDJOH� /BTI FRVJMJCSJVN JT UIF NPTU DPNNPO LJOE
PG TFMG�FOGPSDJOH BHSFFNFOU </BT��> JO XIJDI B DPMMFDUJWF
TUSBUFHZ FNFSHFT GSPN BMM QMBZFST JO UIF HBNF UP XIJDI OP
POF IBT BO JODFOUJWF UP EFWJBUF VOJMBUFSBMMZ�

/PXBEBZT BT UIF XPSME JT NPSF JOUFSDPOOFDUFE UIBO
FWFS CFGPSF POF SFHJPO�T FQJEFNJD QPMJDZ XJMM JOFWJUBCMZ
JOþVFODF UIF OFJHICPSJOH SFHJPOT� 'PS JOTUBODF JO UIF
64 EFDJTJPOT NBEF CZ UIF HPWFSOPS PG /FX :PSL XJMM BG�
GFDU UIF TJUVBUJPO JO /FX +FSTFZ BT TP NBOZ QFPQMF USBWFM
EBJMZ CFUXFFO UIF UXP TUBUFT� *NBHJOF UIBU CPUI TUBUF HPWFS�
OPST NBLF EFDJTJPOT SFQSFTFOUJOH UIFJS PXO CFOFýUT UBLF
JOUP BDDPVOU PUIFST� SBUJPOBM EFDJTJPOT BOENBZ FWFO DPN�
QFUF GPS UIF TDBSDF SFTPVSDFT 	F�H� GSPOUMJOF XPSLFST BOE
QFSTPOBM QSPUFDUJWF FRVJQNFOU
� 5IFTF BSF QSFDJTFMZ UIF
GFBUVSFT PG B OPODPPQFSBUJWF HBNF� $PNQVUJOH UIF /BTI
FRVJMJCSJVN GSPN TVDI B HBNF XJMM QSPWJEF WBMVBCMF RVBM�
JUBUJWF HVJEBODF BOE JOTJHIUT GPS QPMJDZNBLFST PO UIF JN�
QBDU PG TQFDJýD QPMJDJFT�

8F OPX JOUSPEVDF BNVMUJ�SFHJPO TUPDIBTUJD 4&*3NPEFM
<9#)»��> UP DBQUVSF UIF HBNF GFBUVSFT JO FQJEFNJD DPO�
USPM� 8F HJWF BO JMMVTUSBUJPO GPS UXP SFHJPOT JO 'JHVSF �D�
&BDI SFHJPO�T QPQVMBUJPO JT EJWJEFE JOUP GPVS DPNQBSU�
NFOUT� 4VTDFQUJCMF &YQPTFE *OGFDUJPVT BOE 3FNPWFE�
%FOPUF CZ öU[ �è

U
[ � ì

U
[ �õ

U
[ UIF QSPQPSUJPO PG UIF QPQVMBUJPO

JO UIF GPVS DPNQBSUNFOUT PG UIF SFHJPO  BU UJNF ��
5IFZ TBUJTGZ UIF GPMMPXJOH TUPDIBTUJD EJGGFSFOUJBM FRVBUJPOT
	4%&T
 XIJDI IBWF JODMVEFE JOUFSWFOUJPOT 	1*T BOE /1*T


TUPDIBTUJD GBDUPST BOE HBNF GFBUVSFT
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XIFSF  ] Z Ú² ,r� s� � �ñ- JT UIF DPMMFDUJPO PG ñ SFHJPOT
ú[ XJUI EJGGFSFOU TVQFSTDSJQUT JOEJDBUF XIJUF OPJTF GPS B
DPNQBSUNFOU JO B TQFDJýD SFHJPO ÍÍÍ[ � (Í²[ � � � Í

8
[ ) BOE

Ï[ � (È²[ � � � È
8
[ ) BSF /1*T BOE 1*T DIPTFO CZ UIF SFHJPO

QMBOOFST BU UJNF �� 5IF QMBOOFS PG SFHJPO  NJOJNJ[FT JUT
SFHJPO�T DPTU XJUIJO B QFSJPE *q�÷+�
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8F FYQMBJO UIF NPEFM 	�
o	�
 JO EFUBJM�

4� *O 	�
 °UR EFOPUFT UIF BWFSBHF OVNCFS PG DPOUBDUT PG
JOGFDUFE QFPQMF JO SFHJPO 
 XJUI TVTDFQUJCMF JOEJWJEVBMT JO
SFHJPO  QFS UJNF VOJU� "MUIPVHI TPNF SFHJPOT NBZ OPU CF
HFPHSBQIJDBMMZ DPOOFDUFE UIF USBOTNJTTJPO CFUXFFO UIF
UXP JT TUJMM QPTTJCMF EVF UP BJS USBWFM CVU JT TUJMM MFTT JOUFO�
TJWF UIBO UIF USBOTNJTTJPO XJUIJO UIF SFHJPO J�F� °UR ´ q
BOE °UU � °UR GPS BMM 
  � 5IF EFDJTJPO GPS /1*T PG
SFHJPO �T QMBOOFS JT HJWFO CZ ÍU[ ] *q� r+� *O QBSUJDVMBS JU
SFQSFTFOUT UIF GSBDUJPO PG UIF QPQVMBUJPO VOEFS /1*T 	TVDI
BT TPDJBM EJTUBODJOH
 BU UJNF �� 8F BTTVNF UIBU UIPTF VO�
EFS JOUFSWFOUJPOT DBOOPU CF JOGFDUFE� )PXFWFS UIF QPMJDZ
NBZ POMZ CF QBSUJBMMZ FGGFDUJWF BT FTTFOUJBM BDUJWJUJFT 	GPPE
QSPEVDUJPO BOE EJTUSJCVUJPO IFBMUI BOE CBTJD TFSWJDFT

IBWF UP DPOUJOVF� 8F VTF ¶ ] *q� r+ UP NFBTVSF UIJT FGGFD�
UJWFOFTT� 5IF USBOTJUJPO SBUF VOEFS QPMJDZ Í UIVT CFDPNF

°URöU[ ì
R
[ (r¶Í

U
[ )(r¶Í

R
[ )� 5IF DBTF ¶ ² rNFBOT UIF QPMJDZ

JT GVMMZ FGGFDUJWF� 0OF DBO BMTP WJFX ¶ BT UIF MFWFM PG QVCMJD
DPNQMJBODF�

5IF QMBOOFS PG SFHJPO  BMTP NBLFT UIF EFDJTJPO ÈU[ ]
*q� r+� 5IJT SFQSFTFOUT UIF FGGPSU BU UJNF � UIBU UIF QMBOOFS
QVUT JOUP 1*T� 8F SFGFS UP UIJT UFSN ÈU[  BT UIF IFBMUI QPMJDZ�
*U XJMM JOþVFODF UIF WBDDJOBUJPO BWBJMBCJMJUZ �(�) BOE UIF
SFDPWFSZ SBUF ¹(�) PG UIJT NPEFM� �(ÈU[ ) EFOPUFT UIF WBDDJ�
OBUJPO BWBJMBCJMJUZ PG SFHJPO  BU UJNF �� *O UIJT NPEFM XF
BTTVNF UIBU PODF WBDDJOBUFE UIF TVTDFQUJCMF JOEJWJEVBMT
�(ÈU[ )ö

U
[ CFDPNF JNNVOF UP UIF EJTFBTF BOE KPJO UIF SF�

NPWFE DBUFHPSZ õU[ � 5IJT BTTVNQUJPO JT OPU WFSZ DPOTJTUFOU
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XJUI $07*%��� CVU SFBTPOBCMF GPS B TIPSU�UFSN EFDJTJPO�
NBLJOH QSPCMFN� 8F NPEFM JU BT BO JODSFBTJOH GVODUJPO PG
ÈU[  BOE JG UIF WBDDJOF IBT OPU ZFU CFFO EFWFMPQFE XF DBO

EFýOF �(�) ² q GPS � � È�

&� *O 	�
 ± EFTDSJCFT UIF MBUFOU QFSJPE XIFO UIF QFSTPO JT
JOGFDUFE CVU JT OPU ZFU JOGFDUJPVT� *U JT UIF JOWFSTF PG UIF BW�
FSBHF MBUFOU UJNF BOE XF BTTVNF ± UP CF JEFOUJDBM BDSPTT BMM
SFHJPOT� 5IF USBOTJUJPO CFUXFFO èU BOE ìU JT QSPQPSUJPOBM
UP UIF GSBDUJPO PG FYQPTFE JOEJWJEVBMT J�F� ±èU[ �

* BOE 3� *O 	�
 BOE 	�
 ¹(�) SFQSFTFOUT UIF SFDPWFSZ SBUF�
'PS UIF JOGFDUFE JOEJWJEVBMT B GSBDUJPO ¹(ÈU)ìU 	JODMVEJOH
CPUI EFBUI BOE SFDPWFSZ GSPN UIF JOGFDUJPO
 KPJOT UIF SF�
NPWFE DBUFHPSZ õU QFS UJNF VOJU� 5IF SBUF JT EFUFSNJOFE
CZ UIF BWFSBHF EVSBUJPO PG JOGFDUJPO ç� 8F NPEFM UIF EV�
SBUJPO BOE UIF SFDPWFSZ SBUF SFMBUFE UP UIF IFBMUI QPMJDZ ÈU[
EFDJEFE CZ JUT QMBOOFS�

5IFNPSF FGGPSU QVU JOUP UIF SFHJPO 	F�H� FYQBOEJOH IPT�
QJUBM DBQBDJUZ BOE DSFBUJOH NPSF ESJWF�UISV UFTUJOH TJUFT

UIF NPSF DMJOJDBM SFTPVSDFT UIF SFHJPO XJMM IBWF BOE UIF
NPSF SFTPVSDFT XJMM CF BDDFTTJCMF CZ QBUJFOUT XIJDI DPVME
BDDFMFSBUF SFDPWFSZ BOE TMPX EPXO EFBUI� 5IF EFBUI SBUF
EFOPUFE CZ ¸(�) JT DSVDJBM GPS DPNQVUJOH UIF DPTU PG UIF
SFHJPO �

$PTU� *O 	�
 FBDI SFHJPO QMBOOFS GBDFT GPVS UZQFT PG DPTU�
0OF JT UIF FDPOPNJD BDUJWJUZ MPTT EVF UP UIF MPDLEPXO QPM�
JDZ XIFSF � JT UIF QSPEVDUJWJUZ SBUF QFS JOEJWJEVBM BOE óU

JT UIF QPQVMBUJPO PG UIF SFHJPO � 5IF TFDPOE POF JT EVF
UP UIF EFBUI PG JOGFDUFE JOEJWJEVBMT� )FSF ¸ JT UIF EFBUI
SBUF XIJDI XF BTTVNF GPS TJNQMJDJUZ UP CF DPOTUBOU BOE Å
EFOPUFT UIF FDPOPNJD DPTU PG FBDI EFBUI� 5IF IZQFSQBSBN�
FUFS þ EFTDSJCFT IPX QMBOOFST XFJHI EFBUIT BOE JOGFDUJPOT
BT DPNQBSFE UP PUIFS DPTUT� 5IF UIJSE POF JT UIF JO�QBUJFOU
DPTU XIFSF � JT UIF IPTQJUBMJ[BUJPO SBUF BOE � JT UIF DPTU
QFS JO�QBUJFOU QFS EBZ� 5IF MBTU UFSN µ(ÈU[ )

³ RVBOUJýFT UIF
HSBOUT GPS IFBMUI QPMJDJFT� 8F DIPPTF B RVBESBUJD GPSN TP
UIBU UIF GVODUJPO JT DPODBWF JO ÈU[ � 5IJT JT UP BDDPVOU GPS UIF
MBX PG EJNJOJTIJOH NBSHJOBM VUJMJUZ� UIF NBSHJOBM VUJMJUZ
GSPN FBDI BEEJUJPOBM VOJU EFDMJOFT BT JOWFTUNFOU JODSFBTFT�
"MM DPTUT BSF EJTDPVOUFE CZ BO FYQPOFOUJBM GVODUJPO �¼Y[
XIFSF � JT UIF SJTL�GSFF JOUFSFTU SBUF UP UBLF JOUP BDDPVOU
UIF UJNF QSFGFSFODF� /PUF UIBU SFHJPO �T DPTU EFQFOET PO
BMM SFHJPOT� QPMJDJFT (ÍÍÍ�Ï) BT ,ìR� 
  - BQQFBSJOH JO UIF
EZOBNJDT PG öU� 5IVT XF XSJUF JU BT íU(ÍÍÍ�Ï)� 5IF BCPWF
NPEFM 	�
o	�
 JT CZ OP EPVCU B QSPUPUZQF BOE POF DBO
HFOFSBMJ[F JU CZ DPOTJEFSJOH SFJOGFDUJPOT 	BEEJOH USBOTNJT�
TJPO GSPN õU UP öU
 BTZNQUPNBUJD QPQVMBUJPO 	BEEJOH
BTZNQUPNBUJD DPNQBSUNFOU äU
 EJGGFSFOU DPOUSPM QPMJDZ
GPS öU BOE ìU 	VTJOH Í= BOE Í3 JO 	�
o	�

 EJGGFSFOU GBUBM�
JUZ SBUFT GPS ZPVOH BOE FMEFS QPQVMBUJPO 	JOUSPEVDJOH ¸C
BOE ¸/ JO 	�

�

/BTI FRVJMJCSJB BOE UIF )+# TZTUFN� "T FYQMBJOFE BCPWF
UIF JOUFSBDUJPO CFUXFFO SFHJPO QMBOOFST DBO CF WJFXFE BT

B OPODPPQFSBUJWF HBNF XIFO /BTI FRVJMJCSJVN JT UIF OP�
UJPO PG PQUJNBMJUZ�

%FýOJUJPO �� " /BTI FRVJMJCSJVN 	/&
 JT B UVQMF
(ÍÍÍv�Ïv) ² (Í² v� È² v� � � Í8 v� È8 v) ] �8 TVDI UIBU T ]Z
BOE (ÍU� ÈU) ] �

íU(ÍÍÍv�Ïv) � íU((ÍÍÍ¼U v� ÍU)� (Ï¼U v� ÈU))�
XIFSF Í¼U v SFQSFTFOUT TUSBUFHJFT PG QMBZFST PUIFS UIBO UIF
�UI POF�

ÍÍÍ¼U v Ú² *Í² v� � � ÍU¼² v� ÍU»² v� � � Í8 v+ ] �8¼²�

)FSF � EFOPUFT UIF TFU PG BENJTTJCMF TUSBUFHJFT GPS FBDI
QMBZFS BOE �8 JT UIF QSPEVDF PG ñ DPQJFT PG �� 'PS TJN�
QMJDJUZ XF IBWF BTTVNFE UIBU BMM QMBZFST UBLF BDUJPOT JO
UIF TBNF TQBDF�

6OEFS QSPQFS DPOEJUJPOT UIF /& JT PCUBJOFE
CZ TPMWJOH ñ�DPVQMFE )BNJMUPOo+BDPCJo#FMMNBO
	)+#
 FRVBUJPOT WJB EZOBNJD QSPHSBNNJOH
<$%�� 4FDUJPO �����>� 5P TJNQMJGZ UIF OPUBUJPO XF DPO�
DBUFOBUF UIF TUBUFT JOUP B WFDUPS GPSN Å[ � *À[�²[� ¶[+

Õ �

*ö²[ �Â � ö8[ �è
²
[ �Â �è8[ � ì

²
[ �Â � ì8[ +

Õ ] Ô´8  BOE EFOPUF JUT
EZOBNJDT CZ

�Å[ ² ÿ(��Å[� ÍÍÍ(��Å[)�Ï(��Å[))�� ¬ ^(Å[)�Ä[�

'PS UIF TBLF PG TJNQMJDJUZ XF PNJU UIF BDUVBM EFýOJUJPO PG
ÿ �U BOE ^ BOE SFGFS <9#)»��> GPS GVSUIFS EFUBJMT� -FU
ùU(�� á) CF UIF NJOJNJ[FE DPTU EFýOFE JO 	�
 JG UIF TZTUFN
TUBSUT BU Å[ ² �� 5IFO ùU  ² r� � �ñ TPMWFT
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XJUI ùU(÷�á) ² q XIFSF ëU JT UIF VTVBM )BNJMUPOJBO EF�
ýOFE CZ

ëU(��á� ÍÍÍ�Ï�Ù) ² ÿ(�� á� ÍÍÍ�Ï) � Ù ¬ �U(�� á� ÍU� ÈU)�

&OIBODFE %FFQ 'JDUJUJPVT 1MBZ

4PMWJOH GPS UIF /& PG UIF HBNF JT FRVJWBMFOU UP TPMWJOH UIF
ñ�DPVQMFE)+# FRVBUJPOT PG EJNFOTJPO (tñ¬r) EFýOFE JO
&RVBUJPO 	�
� %VF UP UIF IJHI�EJNFOTJPOBMJUZ UIJT JT B GPS�
NJEBCMF OVNFSJDBM DIBMMFOHF� 8F PWFSDPNF UIJT UISPVHI
B EFFQ MFBSOJOH NFUIPEPMPHZ XF DBMM &OIBODFE %FFQ 'JDUJ�
UJPVT 1MBZ CFJOH CSPBEMZ NPUJWBUFE CZ UIF NFUIPE PG ýDUJ�
UJPVT QMBZ JOUSPEVDFE CZ #SPXO <#SP��>�

%FFQ -FBSOJOH� %FFQ MFBSOJOH MFWFSBHFT B DMBTT PG DPN�
QVUBUJPOBM NPEFMT DPNQPTFE PG NVMUJQMF QSPDFTTJOH MBZ�
FST UP MFBSO SFQSFTFOUBUJPOT PG EBUB XJUI NVMUJQMF MFWFMT
PG BCTUSBDUJPO <-#)��>� %FFQ OFVSBM OFUXPSLT BSF FGGFD�
UJWF UPPMT GPS BQQSPYJNBUJOH VOLOPXO GVODUJPOT JO IJHI�
EJNFOTJPOBM TQBDF� *O SFDFOU ZFBST XF IBWF XJUOFTTFE OP�
UJDFBCMF TVDDFTT JO B NBSSJBHF PG EFFQ MFBSOJOH BOE DPN�
QVUBUJPOBM NBUIFNBUJDT UP TPMWF IJHI�EJNFOTJPOBM EJGGFS�
FOUJBM FRVBUJPOT� 4QFDJýDBMMZ EFFQ OFVSBM OFUXPSLT TIPX
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TUSPOH DBQBCJMJUZ JO TPMWJOH TUPDIBTUJD DPOUSPM BOE HBNFT
<)+&�� )-��>� #FMPX XF VTF B TJNQMF FYBNQMF UP JMMVT�
USBUF IPX B EFFQ OFVSBM OFUXPSL JT EFUFSNJOFE GPS GVODUJPO
BQQSPYJNBUJPO�

4VQQPTF XF XPVME MJLF UP BQQSPYJNBUF B NBQ � ² �(�)
CZ B OFVSBM OFUXPSL ZZ(��à) JO XIJDI POF TFFLT UP PC�
UBJO BQQSPQSJBUF QBSBNFUFST PG UIF OFUXPSL à UISPVHI B
QSPDFTT DBMMFE USBJOJOH� 5IJT DPOTJTUT PG NJOJNJ[JOH B MPTT
GVODUJPO UIBU NFBTVSFT UIF EJTDSFQBODJFT CFUXFFO UIF BQ�
QSPYJNBUJPO BOE USVF WBMVFT PWFS UIF TP�DBMMFE USBJOJOH TFU
,�N-

8
N½²� 4VDI B MPTT GVODUJPO IBT UIF HFOFSBM GPSN

ï(à) ²
r

ñ

8

o
N½²

ïN(�(�N)�ZZ(�N�à)) ¬ ¹Ò(à)�

XIFSF Ò(à) JT B SFHVMBSJ[BUJPO UFSN PO UIF QBSBNFUFST�
5IF ýSTU UFSN ïN(�(�N)�ZZ(�N�à)) FOTVSFT UIBU UIF QSFEJD�
UJPOT PG ZZ(�N�à) NBUDI BQQSPYJNBUFMZ UIF USVF WBMVF
�(�N) PO UIF USBJOJOH TFU ,�N-

8
N½²� )FSF ïN DPVME CF B

EJSFDU EJTUBODF MJLF UIF ïW OPSN PS FSSPS UFSNT EFSJWFE
GSPN TPNF DPNQMFY TJNVMBUJPOT BTTPDJBUFE XJUI �(�N) BOE
ZZ(�N�à)� 5IF IZQFSQBSBNFUFS ¹ DIBSBDUFSJ[FT UIF SFMB�
UJWF JNQPSUBODF CFUXFFO UIF UXP UFSNT JO ï(à)� 5P ýOE
BO PQUJNBM TFU PG QBSBNFUFST àv POF TPMWFT UIF QSPC�
MFN PG NJOJNJ[JOH ï(à) CZ UIF TUPDIBTUJD HSBEJFOU EF�
TDFOU 	4(%
 NFUIPE <#$/��>� 3FHBSEJOH UIF BSDIJUFDUVSF
PG ZZ(��à) UIFSF JT B XJEF WBSJFUZ PG DIPJDFT EFQFOE�
JOH PO UIF QSPCMFN GPS FYBNQMF GVMMZ DPOOFDUFE OFVSBM
OFUXPSLT DPOWPMVUJPOBM OFVSBM OFUXPSLT SFDVSSFOU OFV�
SBM OFUXPSLT BOE USBOTGPSNFST� *O UIJT XPSL XF DIPTF
GVMMZ DPOOFDUFE OFVSBM OFUXPSLT UP BQQSPYJNBUF UIF TPMV�
UJPO BOE DPOTUSVDUFE UIF MPTT GVODUJPO CZ TJNVMBUJOH UIF
CBDLXBSE EJGGFSFOUJBM FRVBUJPOT DPSSFTQPOEJOH UP UIF )+#
FRVBUJPOT�

/PUF UIBU UIF )+# TZTUFN 	�
 JT EJGýDVMU UP TPMWF EVF
UP UIF IJHI�EJNFOTJPOBMJUZ PG UIF ñ�DPVQMFE FRVBUJPOT�
8IBU JG XF DPVME EFDPVQMF UIF TZTUFN UP ñ TFQBSBUF FRVB�
UJPOT FBDI PG XIJDI JT FBTJFS UP TPMWF 5IJT JT UIF DFO�
USBM JEFB PG ýDUJUJPVT QMBZ XIFSF XF VQEBUF PVS BQQSPYJ�
NBUJPOT UP UIF PQUJNBM QPMJDJFT PG FBDI QMBZFS JUFSBUJWFMZ
TUBHF CZ TUBHF� *O FBDI TUBHF JOTUFBE PG VQEBUJOH UIF BQ�
QSPYJNBUJPOT PG BMM UIF QMBZFST UPHFUIFS CZ TPMWJOH UIF
HJBOU TZTUFN XF EP JU TFQBSBUFMZ BOE QBSBMMFMMZ� &BDI
QMBZFS TPMWFT GPS IFS PXO PQUJNBM QPMJDZ BTTVNJOH UIBU
UIF PUIFS QMBZFST BSF UBLJOH UIFJS BQQSPYJNBUFE PQUJNBM
TUSBUFHJFT GSPN UIF MBTU TUBHF� -FU VT EFOPUF UIF PQUJ�
NBM QPMJDZ BOE DPSSFTQPOEJOH WBMVF GVODUJPO PG UIF TJO�
HMF QMBZFS  JO TUBHF � BT ¯U T BOE ùU T SFTQFDUJWFMZ BOE
UIF DPMMFDUJPO PG UIFTF UXP RVBOUJUJFT GPS BMM UIF QMBZFST
BT éT ² (¯² T� � �¯8 T) BOE ÃT ² (ù² T� � �ù8 T)� 'J�
OBMMZ MFU VT EFOPUF UIF PQUJNBM QPMJDJFT BOE DPSSFTQPOE�
JOH WBMVF GVODUJPOT GPS BMM UIF QMBZFST FYDFQU GPS QMBZFS  BT
é¼U T ² (¯² T� � �¯U¼² T�¯U»² T� � �¯8 T) BOE Ã¼U T ²
(ù² T� � �ùU¼² T�ùU»² T� � �ù8 T) XIFSF ¯U T JT B

DPODBUFOBUJPO PG MPDLEPXO QPMJDJFT BOE WBDDJOBUJPO QPMJ�
DJFT ����� (ÍU T� ÈU T)� "U TUBHF � ¬ r XF DBO TPMWF GPS UIF
PQUJNBM QPMJDZ BOE WBMVF GVODUJPO PG QMBZFS  HJWFO PUIFS
QMBZFST BSF UBLFO UIF LOPXO QPMJDJFT é¼U T BOE UIF DPSSF�
TQPOEJOH WBMVFÃ¼U T� 5IF MPHJD PG ýDUJUJPVT QMBZ JT TIPXO
JO 'JHVSF � XIFSF QMBZFST JUFSBUJWFMZ EFDJEF PQUJNBM QPMJ�
DJFT JO TUBHF�¬r CBTFE PO PUIFS QMBZFST� PQUJNBM QPMJDJFT
JO TUBHF �� 5IJT JT TMJHIUMZ EJGGFSFOU UIBO UIF VTVBM TJNVM�
UBOFPVT ýDUJUJPVT QMBZ XIFSF UIF CFMJFG JT EFTDSJCFE CZ UIF
UJNF BWFSBHF PG QBTU QMBZ BOE UIF EJTUJODUJPO JT GVSUIFS EJT�
DVTTFE JO <))��>�

'JHVSF �� 4DIFNBUJD QMPU PG mDUJUJPVT QMBZ� FBDI QMBZFS EFSJWFT

PQUJNBM QPMJDJFT BU TUBHF � ¬ r BTTVNJOH PUIFS QMBZFST UBLF

PQUJNBM TUSBUFHJFT BU TUBHF ��

5IF &OIBODFE %FFQ 'JDUJUJPVT 1MBZ 	%'1
 BMHPSJUIN XF
IBWF EFTJHOFE CVJMU GSPN UIF %FFQ 'JDUJUJPVT 1MBZ 	%'1

BMHPSJUIN <))��> SFEVDFT UJNF DPTU GSPN [(ð³) UP [(ð)
BOE NFNPSZ DPTU GSPN [(ð) UP [(r) XJUI ð BT UIF UPUBM
OVNCFS PG ýDUJUJPVT QMBZ JUFSBUJPOT�

8F JMMVTUSBUF POF TUBHF PG FOIBODFE EFFQ ýDUJUJPVT QMBZ
JO 'JHVSF �� "U UIF (� ¬ r)[M TUBHF HJWFO UIF PQUJNBM QPMJ�
DJFT éT BU UIF QSFWJPVT TUBHF GPS  ² r� � �ñ UIF BMHPSJUIN
TPMWFT UIF GPMMPXJOH QBSUJBM EJGGFSFOUJBM FRVBUJPOT 	1%&T
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XJUI ùU T»²(÷�á) ² q� BOE PCUBJOT UIF PQUJNBM TUSBUFHZ PG
UIF (� ¬ r)[M TUBHF�

¯U T»² ²
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'PS TJNQMJDJUZ PG OPUBUJPOT XF PNJU UIF TUBHF OVNCFS
� JO UIF TVQFSTDSJQU JO UIF GPMMPXJOH EJTDVTTJPOT� 5IF
TPMVUJPO UP &RVBUJPO 	�
 JT BQQSPYJNBUFE CZ TPMWJOH UIF
FRVJWBMFOU CBDLXBSE TUPDIBTUJD EJGGFSFOUJBM FRVBUJPOT 	#4�
%&T
 VTJOH OFVSBM OFUXPSLT <)+&��>�
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5IF OPOMJOFBS 'FZONBOo,BD GPSNVMB <11��> ZJFMET�
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)FSF ºU BOE �U BSF EFSJWFE CZ SFXSJUJOH 	�
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"��>� /PUJDF UIBU XF QBSBNFUSJ[FE ùU CZ OFVSBM OFUXPSLT
	EFOPUF BT ù �OFUXPSLT
 TP üU

[ BOE ýU[ DPVME BMM CF DPN�
QVUFE CZ B GVODUJPO PGù �OFUXPSLT� 5IF MPTT GVODUJPO UP VQ�
EBUF UIF ù �OFUXPSL JT DPOTUSVDUFE CZ TJNVMBUJOH UIF #4%&
BMPOH UIF UJNF BYJT BOE QFOBMJ[JOH UIF EJGGFSFODF CFUXFFO
UIF USVF UFSNJOBM WBMVF BOE UIF TJNVMBUFE UFSNJOBM WBMVF
CBTFE PO OFVSBM OFUXPSLT PG ü �

*O &OIBODFE %'1 XF GVSUIFS QBSBNFUFSJ[F ¯U 	EFOPUF
BT ¯�OFUXPSLT
� *O FBDI TUBHF UIF MPTT GVODUJPO XJUI SF�
TQFDU UP UIF ù �OFUXPSL BOE UIF ¯�OFUXPSL PG QMBZFS  JT
EFýOFE CZ UIF XFJHIUFE TVN PG UXP UFSNT� UIF MPTT SFMBUFE
UP #4%& 	�
o	��
 UP BQQSPYJNBUF JUT TPMVUJPO BOE UIF FSSPS
PG BQQSPYJNBUJOH UIF PQUJNBM TUSBUFHZ ¯U CZ ¯�OFUXPSLT�
8F EFOPUF ' � '³ BT UIF ��OPSN ¯U BOE ǣU BT UIF EFSJWFE

Equation 1 BSDE 1 VP 1

Equation 2 BSDE 2 VP 2

Equation N BSDE N VP N

NNs

'JHVSF �� *MMVTUSBUJPO PG POF TUBHF PG FOIBODFE EFFQ mDUJUJPVT

QMBZ� "U UIF (� ¬ r)TF TUBHF POF OFFET UP TPMWF UIF 1%&T 	�

XIJDI JT BQQSPYJNBUFE CZ TPMWJOH UIF #4%&T 	�
�	��
� 5IFO
XJUI UIF IFMQ PG OFVSBM OFUXPSLT POF TPMWFT UIF WBSJBUJPOBM

QSPCMFN 	71
 HJWFO CZ &RVBUJPO 	��
 UP HFU UIF PQUJNBM

TUSBUFHZ�

BOE BQQSPYJNBUFE PQUJNBM DPOUSPM PG QMBZFS  JO UIF DVS�
SFOU TUBHF æé¼U ² ( ǣ² T� � � ǣU¼² T� ǣU»² T� � � ǣ8 T) BT UIF
DPMMFDUJPO PG BQQSPYJNBUFE PQUJNBM DPOUSPMT GSPN UIF MBTU
TUBHF FYDFQU QMBZFS  BOE Â BT B IZQFSQBSBNFUFS CBMBOD�
JOH UIF UXP UZQFT PG FSSPST JO UIF MPTT GVODUJPO� 5IFO UIF
&OIBODFE %'1 TPMWFT
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*O FBDI TUBHF UIFSF BSF UXP UZQFT PG PQUJNBM TUSBUFHJFT GPS
QMBZFS � �� UIF EFSJWFE PQUJNBM TUSBUFHZ ¯U CZ TPMWJOH
ÿ�����N ë

U JO UIF MBTU FRVBUJPO PG 	��
� �� UIF BQQSPY�

JNBUFE PQUJNBM TUSBUFHZ ǣU BMTP LOPXO BT ¯�OFUXPSLT GPS
SFEVDJOH UIF OPO�USJWJBM DPTU PG FWBMVBUJOH ¯U� 5BLF TUBHF
�¬r BT BO FYBNQMF ¯U T»² EFQFOET PO QMBZFST� MBTU TUBHF
PQUJNBM QPMJDJFT é¼U T XIJDI JO UVSO EFQFOET PO é¼U T¼²�
5IF FWBMVBUJPO PG UIF DVSSFOU TUBHF TUSBUFHZ ¯U T»² BDUVBMMZ
SFRVJSFT UIF SFDVSTJWF JUFSBUJPO PG PQUJNBM TUSBUFHJFT GSPN
BMM QSFWJPVT TUBHFT� &OIBODFE %'1 VOCMPDLT UIF DPNQV�
UBUJPO CPUUMFOFDL CZ JOUSPEVDJOH BQQSPYJNBUFE PQUJNBM
TUSBUFHZ ǣU XIJDI BQQSPYJNBUFT ¯U� "MUIPVHI SFQSFTFOU�
JOH ¯U XJUI B OFVSBM OFUXPSL ǣU JOUSPEVDFT BQQSPYJNB�
UJPO FSSPST JU BMMPXT VT UP FGýDJFOUMZ BDDFTT UIF QSPYZ PG
UIF PQUJNBM TUSBUFHZ é¼U JO UIF DVSSFOU TUBHF CZ DBMMJOH DPS�
SFTQPOEJOH OFUXPSLT JOTUFBE PG TUPSJOH BOE DBMMJOH BMM UIF
QSFWJPVT TUSBUFHJFT é¼U T¼²� � �é¼U ² EVF UP UIF SFDVSTJWF
EFQFOEFODF� 5IJT JT UIF LFZ GBDUPS UIBU &OIBODFE %FFQ
'JDUJUJPVT 1MBZ BEESFTTFT MFBEJOH UP SFEVDUJPO JO CPUI UJNF
BOE NFNPSZ DPNQMFYJUZ DPNQBSFE UP %FFQ 'JDUJUJPVT 1MBZ�

5P JNQMFNFOU UIF MPTT GVODUJPO EFýOFE JO 	��
 XF EJT�
DSFUJ[F BOE TJNVMBUF UIF #4%& CZ &VMFS�T NFUIPE XJUI B
QBSUJUJPO PO B UJNF JOUFSWBM *q�÷+� 5IF FYQFDUBUJPO JO UIF
MPTT GVODUJPO JT BQQSPYJNBUFE CZ .POUF $BSMP TBNQMFT PG
ÄZ JO UIF TUPDIBTUJD QSPDFTT� 5IFO XF VTF UIF TUPDIBT�
UJD HSBEJFOU EFTDFOU NFUIPE UP VQEBUF ùU BOE ǣU JO UIF
DVSSFOU TUBHF GPS QMBZFS � *O QBSBMMFM XF VQEBUF UIF ù �
OFUXPSL BOE ¯�OFUXPSL GPS FBDI QMBZFS� 5IF VQEBUFE OFU�
XPSLT PG FBDI QMBZFS XJMM CF PCTFSWBCMF GPS PUIFS QMBZFST JO
GVUVSF TUBHFT�
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'JHVSF �� 1MPUT PG PQUJNBM QPMJDJFT 	UPQ�MFGU
 4VTDFQUJCMFT 	UPQ�SJHIU
 &YQPTFE 	CPUUPN�MFGU
 BOE *OGFDUJPVT 	CPUUPN�SJHIU
 GPS UISFF

TUBUFT� /FX :PSL 	CMVF
 /FX +FSTFZ 	PSBOHF
 BOE 1FOOTZMWBOJB 	HSFFO
� 5IF TIBEFE BSFBT EFQJDU UIF NFBO BOE ��� DPOmEFODF

JOUFSWBM PWFS ��� TBNQMF QBUIT� $IPJDFT PG QBSBNFUFST BSF þ ² rqq BOE ¶ ² q�zz�

" 3FHJPOBM $07*%��� 4UVEZ

*O UIJT TFDUJPO XF BQQMZ UIF NVMUJ�SFHJPO TUPDIBTUJD 4&*3
NPEFM 	�
o	�
 UP BOBMZ[F PQUJNBM $07*%��� QPMJDJFT JO
UISFF BEKBDFOU TUBUFT� /FX :PSL /FX +FSTFZ BOE 1FOOTZM�
WBOJB� 5IJT DBTF TUVEZ GPDVTFT PO ��� EBZT TUBSUJOH GSPN
���������� BOE TPMWFT GPS UIF PQUJNBM QPMJDJFT PG UIF
UISFF TUBUFT DPSSFTQPOEJOH UP /BTI &RVJMJCSJVN CZ UIF &O�
IBODFE %FFQ 'JDUJUJPVT 1MBZ "MHPSJUIN� 8F EFOPUF /FX
:PSL 	/:
 BT SFHJPO � /FX +FSTFZ 	/+
 BT SFHJPO � BOE
1FOOTZMWBOJB 	1"
 BT SFHJPO � XJUI QPQVMBUJPO ó² ² rz�vu
NJMMJPO ó³ ² y�zr NJMMJPO BOE ó́ ² rs�yr NJMMJPO EVSJOH
UIF DBTF TUVEZ UJNF SBOHF SFTQFDUJWFMZ� 8F BTTVNF UIBU 	B

zq© PG BOZ TUBUF�T QPQVMBUJPO SFTJEFT JO UIFJS PXO TUBUF BU B
HJWFO UJNF� 	C
 UIF SFNBJOJOH QPQVMBUJPO	USBWFMMFST
 WJTJU
UIF PUIFS TUBUFT BU BO FRVBM DIBODF� 	D
 UIFSF JT OP USBWFM
PVUTJEF PG UIF UISFF TUBUFT UIBU JT /:�/+�1" JT B DMPTFE TZT�
UFN� 5IF QBSBNFUFST JO 	�
o	�
 BSF FTUJNBUFE CBTFE PO UIF
BCPWF BTTVNQUJPOT BOE QVCMJD JOGPSNBUJPO BCPVU $07*%�
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xttqq$rt� 0UIFS QBSBNFUFST JO UIF NPEFM BSF DIPTFO BU�
� ² q�� ² rxs�w�Å ² r�zw ° rq·� 5IF IZQFSQBSBNFUFST ¶
BOE þ XIJDI SFQSFTFOU QPMJDZ FGGFDUJWFOFTT BOE QMBOOFST�
WJFXT PO UIF EFBUI PG IVNBO CFJOHT XJMM DIBOHF UIF PQ�
UJNBM QPMJDJFT� 'PS SFTVMUT JODMVEJOH WBDDJOBUJPO DPOUSPMT
XF QPJOU UP <04��> XIJDI DPOTJEFST BO PQUJNBM DPOUSPM
QSPCMFN GPS WBDDJOFT BOE UFTUJOH PG $07*%���� )PXFWFS

JO UIF UJNF QFSJPE XF TUVEZ WBDDJOBUJPO XBT OPU BWBJMBCMF
TP XF JHOPSF UIF IFBMUI QPMJDZ È BOE NBJOMZ TPMWF GPS UIF
MPDLEPXO QPMJDZ PG FBDI TUBUF�

'JHVSF � TIPXT UIF /BTI FRVJMJCSJVN QPMJDJFT JO /:
/+ BOE 1" JO B TFUUJOH XIFSF UIF QPMJDZ FGGFDUJWFOFTT JT
¶ ² q�zz J�F� zz© PG UIF SFTJEFOUT XJMM GPMMPX UIF MPDLEPXO
PSEFST� 5IF XFJHIU QBSBNFUFS RVBOUJGZJOH FBDI QMBOOFS�T
WJFX JT þ ² rqq J�F� FBDI HPWFSOPS WBMVFT IVNBO MJGF ���
UJNFT NPSF UIBO UIF FDPOPNJD WBMVF PG B IVNBO MJGF� 5IF
SFTVMUJOH /BTI FRVJMJCSJVN PG UIJT TDFOBSJP DPSSFTQPOET UP
UIF QMBOOFST UBLJOH BDUJPO BU BO FBSMZ TUBHF CZ JNQMFNFOU�
JOH TUSJDU MPDLEPXO QPMJDJFT BOE MBUFS SFMBYJOH UIF QPMJDZ BT
UIF JOGFDUJPOT JNQSPWF� *O UIF FOE UIF QFSDFOUBHF PG 4VT�
DFQUJCMF &YQPTFE *OGFDUJPVT BOE 3FNPWFE TUBZT BMNPTU
DPOTUBOU� 5IF QBOEFNJD XJMM CF TJHOJýDBOUMZ NJUJHBUFE JO
UIJT TDFOBSJP PG QSPBDUJWF MPDLEPXO GPS CPUI QMBOOFST BOE
SFTJEFOUT� "T B DPNQBSJTPO <9#)»�� 'JHVSF �> JMMVTUSBUFT
B TDFOBSJP PG IPX UIF QBOEFNJD HFUT PVU PG DPOUSPM JG HPW�
FSOPST TIPX JOBDUJPO PS JTTVF NJME MPDLEPXO QPMJDJFT�

" WFSTJPO PG UIJT NBOVTDSJQU JO UIF "S9JW IUUQT���
BSYJW�PSH�BCT����������� DPOUBJOT BO FYUFOEFE MJTU
PG SFGFSFODFT XIJDI JODMVEFT NPSF MJUFSBUVSF PO UIF DPSF
UPQJDT PG UIJT XPSL BOE TPNF SFDFOU EFWFMPQNFOUT�
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"$,/08-&%(.&/54� 5IF DPOUFOUT PG UIJT BSUJ�
DMF BSF CBTFE PO UIF BVUIPST� QSFWJPVT QVCMJDBUJPO
<9#)»��>� 5IF BVUIPST UIBOL UXP BOPOZNPVT SFGFS�
FFT GPS DPOTUSVDUJWF TVHHFTUJPOT XIJDI IFMQFE UP JN�
QSPWF UIF BSUJDMF� 3� )� XBT QBSUJBMMZ TVQQPSUFE CZ UIF
/4' HSBOU %.4�������� UIF 'BDVMUZ $BSFFS %FWFMPQ�
NFOU "XBSE UIF 3FTFBSDI "TTJTUBODF 1SPHSBN "XBSE
UIF &BSMZ $BSFFS 'BDVMUZ "DDFMFSBUJPO GVOEJOH BOE UIF
3FHFOUT� +VOJPS 'BDVMUZ 'FMMPXTIJQ BU 6OJWFSTJUZ PG $BMJ�
GPSOJB 4BOUB #BSCBSB� )� %� $� HSBUFGVMMZ BDLOPXMFEHFT
QBSUJBM TVQQPSU GSPN UIF /4' HSBOU %.4���������

3FGFSFODFT

<""-��> 'FSOBOEP & "MWBSF[ %BWJE "SHFOUF BOE 'SBODFTDP
-JQQJ " TJNQMF QMBOOJOH QSPCMFN GPS DPWJE��� MPDLEPXO /B�
UJPOBM #VSFBV PG &DPOPNJD 3FTFBSDI �����

<"MM��> -JOEB +� 4� "MMFO "O JOUSPEVDUJPO UP TUPDIBTUJD FQJEFNJD
NPEFMT .BUIFNBUJDBM FQJEFNJPMPHZ ���� QQ� ��o����
.3�������

<";.»��> ;PISFI "CCBTJ *NBO ;BNBOJ "NJS )PTTFJO
"NJSJ .FISB .PITFO 4IBýFJSBE BOE "TJFS *CFBT 0Q�
UJNBM DPOUSPM EFTJHO PG JNQVMTJWF 42&*"3 FQJEFNJD NPE�
FMT XJUI BQQMJDBUJPO UP $07*%��� $IBPT 4PMJUPOT 'SBDUBMT
��� 	����
 ������ ��%0* ��������K�DIBPT�������������
.3�������

<#$/��> -}FPO #PUUPV 'SBOL &� $VSUJT BOE +PSHF /PDFEBM
0QUJNJ[BUJPO NFUIPET GPS MBSHF�TDBMF NBDIJOF MFBSOJOH 4*".
3FW� �� 	����
 OP� � ���o��� %0* ����������.��������
.3�������

<#FS��> %BOJFM #FSOPVMMJ &TTBJ E�VOF OPVWFMMF BOBMZTF EF MB NPS�
UBMJU}F DBVT}FF QBS MB QFUJUF W}FSPMF FU EFT BWBOUBHFT EF M�JOPDVMBUJPO
QPVS MB QS}FWFOJS )JTUPJSF EF M�"DBE� 3PZ� 4DJ�	1BSJT
 BWFD
.FN 	����
 �o���

<#SP��> (FPSHF 8� #SPXO *UFSBUJWF TPMVUJPO PG HBNFT CZ ýDUJ�
UJPVT QMBZ "DUJWJUZ "OBMZTJT PG 1SPEVDUJPO BOE "MMPDBUJPO
$PXMFT $PNNJTTJPO .POPHSBQI /P� �� +PIO 8JMFZ �
4POT *OD� /FX :PSL /�:�� $IBQNBO � )BMM -UE� -POEPO
���� QQ� ���o���� .3�������

<$%��> 3FO}F $BSNPOB BOE 'SBOÎPJT %FMBSVF 1SPCBCJMJTUJD
UIFPSZ PG NFBO ýFME HBNFT XJUI BQQMJDBUJPOT� * 1SPCBCJM�
JUZ 5IFPSZ BOE 4UPDIBTUJD .PEFMMJOH WPM� �� 4QSJOHFS
$IBN ����� .FBO ýFME '#4%&T DPOUSPM BOE HBNFT�
.3�������

<(#��> .� %� (SNFL BOE $� #VDIFU 5IF CFHJOOJOHT PG NBS�
JUJNF RVBSBOUJOF .BO IFBMUI BOE UIF TFB )POPS}F $IBN�
QJPO 1BSJT 	����
 ��o���

<))��> +� )BO BOE 3� )V %FFQ ýDUJUJPVT QMBZ GPS ýOEJOH .BS�
LPWJBO /BTI FRVJMJCSJVN JO NVMUJ�BHFOU HBNFT 1SPDFFEJOHT
PG UIF ýSTU NBUIFNBUJDBM BOE TDJFOUJýD NBDIJOF MFBSOJOH
DPOGFSFODF 	.4.-
 ���� QQ� �������o����

<)+&��> +JFRVO )BO "SOVMG +FOU[FO BOE 8FJOBO & 4PMWJOH
IJHI�EJNFOTJPOBM QBSUJBM EJGGFSFOUJBM FRVBUJPOT VTJOH EFFQ MFBSO�
JOH 1SPD� /BUM� "DBE� 4DJ� 64" ��� 	����
 OP� �� ����o
���� %0* ��������QOBT������������ .3�������

<)-��> 3VJNFOH )V BOE .BUIJFV -BVSJFSF 3FDFOU EFWFM�
PQNFOUT JO NBDIJOF MFBSOJOH NFUIPET GPS TUPDIBTUJD DPO�
USPM BOE HBNFT "WBJMBCMF BU 443/� IUUQT���TTSO�DPN
�BCTUSBDU�������� 	����
�

<,-��> 3JDIBSE +� ,SZTDJP BOE $MBVEF -FGÒWSF 0O UIF
FYUJODUJPO PG UIF 4�*�4 TUPDIBTUJD MPHJTUJD FQJEFNJD +�
"QQM� 1SPCBC� �� 	����
 OP� � ���o��� %0*
��������T���������������Y� .3�������

<-#)��> :BOO -F$VO :PTIVB #FOHJP BOE (FPGGSFZ )JOUPO
%FFQ MFBSOJOH OBUVSF ��� 	����
 OP� ���� ���o����

<-)-��> 8FJ .JO -JV )FSCFSU 8� )FUIDPUF BOE 4JNPO "�
-FWJO%ZOBNJDBM CFIBWJPS PG FQJEFNJPMPHJDBM NPEFMT XJUI OPO�
MJOFBS JODJEFODF SBUFT +� .BUI� #JPM� �� 	����
 OP� � ���o
��� %0* ��������#'��������� .3������

</BT��> +PIO /BTI /PO�DPPQFSBUJWF HBNFT "OO� PG .BUI� 	�

�� 	����
 ���o���� .3�����

</#/��> 1FUFS /PSETUSÚN .BSDFM #BMMJO BOE "OOB /PSE�
TUSÚN 3JTL PG TBST�DPW�� SFJOGFDUJPO BOE DPWJE��� IPTQJUBMJTB�
UJPO JO JOEJWJEVBMT XJUI OBUVSBM BOE IZCSJE JNNVOJUZ� B SFUSP�
TQFDUJWF UPUBM QPQVMBUJPO DPIPSU TUVEZ JO TXFEFO 5IF -BODFU
*OGFDUJPVT %JTFBTFT �� 	����
 OP� � ���o����

<04��> "MCFSUP 0MJWBSFT BOE &SOFTUP 4UBGGFUUJ0QUJNBM DPOUSPM�
CBTFE WBDDJOBUJPO BOE UFTUJOH TUSBUFHJFT GPS DPWJE��� $PN�
QVUFS .FUIPET BOE 1SPHSBNT JO #JPNFEJDJOF ��� 	����

�������

<11��> }&� 1BSEPVY BOE 4� 1FOH #BDLXBSE TUPDIBTUJD EJGGFSFOUJBM
FRVBUJPOT BOE RVBTJMJOFBS QBSBCPMJD QBSUJBM EJGGFSFOUJBM FRVB�
UJPOT 4UPDIBTUJD QBSUJBM EJGGFSFOUJBM FRVBUJPOT BOE UIFJS
BQQMJDBUJPOT 	$IBSMPUUF /$ ����
 ���� QQ� ���o����
.3�������

<5#7��> &MJTBCFUUB 5PSOBUPSF 4UFGBOJB .BSJB #VDDFMMBUP BOE
1BTRVBMF 7FUSP 4UBCJMJUZ PG B TUPDIBTUJD 4*3 TZTUFN 1IZTJDB
"� 4UBUJTUJDBM .FDIBOJDT BOE JUT "QQMJDBUJPOT ��� 	����

���o����

<9#)»��> :BP 9VBO 3PCFSU #BMLJO +JFRVO )BO 3VJNFOH
)V BOE)FDUPS %$FOJDFSPT0QUJNBM QPMJDJFT GPS B QBOEFNJD�
B TUPDIBTUJD HBNF BQQSPBDI BOE B EFFQ MFBSOJOH BMHPSJUIN 1SP�
DFFEJOHT PG UIF TFDPOE NBUIFNBUJDBM BOE TDJFOUJýD NB�
DIJOF MFBSOJOH DPOGFSFODF 	.4.-
 ���� QQ� �������o
�����
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