Exercise: Rotations ifR3

Let n € R3 be a unit vector. The point of this problem is to outline the following:
Find a formula for the rotation oR® through an angl® with the directionn as axis of
rotation. Before reading further, try finding it on your own.

a) (Example) Find a matrix that rotat& through the angl® using the vector1,0,0)

b)

c)

d)

9)

as the axis of rotation.

If x € R is any vector, show thai := x — (x-n) n is the projection ok is the projec-
tion of x into the plane perpendicular to. [Here (x- n) is the usual dot product.]

Show that the vector
Ww:=uxn=(X—(X-n)n)xn=xxn

is perpendicular to both andu, and thatw has the same length as Thusn, u, and
w are orthogonal withu, andw in the plane perpendicular to the axis of rotation
[Here,u x n is the standard cross product of vectorsRif]

Show that the map
R:X+— (X-n)n+cosBu+sinbw

rotatesx through an angl® with n as axis of rotation. [Note: one needs more infor-
mation to be able to distinguish betwe@rand —0].

Show that one can rewrite the previous formula as
Rx = (X-n)n+4cosf (X — (x-n)n) +sinB(x x n)
= C0SBX+ (1—cosB) (X-n)n—+sinB(x x n).

If n andx are thecolumnvectorsn = (a,b,c), x = (x,y,2), andn' is the transpose,
show that as matrices

a® ab ac\ /x 0 ¢ -b\ /x
(x-mn=n(n"x)=[ab ¥ bc| |y| andxxn=[-c 0 a yl.
ac bc &/ \z b —-a 0 z
Thus, deduce our final formula:
a® ab ac 0 ¢ -b
R=(cosB)l +(1—cosB) [ab K bc| +(sinB)|-c 0 a |.
ac bc & b —-a 0

Find the matrix that rotateR? through an angle o using as axis the line through the
origin and the poin{1,1,1).



