GENERALIZED ROOK POLYNOMIALS

Jay Goldman and James Haglund

April 14, 2000

Abstract. Generalizing the notion of placing rooks on a Ferrers board leads to a new class of combinatorial models and a new class of rook polynomials. Connections are established with absolute Stirling numbers and permutations, Bessel polynomials, matchings, multiset permutations, hypergeometric functions, Abel polynomials and forests, and polynomial sequences of binomial type. Factorization and reciprocity theorems are proved and a q-analogue is given.

Dedicated to the memory of Gian-Carlo Rota, friend and inspiring colleague

1. Introduction

Rook theory has a long history arising from problems of permutations with restricted positions [21], [28]. The rook theory of Ferrers boards was started by Foata and Schützenberger [10], who gave a full characterization of rook equivalence via bijective proofs. Goldman, Joichi, and White [14] then introduced a new version of the rook polynomial of a Ferrers board and gave it a combinatorial interpretation, which showed that it had all integer roots. Subsequent work with Ferrers boards and this rook polynomial have led to models for binomial type theorems [17], connections with chromatic polynomials [15], orthogonal polynomials [12], [16], hypergeometric series [19], q-analogues and permutation statistics [9], [11], [20], statistical problems in probability [6], algebraic geometry [7], and digraph polynomials [3], [5]. Today there is a very large literature about Ferrers boards.

Now we generalize the classic notion of placing non-taking rooks on a Ferrers board, where as rooks are placed in the columns of the board, moving from left to right, new rows are created. Together with a more general notion of rook polynomial, this leads to a large new class of combinatorial models with connections to polynomial sequences of binomial type and many other models, e.g. permutations of sets and multisets, forests and Abel polynomials, and Bessel polynomials and matchings. In this paper, we concentrate on these examples, constructing bijections and reasoning with the rook polynomials.

1991 Mathematics Subject Classification. Primary 05A15, 05A19.

Key words and phrases. Rook theory, rook polynomial, Ferrers Board, Bessel polynomials, Abel polynomials, forests, binomial type, absolute Stirling numbers, multiset permutations.

The second author is supported by NSF grant DMS-9627432. Part of this work was done while the second author was visiting the University of Minnesota during the Summer of 1999.

Typeset by AMS-TEX 1

In section 2, we review a few classic notions, define i-creation rook placements and their associated rook numbers and i-rook polynomials, prove a factorization theorem, discuss rook equivalence, and prove that every monic polynomial with nonpositive integer roots is the rook polynomial of a Ferrers board with a 1-creation rule.

In section 3, we study i-creation placements on 1-jump boards, and, when i = 1, the connection with c(n, k), the number of permutations of {1, 2, . . . , n} with k cycles (absolute Stirling numbers of the first kind).

Section 4 deals with 2-creation placements on a 1-jump board. We construct a bijection between the rook placements and matchings in complete graphs graded by the number of edges. The corresponding rook numbers are the coefficients of the Bessel polynomials and we have a new polynomial relation involving these coefficients. There is another bijection between these rook numbers and permutations of multisets, which include the Stirling permutations of Gessel and Stanley.

In section 5 we see that the 1-creation rook polynomials of n × n − 1 boards are Abel polynomials, whose coefficients count forests of rooted labeled trees. We construct a bijection to explain this.

In section 6, we further generalize the notion of rook placements, prove a factorization theorem for Ferrers boards and generalize Chow’s reciprocity theorem.

Finally, in section 7 we derive q-analogues of some of our results. Notation: LHS and RHS are abbreviations for “left-hand-side” and “right-hand-side”, respectively. N denotes the nonnegative integers.

2. Basic Concepts

We first review some classical definitions. We think of a board intuitively as a finite array of squares or cells arranged in rows and columns, i.e., a subset of cells of some n × n chessboard. A Ferrers board is made up of adjacent solid columns of cells with a common lower edge such that the heights (number of cells) h_1, h_2, . . . , h_n of the columns form a non-decreasing sequence reading from left to right. Fig. 2.1 gives examples of Ferrers boards with their height vectors (h_1, h_2, . . . ) and columns labeled from left to right. See [14] for more formal definitions. It is convenient to allow columns of zero height.

For the rest of this paper we use the term “board” to mean “Ferrers board” unless otherwise noted (as in section 6).

Classic rook theory studies r_k(B), the number of ways of placing k markers on the cells of the board B so that no two are in the same row or column. In chess terminology, we place k non-taking rooks on the board.

The basis of this paper is the notion of an i-row creation rook placement or just an i-creation rook placement (or a rook placement with an i-creation rule). This means that first we choose the columns where we will place the rooks. Then, as we place non-taking rooks in these columns, from left to right, each time a rook is placed i new rows are created drawn to the right end and immediately above where we placed the rook. For i > 0, as we place a rook, the next rook to be placed has an increased number of possible positions (i = 0 corresponds to the classic rook placement). We give two examples in detail.

Example 1: Take the board of Fig. 2.1(a). We will place non-taking rooks in

Figure 2.1

Figure 2.2 columns 2, 3, and 4, using a 1-creation rule. There are two choices for placing the first rook in column 2. We choose the second cell from the bottom and create one new row to the right and above this rook (Fig. 2.2(a)). Now there are 4 cells in column 3, but only 3 are available to place a rook in since row 2 has already been used in column 2. Place the second rook in the third available cell from the bottom and create a new row to the right and above it (Fig. 2.2(b)). Finally there are now 5 cells in column 4, 3 of which are allowed (rows 2 and 4 have been used) and we place the third rook in the second available space from the bottom (Fig. 2.2(c)).

Example 2: We use the same board as for example 1 (Fig. 2.1(a)) and again place a rook in columns 2, 3. and 4, but this time use a 2-creation rule. Place the first rook in column 2 in the second cell from the bottom and create two new rows as shown in Fig. 2.3(a). Now there are 5 cells in column 3, but only 4 are available (row 2 has been used). Place the second rook in the third available space from the bottom and create two new rows. Finally, there are now 7 cells in column 4, with 5 available ones (rows 2 and 4 have been used). Place the third rook in the second available space.

Figure 2.3

To describe the placement of cells more compactly, we introduce the coordinates of the rooks in a rook placement. Given a board and an i-creation rook placement, we say that a rook of the placement has coordinates (s, t) if the rook is in the column labeled s and was placed in the t^{th} available space from the bottom as the rooks are placed from left to right. In all of our examples, the columns of an n column board have been labeled with the label set {1, 2, . . . , n} in the natural order. We shall see in section 5 that this is not the only useful labeling.

In example 1, the coordinates of the rooks are (2, 2), (3, 3), and (4, 2). In example 2, the rooks also have coordinates (2, 2), (3, 3), and (4, 2), but with a different creation rule. If we know the board B, the labeling of the columns, and the creation rule being used, then the set of coordinates of the rooks completely determines the rook placing.

The i-rook number, r^{(i)}_k (B), i = 1, 2, . . . , n, of an n column board B is the number of i-creation rook placements of k rooks on B, with r^{(i)}_0 = 1. We just use r^{(i)}_k when no confusion can arise. The i-rook vector of B, r^{(i)}(B), is the vector (r^{(i)}_0 , r^{(i)}_1 , . . . ), where clearly r^{(i)}_k = 0 for k > n. The i-rook polynomial of B, r^{(i)}(B, x), is defined as

r^{(i)}(B, x) := n∑ k=0 r^{(i)}_k (B)x^{(n−k,i−1)},

where x^{(n,m)} := x(x + m)(x + 2m) · · · (x + (n − 1)m), for n > 0, and x^{(0,m)} = 1.

We see why r^{(i)}(B, x) is a natural object of study in the following theorem.

Factorization Theorem. Let B be a Ferrers board with column heights h_1 ≤ h_2 ≤ . . . ≤ h_n. Then

r^{(i)}(B, x) = n∏ j=1 (x + h_j + (j − 1)(i − 1)). (1)

Pf: Our proof is an immediate generalization of the proof in [14].

Let x ∈ N and B_x be the board B with an x × n rectangle adjoined (Fig. 2.4). This is a board with column heights x + h_1 ≤ x + h_2 ≤ . . . ≤ x + h_n. Recall that some of the h_j ’s can be zero. The RHS of (1) counts the number of ways to place n rooks on B_x using an i-creation rule. But this can also be counted by cases, according to the number of rooks placed on B. There are r^{(i)}_k (B) ways to place k rooks on B. This uses k of the columns of B_x and thus there are x^{(n−k,i−1)} ways to place the remaining n − k rooks in the remaining n − k columns of the x × n rectangle. �

Specializing (1) by taking a 1-creation rule yields r^{(1)}(B, x) = ∏_n j=1(x+h_j ) and, since the h’s can be any non-decreasing sequence of nonnegative integers, we have

Corollary 2.1. Any monic polynomial with non-positive integer roots is the 1-rook polynomial of a Ferrers board.

We call two boards B and B^′ i-rook equivalent if r^{(i)}_k (B) = r^{(i)}_k (B^′), for all k. If i = 0, the classical theory, there is an interesting and complete classification and enumeration of the equivalence classes for Ferrers boards [14]. If i > 0, then it follows almost immediately from the factorization theorem that, except for the trivial case of boards differing by empty columns, no two boards are i-rook equivalent.

Figure 2.4: The Ferrers board B_x

Example 3: An interesting class of boards are the m − jump boards Jn_,m with column heights (0, m, 2m, . . . , (n − 1)m). Applying the factorization theorem we get r^{(i)}(J_{n,m}, x) = x^{(n,m+i−1)} = n∑ k=0 r^{(i)}_k (J_{n,m})x^{(n−k,i−1)}. (2) Recall that for fixed b, the polynomial sequence {x^{(n,b)}, n = 0, 1, 2, . . . } is of binomial type and, since (2) connects two such binomial type sequences, the r^{(i)}_k (J_{n,m}) are also coefficients of binomial type sequences [23]. Hence we have a combinatorial interpretation, in terms of i-rook numbers, for the connection coefficients between these two rising factorial sequences. In particular, for m = 1, this relates {x^{(n,i)}} and {x^{(n,i−1)}}, n = 0, 1, 2, . . . . In the next two sections, we shall see that when i = 1 or 2, these are particularly interesting models.

We now derive a useful recurrence for the i-creation rook numbers. Let B be a board with heights h_1 ≤ h_2 ≤ · · · ≤ h_n, and let B̂ be the n − 1 column board obtained by removing the last column of B. The number of i-creation placements of k rooks on B with no rook in the last column is r^{(i)}_k (B̂). On the other hand, for each placement of k −1 rooks on the first n−1 columns of B, there are h_n +(k −1)(i−1) ways to place a rook in the last column. Thus

r^{(i)}_k (B) = r^{(i)}_k (B̂) + (h_n + (k − 1)(i − 1))r^{(i)}_{k−1} (B̂). (3)

If we let m = 1, k = n−1, we have by (3), or by a direct count, that r^{(i)}_{n−1}(J_{n,1}) = 1^{(n−1,i)}.

The factorization theorem, together with the notion of i-rook placements allows the construction of new combinatorial models for binomial type sequences, analogous to the development in [17]. We will not pursue that sequence of ideas here.

3. 1-Jump Board, 1-Row Creation

Specializing equation (2) from section 2 to the case m = 1, i = 1, we have x^{(n,1)} = ∑ r^{(1)}_k (J_{n,1})x^{(n−k,0)} or, in more familar notation, x^{(n)} = ∑ r^{(1)}_k (J_{n,1})x^{n−k}, where x^{(n)} = x^{(n,1)} is the ordinary rising factorial. But it is well known that x^{(n)} = ∑_n k=0 c(n, n − k)x^{n−k}, where c(n, k), the absolute Stirling number of the first kind, counts the number of permutations of {1, 2, . . . , n} with k cycles [29]. Therefore we have

Theorem 3.1. r^{(i)}_k (J_{n,1}) = c(n, n − k). In this section we give two bijective proofs of this fact.

First Proof: To avoid cumbersome notation, we use an example to illustrate the idea. Let C be a 1-placement of 3 rooks on the board J_{7,1}, with coordinates (2, 1), (4, 2), and (7, 5).

Consider the sequence of permutations in Fig. 3.1. Start with the identity I_7 ∈ S_7. The first rook is (2, 1), so multiply the identity on the right by the transposition (12) to obtain π_1. This has the effect of erasing the cycle (2) and inserting 2 to the left of 1 in (1) (Fig. 3.1(i)). The second rook is (4, 2). Multiply π_1 by (24) on the right to obtain π_2 (equivalently, erase (4) in π, and insert 4 to the left of 2 in (21) - Fig. 3.1(ii)). The last rook is (7, 5) so multiply π_2 on the right by (75) to obtain π_3 (Fig. 3.1(iii)). Our correspondence is C ←→ π_3. Since at each step we are merging a one cycle with another cycle, and there are three merges (rooks) we end up with a permutation, π_3, with 7 − 3 cycles.

Figure 3.1

In general if (i_1, n_1), (i_2 , n_2), . . . , (i_k, n_k), i_1 < i_2 < · · · < i_k are the coordinates of a placement of rooks on J_{n,1} and I_n is the identity in S_n, then the map

C → π = I_n(n_1 i_1)(n_2 i_2) · · · (n_k i_k)

is our required bijection. The reasoning of our example shows clearly why π has n − k cycles.

The inverse map follows immediately. Let σ ∈ S_n be a permutation with k cycles. If n is in a 1-cycle, erase the cycle. If n is immediately followed by j, (in cyclic order) in some cycle, then erase n from this cycle and add (n, j) as coordinates of a rook in our placement. In both cases we now have a permutation in S_{n−1} and we repeat this procedure. �

Second Proof: We will use the terminology of flags on flagpoles where the order in which the flags appear matters.

Let C be the placement of 4 rooks, with coordinates (3, 2), (4, 3), (5, 1), (7, 1) on the board J_{7,1} (Fig. 3.2). This defines a configuration of 4 flags on 3 flagpoles constructed as follows (Fig. 3.3). The first (empty) column has no rook, so we create flagpole 1. The second column has no rook; create flagpole 2. The first rook from the left has coordinates (3, 2), so place flag 3 in the second position (reading up the flagpoles from left to right). The second rook (in column 4) has coordinates (4, 3), so place flag 4 in position 3. The next rook is (5, 1) so flag 5 is placed in the first position. And finally rook (7, 1) tells us to place flag 7 in the first position.

Figure 3.2

If we think of each flagpole with its flags as defining a cycle in the final configuration (reading from the bottom up), then we get the permutation (175)(234)(6). Since there are 3 columns with no rooks, we have 3 flagpoles and hence 3 cycles.

The inverse map (flags on flagpoles to rook placements) is straightforward. The flagpole labels {1, 2, 6} tell us that columns {1, 2, 6} of J_{7,1} have no rooks. The largest numbered flag is 7 and it is in position 1; so (7, 1) is a rook. Erase flag 7, which leaves 5 as the largest flag, now in position 1; so (5, 1) is a rook. Erase 5 so flag 4 is now in position 3; so (4, 3) is a rook. Erase 3 and flag 3 is in position 2 and (3, 2) is a rook.

It is clear how to generalize to a bijection between 1-creation placements of k rooks and those σ ∈ S_n with n − k cycles. �

Figure 3.3

4. 1-Jump Board, 2-Row Creation

A matching in a graph is a selection of disjoint edges. Dulucq and Favreau [8] have shown that the coefficients of the Bessel polynomial can be modeled by matchings, which together with Theorem 4.1 shows that ∑ r^{(2)}_k (J_{n+1,1})x^k is the Bessel polynomial of degree n (see [18] for background on Bessel polynomials). They also refer to a combinatorial proof of the orthogonality. Applying the factorization theorem to J_{n+1,1} with i = 2 we get a new polynomial relation for these coefficients (see eq. (4) below), namely, as the connection coefficients between the two bases x^{(n,1)} and x^{(n,2)}. Perhaps the orthogonality of the Bessel polynomials could also be proven using the methods of Gessel [12].

Theorem 4.1. Let m_k(K_n) denote the number of k-edge matchings in the complete graph K_n. Then r^{(2)}_k (J_{n,1}) = m_k(K_{n+k−1}).

Pf: Start with a placement of k rooks on J_{n,1}. If there is no rook in the last column, use induction to get a k-edge matching on n − 1 + k − 1 vertices, then add the singleton vertex n + k − 1 to this matching.

Now assume there is a rook in the last column, say with coordinates (n, j). Since each of the k − 1 rooks in columns 1 through n − 1 creates 2 rows, we have 1 ≤ j ≤ n + k − 2. Match vertex j with vertex n + k − 1. This leaves n + k − 3 vertices left unmatched in K_{n+k−1}. By induction, the k − 1 rooks in columns 1 through n − 1 determine a k − 1 edge matching on n − 1 + k − 1 − 1 = n + k − 3 vertices. Use the edges from this matching, with vertices j, j + 1, . . . , n + k − 3 relabeled as j + 1, j + 2, . . . , n + k − 2.

Now we describe the inverse of this correspondence. Say we have a matching M where vertex n + k − 1 is a singleton. Then by induction we can associate a placement of k rooks on J_{n−1,1} to M − {n + k − 1}, to which we add an empty column of height n + k − 1 on the right. On the other hand, if vertex n + k − 1 is matched to vertex j, then again by induction we associate a placement of k − 1 rooks on J_{n−1,1} to M − (j, n + k − 1), to which we add a column of height n + k − 1 with a rook in it with coordinates (n, j). �

Example 5: If C is the placement in the top left of Fig. 4.1(a), then n + k − 1 = 5 and the above construction starts with vertices {v_1, v_2, v_3, v_4, v_5}. The rook in the last column with coordinates (4, 2) matches v_2 and v_5, and we are then left with the rook placement in Fig. 4.1(b), applied to the set of vertices {v_1, v_3, v_4}. This placement matches v_1 and v_4, with the final matching displayed in Fig. 4.1(c).

Figure 4.1

Pitman [24] has derived an alternative interpretation of the coefficients of the Bessel polynomials in terms of lattice paths, and it is an interesting question to try and connect the lattice paths and the rook placements directly.

By a simple combinatorial argument

m_k(K_n) = ( n 2k ) (2k)! k!2^k . Combining this with Theorem 4.1 yields

r^{(2)}_k (J_{n,1}) = ( n + k − 1 2k ) (2k)! k!2^k , and substituting this into the factorization theorem gives the identity n∑ k=0 ( n + k − 1 2k ) (2k)! k!2^k x^{(n−k,1)} = x^{(n,2)}. (4)

When expressed in hypergeometric notation, this identity reduces to a special case of a well-known summation theorem of Kummer for a_2F_1 with argument 1/2 (see [25, p. 69, ex. 3]).

In section 3, we constructed a bijection between 1-creation rook placements on a 1-jump board and flags on flagpoles (permutations by cycles). This generalizes immediately to a bijection between 2-creation rook placements on a 1-jump board and flags on flagpoles. The only difference is that when a flag, corresponding to a rook, is placed on a flagpole, two adjacent copies of the flag are placed, not one. Therefore two new positions are created on the flagpole, corresponding to 2-creation.

This is illustrated in Fig.’s 4.2 and 4.3. The first (empty) column has no rook; create flagpole 1. The second column has no rook; create flagpole 2. The first rook (from left to right) has coordinates (3, 1), so two copies of flag 3 are placed in the first position (reading up the flagpoles from left to right). The second rook has coordinates (4, 2), so two copies of flag 4 are placed in the second position. The third rook has coordinates (5, 6) and two copies of flag 5 are placed in the sixth position. Finally, column 6 has no rook so we create flagpole 6.

Figure 4.2

Figure 4.3

The inverse map is straightforward. The flagpole labels {1, 2, 6} imply that columns {1, 2, 6} have no rooks. The largest numbered pair of flags is labeled 5. They are adjacent (being there last flags placed), so erase one of them. The remaining flag 5 is in position 6 which gives (5, 6) as the coordinates of a rook. Now erase flag 5 and repeat with the next largest numbered flag and so on, yielding the coordinates of all the rooks.

Clearly for this example, and using the same procedure for any 2-creation placement on a 1-jump board, we have a bijection.

How can we interpret the flag-flagpole configurations as permutations? One possibility is to consider each flagpole in Fig. 4.3 as determining a cycle. In our example above (Fig. 4.3), we then have (1 3 4 4 3), (2 5 5), (6), which could represent a permutation of the multiset {1, 2, 3, 3, 4, 4, 5, 5, 6}. Or possibly we should consider the elements of multiplicity one as defining an ordering or indexing of the cycles. See Knuth [22] for a discussion of multiset permutations.

We can generalize to a larger class of multisets. If we have i-creation on a j-jump board, then our bijection generalizes in an obvious way by using i copies of each flag (corresponding to a rook) and j copies of each flagpole (corresponding to columns with no rooks). Then we would be considering multisets with two types of elements, those of multiplicity i and those of multiplicity j. The best interpretations are not clear.

Consider 2-creation placements of n − 1 rooks on J_{n,1}, the maximum possible.

There is one flagpole and each flag occurs twice. If we read the flag labels moving up the pole we get a_1, . . . , a_{2(n−1)}, which is a rearrangement of the multiset {2, 2, 3, 3, ..., n − 1, n − 1} with the property: if i < j < k and a_i = a_k, then a_j > a_i. Gessel and Stanley [13] called these Stirling permutations and studied the number of them with a fixed number of descents. Allowing i-row creation with n − 1 rooks on a 1-jump board, we have the multiset permutations defined in their open problem section. It might be possible to approach these open problems by defining a hit polynomial on a subset of the rook board.

5. Abel Boards and Forests

Let A_n denote the Abel board, the n×n board with column heights (0, n, n, . . . , n) (see Fig. 5.1).

Figure 5.1

By the factorization theorem, the 1-rook polynomial of A_n is

r^{(1)}(A_n, x) = n∑ k=1 r^{(1)}_k x^{n−k} = x(x + n)^{n−1}.

These polynomials are a special case of the general Abel polynomials x(x + an)^{n−1} and the coefficient r^{(1)}_k = t_{n,n−k}, the number of labeled forests on n vertices composed of n − k rooted trees [23]. In this section we explain this equality bijectively. In fact, we add some structure and construct a bijection between R_{n,k} = {(p, u), u ∈ {1, 2, . . . , n}}, where p is a 1-creation placement of k rooks on A_n, and F_{n,k} = {marked rooted forests of n − k rooted trees on n vertices}, where a marked rooted forest is a forest of rooted trees with one distinguished vertex in the forest (the mark). This yields nr^{(1)}_k = nt_{n,n−k}.

Recall that a partial endofunction is a function f : V → W , where V is a subset of W . We construct a bijection between R_{n,k} and P_{n,k}, a class of ‘marked’ partial endofunctions, and then specialize a bijection in [2] to a bijection between F_{n,k} and the functional digraphs of P_{n,k}.

The definition of P_{n,k} and the bijection between R_{n,k} and P_{n,k} is described with an example. On the board A_5, pick an integer from {1, 2, 3, 4, 5}, say 2, use 2 as the label of the first column, and label the other columns with the remaining labels

Figure 5.2

{1, 3, 4, 5} in natural order. Then we use the 1-creation placement p of 3 rooks whose coordinates from left to right are (1, 2), (4, 5), and (5, 4) (see Fig. 5.2).

The coordinates define the partial endofunction f : {1, 4, 5} → {1, 2, 3, 4, 5} given by f(1) = 2, f(4) = 5, and f(5) = 4. We call the pair (f, 2), where 2 is the label chosen for the first column, a marked partial endofunction, with 2 as the mark.

Using the procedure just described, we see that any placement p of 3 rooks and a choice of label u for the first column defines, via its coordinates, a marked partial endofunction. Let P_{n,k} be the set of marked partial endofunctions {(f, u)}, where A is a k-subset of {1, 2, . . . , n}, f : A → {1, 2, . . . , n} is a partial endofunction and u ∈ {1, 2, . . . , n} − A. In our example we are considering P_{5,3}. The mapping (p, u) → (f_p, u) defines a bijection between R_{5,3} and P_{5,3}, and the obvious generalization of our procedure leads to a bijection between R_{n,k} and P_{n,k}.

The functional digraph D_{f,2} of the marked partial endofunction in our example is the directed graph of Fig. 5.3. Every component of D_{f,2} which is a tree has all its edges directed toward one vertex, which we designate the root. By our construction, these roots correspond to the labels of the empty columns of our rook placement. The label of the first column (2 in this case) is a specially marked root (vertex 2 with a square about it). We identify each marked partial endofunction with its functional digraph.

Now we specialize a bijection in [2, pp. 174-176] to a bijection between the functional digraphs of P_{5,3} and F_{5,3}.

The set D^′_{f,2} of non-tree components of D_{f,2} (which are cycles possibly with trees attached - none in our example), with vertex set S, is the functional digraph of the restriction of f to S, a regular function f|_S : S → S. In our example S = {4, 5}, f|_S (4) = 5 and f|_S (5) = 4. We apply the Joyal bijection, between functional digraphs of regular functions and marked rooted trees [1], [2] to D^′_{f,2} in our example to obtain the marked rooted tree with marked vertex 4 as shown in Fig. 5.4. Vertex 4 (with the triangle) is the mark.

Now our forest is obtained by taking the trees in D_{f,2} (Fig. 5.3) and the tree in Fig. 5.4, connecting the square vertex 2 to the mark 4 and erasing the triangle.

Figure 5.3

Figure 5.4

Figure 5.5

This yields a marked rooted forest with 2 as the marked vertex (Fig. 5.5).

This procedure, associating a marked rooted forest with the functional digraph of a marked partial endofunction, is easily seen to be a bijection between P_{5,3} and F_{5,3}. It is also easy to see that this procedure generalizes to a bijection between P_{n,k} and F_{n,k}.

Hence we have the two bijections R_{n,k} ←→ P_{n,k} ←→ F_{n,k} and, by composing them, we are done.

6. The Alpha Parameter

In this section our placements can have at most one rook in any column but can have more than one rook in a given row. Rooks do not create new rows as in earlier sections, but instead are weighted according to the following scheme: if there are u rooks in a given row, that row has weight { 1 if 0 ≤ u ≤ 1 α(2α − 1)(3α − 2) · · · ((u − 1)α − (u − 2)) if u ≥ 2.

The weight of a placement is the product of the weights of all the rows. Set

r^{(α)}_k (B) = ∑ C k rooks on B wt(C), where the sum is over all placements of k rooks on B. If α = 0, this definition reduces to the standard rook number. More generally, if α is a positive integer, r^{(α)}_k (B) equals the α-creation rook number from the earlier sections. (This follows from the factorization theorem from section 2 and the α-factorization theorem below). If α is a negative integer, r^{(α)}_k (B) equals the number of rook placements where each rook placed “deletes” 1−α rows to the right of the rook, as in the theory of Remmel and Wachs [26]. If α = −1, the rook numbers for a Ferrers board equal the matching numbers of a certain threshold graph corresponding to the board, as studied by Reiner and White [27].

α-Factorization Theorem. Let B be a Ferrers board with column heights h_1 ≤ h_2 ≤ . . . ≤ h_n. Then n∑ k=0 r^{(α)}_k (B)x^{(n−k,α−1)} = n∏ j=1 (x + h_j + (j − 1)(α − 1)).

Pf: We proceed as in the proof of the factorization theorem. First assume x ∈ N. Let B_x be the board of Fig. 2.4. We count the number of ways of placing n rooks on B_x, one in each column, with α-weighting, in two different ways. First we count the number of ways of placing one in the first column, then one in the second column, etc.. Assume that we have placed rooks in columns 1 through j − 1, and that in these columns we have m_u rows with u rooks, 1 ≤ u, ∑ u um_u = j − 1. Now we use the fact that if we have already placed j rooks in a row, then we can place another rook in this row, in the first available column, in jα − (j − 1) ways. Thus the number of ways of placing a rook in column j in these rows is ∑ u m_u(uα − (u − 1)). In addition there are x + h_j − ∑ u m_u open rows in column j, so the total number of placements in column j is

x + h_j + ∑ u −m_u + m_u(uα − (u − 1)) = x + h_j + (j − 1)(α − 1).

It follows that the total number of placements is counted by the RHS of the αfactorization theorem. On the other hand we can begin by placing k rooks on B in r^{(α)}_k (B) ways. Each of these placements uses k of the columns of the x×k rectangle below B, and so we can place n − k rooks on what’s left in x(x + α − 1) · · · (x + (k − 1)(α − 1)) ways (by the above argument, applied to an empty board). This proves the theorem if x ∈ N, and any two polynomials with infinitely many common values must be identical. �

Theorem 6.1. Let B be any subset of an n×n chessboard (not necessarily a Ferrers board). Let B^c denote the complementary board consisting of those squares /∈ B. Then for any α ∈ C , as polynomials in x n∑ k=0 r^{(α)}_k (B)(−1)^k (x+k(α−1)+n)(x+(k+1)(α−1)+n) · · · (x+(n−1)(α−1)+n) = n∑ k=0 r^{(α)}_k (B^c)x(x + α − 1)(x + 2α − 2) · · · (x + (n − k − 1)(α − 1)).

Pf: Our proof is a straightforward generalization of Chow’s proof of the α = 0 case [4].

First assume x ∈ N. Add x extra rows to n × n. Then

r^{(α)}_k (B)(x + k(α − 1) + n) · · · (x + (n − 1)(α − 1) + n)

is the number of ways of placing k rooks on B, with weights, and then placing n − k more rooks anywhere (i.e. on B, B^c, or on the x extra rows). Here we again use the fact that if we have already placed j rooks in a row, then we can place another rook in this row, in the first available column, in jα − (j − 1) ways. By inclusion-exclusion, we see that the resulting configuration in which the set S of rooks on B is nonempty cancel out of the above sum. The remaining details of the proof can be filled in by arguments contained in the proof of the α-factorization theorem. �

7. A q-Analogue of r^{(α)}_k

Let [x] := (1 − q^x)/(1 − q) denote the standard q-analogue of the real number x. Let B be a Ferrers board and C a placement of rooks as in section 6, with no two rooks in the same column but (possibly) more than one rook in a given row. If γ is a square of B, let v(γ) be the number of rooks strictly to the left of, and in the same row as, γ. Define the weight of γ to be

wt(γ) :=

1 if there is a rook above and in the same column as γ [(α − 1)v(γ) + 1] if γ contains a rook q^{(α−1)v(γ)+1} else

Furthermore, define the weight of C to be

wt(C) := ∏ α∈B wt(α) and the q-analogue of r^{(α)}_k , R^{(α)}_k , to be

R^α_k (B) := ∑ C k rooks on B wt(C).

By a standard argument similar to those in [11] we can prove the following. Theorem 7.1. If B is a Ferrers board with column heights h_1, h_2, . . . , h_n then n∑ k=0 R^{(α)}_k (B)[x][x + α − 1] · · · [x + (n − k − 1)(α − 1)]

= n∏ j=1 [x + h_j + (j − 1)(α − 1)].

Theorem 6.1 also has a q-analogue (at least for Ferrers boards), which is a simple corollary of Theorem 7.1.

Corollary 7.2. Let B be a Ferrers board with column heights h_1 ≤ h_2 ≤ . . . ≤ h_n. Set Area(B) := h_1 + h_2 + . . . h_n (the number of squares of B). Then n∑ k=0 R^{(α)}_k (B)(−1)^k q^{(n+x)k+(α−1)}(^{k2})^{−Area(B)}[x+k(α−1)+n] · · · [x+(n−1)(α−1)+n]

= n∏ j=1 [x + n − h_{n−j+1} + (j − 1)(α − 1)].

Pf: Note that for any w, [w] = −q^w[−w]. Making this substitution in every factor on both sides of Theorem 7.1 of the form [x + p] for some p we get n∑ k=0 R^{(α)}_k (B)(−1)^{n−k}q^x[−x]q^{x+α−1}[−x − α + 1] · · · q^{x+(n−k−1)(α−1)}

× [−x − (n − k −1)(α − 1)] = (−1)^n n∏ j=1 q^{x+hj+(j−1)(α−1)}[−x − h_j − (j − 1)(α − 1)].

Replacing x by −x − n − (n − 1)(α − 1) above and simplifying gives the Corollary.

�_{Corollary 7.2 is a q-analogue of Theorem 6.1 since, if B is an n-column Ferrers}

board, so is B^c, and thus in the q-case the RHS of Theorem 6.1 equals the RHS of Corollary 7.2 (using Theorem 7.1). One other identity we would like to mention is that R^{(2)}_k (J_{n,1}) = q(^n

�k_2 ) [ n + k − 1 2k ]_k∏ j=1 [2j − 1]. This can be easily proven using recurrences and induction.

References

[1] M. Aigner and G. M. Ziegler, Proofs from The Book. Including illustrations by Karl H.

Hofmann., Springer-Verlag, Berlin, 1998.

[2] F. Bergeron, G. LaBelle, and P. Leroux, Combinatorial species and tree-like structures, Translated from the French by Margaret Readdy., Encyclopedia of Mathematics and its Applications, 67, Cambridge University Press, Cambridge, 1998.

[3] T. Y. Chow, The path-cycle symmetric function of a digraph, Adv. in Math. 118 (1996), 71–98.

[4] T. Y. Chow, A short proof of rook reciprocity, Paper 10, approx. 2 pp., EJC 3 (1996). [5] F. Chung and R. Graham, On the cover polynomial of a digraph, J. Combin. Theory Ser. A 65 (1995), 273–290.

[6] P. Diaconis, R. Graham, and S. Holmes, Statistical problems involving permutations with restricted positions, to appear in Festschrift in Honor of William van Zwet (1999).

[7] K. Ding, Rook placements and cellular decomposition of partition varieties, Discrete Math.

170 (1997), 107-151.

[8] S. Dulucq and L. Favreau, Un modèle combinatoire pour les polynômes de Bessel. (French) [A combinatorial model for the Bessel polynomials] Sèminaire Lotharingien de Combinatoire (Salzburg, 1990), Publ. Inst. Rech. Math. Av. 462 (1991), Univ. Louis Pasteur, Strasbourg, 83–100.

[9] M. Dworkin, An interpretation for Garsia and Remmel’s q-hit numbers, J. Combin. Theory Ser. A 81 (1998), 149-175.

[10] D. C. Foata and M. P. Schützenberger, On the rook polynomials of Ferrers relations, Colloq.

Math. Janos Bolyai, 4, Combinatorial Theory and its Applications, vol. 2, North-Holland, Amsterdam, 1970, pp. 413–436.

[11] A. M. Garsia and J. B. Remmel, q-Counting rook configurations and a formula of Frobenius, J. Combin. Theory Ser. A 41 (1986), 246-275.

[12] I. M. Gessel, Generalized rook polynomials and orthogonal polynomials, q-Series and Partitions (Dennis Stanton, ed.), IMA Volumes in Mathematics and its Applications, Springer Verlag, New York, 1989, pp. 159–176.

[13] I. M. Gessel and R. P. Stanley, Stirling polynomials, J. Combin. Theory Ser. A 24 (1978), 24–33.

[14] J. R. Goldman, J. T. Joichi, and D. E. White, Rook theory I: Rook equivalence of Ferrers boards, Proc. Amer. Math. Soc. 52 (1975), 485–492.

[15] J. R. Goldman, J. T. Joichi, and D. E. White, Rook theory III: Rook polynomials and the chromatic structure of graphs, J. Combin. Theory Ser. B 25 (1978), 135-142.

[16] J. R. Goldman, J. T. Joichi, and D. E. White, Rook theory IV: Orthogonal sequences of Rook polynomials, Studies in Appl. Math. 56 (1976/77), 267-272.

[17] J. R. Goldman, J. T. Joichi, David L. Reiner, and D. E. White, Rook theory II: Boards of binomial type, SIAM J. Appl. Math. 31 (1976), 618-633.

[18] E. Grosswald, Bessel Polynomials, Lecture Notes in Mathematics, vol. 698, Springer, Berlin, 1978.

[19] J. Haglund, Rook theory and hypergeometric series, Adv. in Appl. Math. 17 (1996), 408–459. [20] J. Haglund, q-Rook polynomials and matrices over finite fields, Adv. in Appl. Math. 20 (1998), 450-487.

[21] I. Kaplansky and J. Riordan, The problem of the rooks and its applications, Duke Math. J.

13 (1946), 259–268.

[22] D. Knuth, The Art of Computer Programming. Volume 3: Sorting and Searching, Addison Wesley Series in Computer Science and Information Processing, second edition, Addison- Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1998.

[23] R. Mullin and G.-C. Rota, On the foundations of combinatorial theory. III. Theory of binomial enumeration, Graph Theory and its applications (B. Harris, ed.), Academic Press, New York, 1970, pp. 167-213, Reprinted in Gian-Carlo Rota on Combinatorics, Introductory Papers and Commentaries, Joseph P. S. Kung (ed.), Birkhauser, 1995, pp.118-147..

[24] J. Pitman, A lattice path model for the Bessel polynomials, Technical Report 551, Dept.

Statistics, U.C. berkeley, March 1999, (see http://stat-www.berkeley.edu/users/pitman).

[25] E. D. Rainville, Special Functions, MacMillan, New York, 1960. [26] J. B. Remmel and M. Wachs, private communication. [27] V. Reiner and D. E. White, private communication.

[28] J. Riordan, An introduction to Combinatorial Analysis, John Wiley, New York, NY, 1958. [29] D. Stanton and D. E. White, Constructive Combinatorics, Springer, New York, 1986.

School of Mathematics, University of Minnesota, Minneapolis, MN 55455 E-mail address: goldman@math.umn.edu

Department of Mathematics, University of California at San Diego, La Jolla, CA 92093-0112

E-mail address: jhaglund@math.ucsd.edu