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Example µ = [2]

Theorem (BD–Dołęga ’23+)

θ
(α)
µ (s1, s2, . . . ) = (−1)|µ|

∑
M∈M(∞)

µ

bη(M)

2|V•(M)|−cc(M)αcc(M)

∏
i≥1

(−αsi)
|V(i)

◦ (M)|

z
ν
(i)
• (M)

,

θ
(α)
[2]

(s1, s2 . . . ) =
∑
i≥1

α

2
si(si − 1)−

∑
i≥1

(i− 1)si.
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θ
(α)
µ (s1, s2, . . . ) = (−1)|µ|

∑
M∈M(∞)

µ

bη(M)

2|V•(M)|−cc(M)αcc(M)

∏
i≥1

(−αsi)
|V(i)

◦ (M)|

z
ν
(i)
• (M)

,

θ
(α)
[2]

(s1, s2 . . . ) =
∑
i≥1

α

2
si(si − 1)−

∑
i≥1

(i− 1)si.

c

c1

c2
c′2

c

Houcine Ben Dali Jack polynomials as map series 2 / 31



Example µ = [2]

Theorem (BD–Dołęga ’23+)
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Generating functions

F (k)
µ (s1, s2 . . . , sk) :=

∑
M∈M(k)

µ

(−1)|µ|bη(M)

2|V•(M)|−cc(M)αcc(M)

∏
1≤i≤k

(−αsi)
|V(i)

◦ (M)|

z
ν
(i)
• (M)

.

Let t be a new parameter.

F (k) (t,p, s1, s2 . . . , sk) :=
∑

M∈M(k)

(−t)|M |pν⋄(M)b
η(M)

2|V•(M)|−cc(M)αcc(M)

∏
1≤i≤k

(−αsi)
|V(i)

◦ (M)|

z
ν
(i)
• (M)

∈ Q(α)[p1, p2 . . . , s1, s2, . . . ]JtK

We want to prove:

Vanishing property: [tn]F (k)(t, λ1, . . . , λk) = 0 if n > |λ|.

Shifted symmetry property; F (k) is symmetric in si − i/α.
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∈ Q(α)[p1, p2 . . . , s1, s2, . . . ]JtK

We want to prove:

Vanishing property: [tn]F (k)(t, λ1, . . . , λk) = 0 if n > |λ|.
For α ∈ {1, 2}: Combinatorial proof by Féray–Śniady ’11.

Shifted symmetry property; F (k) is symmetric in si − i/α.
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Differential construction

In order to prove these properties, we use a differential construction of
the generating series of layered maps (Tutte decomposition):

F (k+1) (t,p, s1, . . . , sk+1) = exp

∑
n≥1

(−t)n

n
Bn(p,−αs1)

 · F (k) (t,p, s2, . . . , sk+1) ,

where Bn(p,−αs1) is an operator which adds a black vertex of degree n with
label 1, adding possibly new white vertices (necessarily in layer 1).
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Plan

1 Differential operators and construction of maps

2 Tau function in two alphabets

3 Vanishing condition
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Adding one edge

We consider bipartite maps (non-layered) counted with the weight
pν⋄(M).

p1 · pν⋄(M) = pν⋄(N),

N is the map obtained from M by adding an isolated edge.
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Adding one edge
Fix a bipartite map M .∑

i≥1

pi+1
i∂

∂pi

 pν⋄(M) =
∑
e

pν⋄(M∪{e})

the sum is taken over all possible ways to add a white leaf e to a black corner
of M .

i

M

i + 1

M ∪ {e}
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Adding one edge

∑
i,j≥1

pipj
(i+ j − 1)∂

∂pi+j−1
+
∑
i≥1

pi+1
i∂

∂pi
+ 2

∑
i,j≥1

pi+j+1
i∂

∂pi

j∂

∂pj

 · pν⋄(M)

=
∑
e

pν⋄(M∪{e})

the sum is taken over all possible ways to add an edge e between two corners
of M .

i
j

i + 1

i

j

i

j
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Adding one edge

∑
i,j≥1

pipj
(i+ j − 1)∂

∂pi+j−1
+ b

∑
i≥1

pi+1
i∂

∂pi
+ (1 + b)

∑
i,j≥1

pi+j+1
i∂

∂pi

j∂

∂pj

·
pν⋄(M)

κ(M)

=
∑
e

bϑ(M∪{e},e) pν⋄(M∪{e})

κ(M ∪ {e})

the sum is taken over all possible ways to add an edge e between two corners
of M , and

κ(M) := 2|V•(M)|−cc(M)αcc(M).

i
j

bϑ(M∪{e},e) = 1

i + 1

bϑ(M∪{e},e) = b

i

j

i

j

bϑ(M∪{e},e) + bϑ(M∪{ẽ},ẽ) = 1 + b

or bϑ(M∪{e},e) = bϑ(M∪{ẽ},ẽ) = 1
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Adding one edge

A
(α)
1 =

p1

α
−→ isolated edge

A
(α)
2 =

∑
i≥1

pi+1
i∂

∂pi

 −→ white leaf edge

A
(α)
3 =

 ∑
i,j≥1

pipj
(i+ j − 1)∂

∂pi+j−1
+ b

∑
i≥1

pi+1
i∂

∂pi
+ (1 + b)

∑
i,j≥1

pi+j+1
i∂

∂pi

j∂

∂pj


−→ edge without new vertices.

Ai+1 =
[
D(α), Ai

]
,

where

D(α) =
1

2

 ∑
i,j≥1

pipj
(i+ j)∂

∂pi+j
+ b ·

∑
i≥1

pi
i(i− 1)∂

∂pi
+ (1 + b)

∑
i,j≥1

pi+j
ij∂2

∂pi∂pj

 ,

is the Laplace-Beltrami operator.
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Adding one edge

We can define the operators Ai recursively

A1 :=
p1

α
, and Ai+1 =

[
D(α), Ai

]
.

D(α) =
1

2

 ∑
i,j≥1

pipj
(i+ j)∂

∂pi+j
+ b ·

∑
i≥1

pi
i(i− 1)∂

∂pi
+ (1 + b)

∑
i,j≥1

pi+j
ij∂2

∂pi∂pj

 ,

This operator is diagonal on Jack polynomials.

D(α)J
(α)
λ =

α

2

∑
i≥1

λi(λi − 1)−
∑
i≥1

λi(i− 1)

 · J(α)
λ .

Moreover, the action of p1 on Jack polynomials is given by the Pieri rule.
−→ We deduce the action of Ai on Jack polynomials.
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Chapuy–Dołęga operators ’22
A map M is rooted if it has a marked black corner c.

c

We consider an additional alphabet Y := (y0, y1, y2, . . . ). We associate to the
root face a weight yi and to other faces a weight pi.

P := SpanQ(b){pλ}, is the space spanned by the weights of unrooted maps.

PY := SpanQ(b) {yipλ} is the space spanned by the weights of rooted maps.
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Chapuy–Dołęga operators

y0

1 + b
: P → PY ; adds an isolated root black vertex.

Y+ =
∑
i≥0

yi+1
∂

∂yi
: PY → PY adds a white leaf on the root corner.

ΓY =
∑
i,j≥1

yipj
∂

∂yi+j−1
+ (1 + b) ·

∑
i,j≥1

yi+j
i∂2

∂pi∂yj−1
+ b ·

∑
i≥1

yi+1
i∂

∂yi
: PY → PY

adds an edge between the root corner and a white corner of the map.

ΘY :=
∑
i≥1

pi
∂

∂yi
;PY → P "forgets" the root.

Bn(p, u) := ΘY (ΓY + uY+)n
y0

1 + b
: P → P.

−→ adds a black vertex of degree n with a weight u for each added white vertex.
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Examples

Bn(p, u) := ΘY (ΓY + uY+)
n y0
1 + b

: P → P.
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Examples

Layared maps: We act by (−t)nBn(p,−αs1) to add a black vertex of degree
n in layer 1.

1

3

2

3

3

1

2
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Examples
Bn(p, u) := ΘY (ΓY + uY+)

n y0
1 + b

: P → P.

Remark
The variables yi are catalytic variables.

B(α)
1 (p, u) =

up1
α

+
∑
i≥1

pi+1
i∂

∂pi
,

B(α)
2 (p, u) =

u2p2
α

+
∑
i≥1

(
2u+ (i+ 1)(α− 1)

)
pi+2 +

∑
j+k=i+2

j,k≥1

pjpk

 i∂

∂pi

+
u

α

(
(α− 1)p2 + p1,1

)
+ α

∑
i,j≥1

pi+j+2
i∂

∂pi

j∂

∂pj
.
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Recall: decomposition algorithm

1

1

3
2

3

3

1
2

1
v
(1,3)
2

v
(1,3)
1

v
(2,3)
1

v
(3,2)
1

A labelled 3-layered map

We decompose the map in an increasing order of the layers.
We start by decomposing the vertex of maximal degree and
maximal number.
We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Differential construction

F (k+1)(s1, . . . , sk+1) =
∑
ν

1

zν

(−t)ν1Bν1(p,−αs1) . . . (−t)νℓ(ν)Bνℓ(ν)
(p,−αs1)F

(k)(s2, . . . , sk+1).

F (k+1)(s1, . . . , sk+1) =
∑
ν

∏
j≥1

1

mj(ν)!


(−t)ν1Bν1(p,−αs1)

ν1
. . .

(−t)νℓ(ν)Bνℓ(ν)
(p,−αs1)

νℓ(ν)
F (k)(s2, . . . , sk+1).

Fact: The operators Bn commute.

F (k+1)(s1, . . ., sk+1) =
∑
ℓ≥1

∑
n1,...nℓ≥1

∏
j≥1

1

ℓ!


(−t)n1Bn1(p,−αs1)

n1
. . .

(−t)nℓBnℓ
(p,−αs1)

nℓ
F (k)(s2, . . . , sk+1)

= exp

∑
n≥1

Bn(p,−αs1)

n

 · F (k)(s2, . . . , sk+1).
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Differential construction

F (k) (t,p, s1, . . . , sk) ={
E(t,p,−αs1) · F (k−1) (t,p, s2, . . . , sk) if k ≥ 1
1 if k = 0.

where

E(t,p, u) := exp

∑
j≥1

(−t)j

j
Bj(p, u)

 ,

the operator which adds a layer, with a weight (−t) for each added edge, and a
weight u for each new white vertex.

F (k) (t,p, s1, . . . , sk) = E(t,p,−αs1) · · · E(t,p,−αsk) · 1.
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Plan

1 Differential operators and construction of maps

2 Tau function in two alphabets

3 Vanishing condition
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Tau function [Chapuy–Dołęga ’22]

τ (α)(t,p,q, u) :=
∑
λ

t|λ|
J
(α)
λ (p)J

(α)
λ (q)J

(α)
λ (u)

j
(α)
λ

∈ Q(α)[p,q, u]JtK,

Here

J
(α)
λ (p) = J

(α)
λ (x1, x2, . . . ) and J

(α)
λ (q) = J

(α)
λ (y1, y2, . . . ),

p = (p1, p2, . . . ) and q = (q1, q2, . . . ) are respectively power-sum symmetric
functions in (xi) and (yi). Moreover, u := (u, u, . . . )

J
(α)
λ (u) = J

(α)
λ (p)|pi=u.

Houcine Ben Dali Jack polynomials as map series 20 / 31



Tau function [Chapuy–Dołęga ’22]

τ (α)(t,p,q, u) :=
∑
λ

t|λ|
J
(α)
λ (p)J

(α)
λ (q)J

(α)
λ (u)

j
(α)
λ

∈ Q(α)[p,q, u]JtK,

Here

J
(α)
λ (p) = J

(α)
λ (x1, x2, . . . ) and J

(α)
λ (q) = J

(α)
λ (y1, y2, . . . ),

p = (p1, p2, . . . ) and q = (q1, q2, . . . ) are respectively power-sum symmetric
functions in (xi) and (yi).

Moreover, u := (u, u, . . . )

J
(α)
λ (u) = J

(α)
λ (p)|pi=u.

Houcine Ben Dali Jack polynomials as map series 20 / 31



Tau function [Chapuy–Dołęga ’22]

τ (α)(t,p,q, u) :=
∑
λ

t|λ|
J
(α)
λ (p)J

(α)
λ (q)J

(α)
λ (u)

j
(α)
λ

∈ Q(α)[p,q, u]JtK,

Here

J
(α)
λ (p) = J

(α)
λ (x1, x2, . . . ) and J

(α)
λ (q) = J

(α)
λ (y1, y2, . . . ),

p = (p1, p2, . . . ) and q = (q1, q2, . . . ) are respectively power-sum symmetric
functions in (xi) and (yi). Moreover, u := (u, u, . . . )

J
(α)
λ (u) = J

(α)
λ (p)|pi=u.

Exmaple: For λ = [2, 2]

J
(α)
[2,2](p) = p41 + 2(α− 1)p2p

2
1 − 4αp3p1 + (α2 + α+ 1)p2p2 + (−α2 + α)p4.

Then

J
(α)
[2,2](u) = u4 + 2(α− 1)u3 + (α2 − 3α+ 1)u2 + (−α2 + α)u.
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Tau function
Theorem (Stanley ’89)
For any λ,

J
(α)
λ (u) =

∏
2∈λ

(u+ cα(2)) ,

with
cα(2) := αa′(2)− ℓ′(2).

ℓ′a′
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Tau function

Theorem (Chapuy-Dołęga ’22)
For any m ≥ 1,

tm
Bm(p, u)

m
· τ (α)(t,p,q, u) = ∂

∂qm
τ (α)(t,p,q, u).

τ (α)(t,p,q, u) = exp

∑
m≥1

tmqm
m

Bm(p, u)

 · 1.
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Consequence : First commutation relation

[Bn(p, u),Bm(p, u)] := Bn(p, u) · Bm(p, u)− Bm(p, u) · Bn(p, u) = 0.

Proof:
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m
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· τ (α)(t,p,q, u).

By extracting the coefficient of J (α)
λ (q), we get

Bn(p, u)

n

Bm(p, u)

m
[J

(α)
λ (q)]τ (α)(t,p,q, u)

=
Bm(p, u)

m

Bn(p, u)

n
[J

(α)
λ (q)]τ (α)(t,p,q, u)
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· τ (α)(t,p,q, u).

By extracting the coefficient of J (α)
λ (q), we get

Bn(p, u)

n

Bm(p, u)

m
· J (α)

λ (p) =
Bm(p, u)

m

Bn(p, u)

n
· J (α)

λ (p)
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Plan

1 Differential operators and construction of maps

2 Tau function in two alphabets

3 Vanishing condition
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Vanishing condition

We want to prove that if n > |λ| then [tn]F (k)(t, λ1, . . . , λk) = 0.

Then

[tn]F (k)(t, λ1, . . . , λk) =
∑

n1,...,nk≥0
n1+···+nk=n

([tn1 ]E(t,p,−αλ1))

([tn2 ]E(t,p,−αλ2)) . . . ([t
nk ]E(t,p,−αλk)) · 1

There exists an i for which ni > λi.

Houcine Ben Dali Jack polynomials as map series 25 / 31



Vanishing condition
We want to prove that if n > |λ| then [tn]F (k)(t, λ1, . . . , λk) = 0.

F (k) (t,p, λ1, . . . , λk) = E(t,p,−αλ1) · · · E(t,p,−αλk) · 1

with

E(t,p, u) := exp

∑
j≥1

(−t)j

j
Bj(p, u)

 .

Then

[tn]F (k)(t, λ1, . . . , λk) =
∑

n1,...,nk≥0
n1+···+nk=n

([tn1 ]E(t,p,−αλ1))

([tn2 ]E(t,p,−αλ2)) . . . ([t
nk ]E(t,p,−αλk)) · 1

There exists an i for which ni > λi.

Houcine Ben Dali Jack polynomials as map series 25 / 31



Vanishing condition

We want to prove that if n > |λ| then [tn]F (k)(t, λ1, . . . , λk) = 0.

Then

[tn]F (k)(t, λ1, . . . , λk) =
∑

n1,...,nk≥0
n1+···+nk=n

([tn1 ]E(t,p,−αλ1))

([tn2 ]E(t,p,−αλ2)) . . . ([t
nk ]E(t,p,−αλk)) · 1

There exists an i for which ni > λi.

Houcine Ben Dali Jack polynomials as map series 25 / 31



Vanishing condition

There exists an i for which ni > λi.

[tn]F (k)(t, λ1, . . . , λk) =
∑

n1,...,nk≥0
n1+···+nk=n

([tn1 ]E(t,p,−αλ1))

([tni ]E(t,p,−αλi)) . . . ([t
nk ]E(t,p,−αλk)) · 1

There exists an i for which ni > λi.

We prove that there exists a sequence of
subspaces of P

Q(α) = P0 ⊂ P1 ⊂ P2 ⊂ . . .

such that{
[tn]E(t,p,−αm) · Pm ⊆ Pm ∀n,m; (Stability),
[tn]E(t,p,−αm) · Pm = {0} ∀n > m; (Annihilation).
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The space Pm

Fix a non-negative integer m. Let Pm := SpanQ(α)

{
J
(α)
λ (p)

}
λ1≤m

.

m
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The space Pm

Fix a non-negative integer m. Let Pm := SpanQ(α)

{
J
(α)
λ (p)

}
λ1≤m

.

τ (α)(t,p,q,−αm) :=
∑
λ

t|λ|
J
(α)
λ (p)J

(α)
λ (q)J

(α)
λ (−αm)

j
(α)
λ

,

m
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The space Pm
Fix a non-negative integer m. Let Pm := SpanQ(α)

{
J
(α)
λ (p)

}
λ1≤m

.

τ (α)(t,p,q,−αm) :=
∑
λ

t|λ|
J
(α)
λ (p)J

(α)
λ (q)J

(α)
λ (−αm)

j
(α)
λ

,

Observation:
[
J
(α)
λ (p)

]
τ (α)(t,p,q,−αm) ̸= 0 ⇐⇒ λ1 ≤ m

Proof: J
(α)
λ (−αm) =

∏
2∈λ

(cα(2)− αm) ̸= 0 ⇐⇒ λ ≤ m

m

cα = αm
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(α)
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,

Observation:
[
J
(α)
λ (p)

]
τ (α)(t,p,q,−αm) ̸= 0 ⇐⇒ λ1 ≤ m

O(p) · Pm = 0 ⇐⇒ O(p) · τ (α)(t,p,q,−αm) = 0.

m

cα = αm
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Annihilation property

O(p) · Pm = 0 ⇐⇒ O(p) · τ (α)(t,p,q,−αm) = 0.

E(z,p, u) := exp

∑
j≥1

(−z)j

j
Bj(p, u)

 .

Fix n > m.

[zn]E(z,p,−αm) · τ (α)(t,p,q,−αm)
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= exp
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(−t)j
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qjBj(p,−αm)

 · [zn] exp

∑
j≥1

(−z)j
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Bj(p,−αm)

 · 1

= exp

∑
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(−t)j
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qjBj(p,−αm)

 · [zn]τ (α)(z,p, 1,−αm).
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Annihilation property

[zn]E(z,p,−αm) · τ (α)(t,p,q,−αm)

= exp

∑
j≥1

(−t)j

m
qjBj(p,−αm)

 · [zn]τ (α)(z,p, 1,−αm).

τ (α)(z,p, 1,−αm) =
∑
λ

z|λ|
J
(α)
λ (p)J

(α)
λ (1)J

(α)
λ (−αm)

j
(α)
λ

,

Recall
J
(α)
λ (u) =

∏
2∈λ

(u+ cα(2)) ,
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Annihilation property

[zn]E(z,p,−αm) · τ (α)(t,p,q,−αm)

= exp

∑
j≥1

(−t)j

m
qjBj(p,−αm)

 · [zn]τ (α)(z,p, 1,−αm).

τ (α)(z,p, 1,−αm) =
∑
λ

z|λ|
J
(α)
λ (p)J

(α)
λ (1)J

(α)
λ (−αm)

j
(α)
λ

,

Recall
J
(α)
λ (u) =

∏
2∈λ

(u+ cα(2)) ,

m

cα = mα

cα = −1
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Stability property

We want to prove that for any n ≥ 0

[zn]E(z,p,−αm) · Pm ⊆ Pm,

with
E(z,p, u) := exp

∑
j≥1

(−z)j

j
Bj(p, u)

 .

It is enough to prove that, for any n ≥ 1

Bn(p,−αm) · Pm ⊆ Pm.
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E(z,p, u) := exp

∑
j≥1

(−z)j

j
Bj(p, u)

 .

It is enough to prove that, for any n ≥ 1

Bn(p,−αm) · Pm ⊆ Pm.
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Stability property

We want to prove that for any n ≥ 0

[zn]E(z,p,−αm) · Pm ⊆ Pm,

It is enough to prove that, for any n ≥ 1

Bn(p,−αm) · Pm ⊆ Pm.

In other terms that for any λ and ξ such that λ1 ≤ m and ξ1 > m,

[J
(α)
ξ (p)]Bn(p,−αm) · J(α)

λ (p) = 0.
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Stability property

We want to prove that for any n ≥ 0

[zn]E(z,p,−αm) · Pm ⊆ Pm,

It is enough to prove that, for any n ≥ 1

Bn(p,−αm) · Pm ⊆ Pm.

In other terms that for any λ and ξ such that λ1 ≤ m and ξ1 > m,

[J
(α)
ξ (p)]Bn(p,−αm) · J(α)

λ (p) = 0.

We know that for any n ≥ 1,

tn
Bn(p,−αm)

n
· τ (α)(t,p,q,−αm) =

∂

∂qn
τ (α)(t,p,q,−αm).
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Stability property
We want to prove that for any n ≥ 0

[zn]E(z,p,−αm) · Pm ⊆ Pm,

It is enough to prove that, for any n ≥ 1

Bn(p,−αm) · Pm ⊆ Pm.

In other terms that for any λ and ξ such that λ1 ≤ m and ξ1 > m,

[J
(α)
ξ (p)]Bn(p,−αm) · J(α)

λ (p) = 0.

We know that for any n ≥ 1,

tn
Bn(p,−αm)

n
· τ (α)(t,p,q,−αm) =

∂

∂qn
τ (α)(t,p,q,−αm).

We extract the coefficient of J(α)
ξ (p)J

(α)
λ (q)

[J
(α)
ξ (p)]tn

Bn(p,−αm)

n
· [J(α)

λ (q)]τ (α)(t,p,q,−αm)

= [J
(α)
λ (q)]

∂

∂qn
[J

(α)
ξ (p)]τ (α)(t,p,q,−αm) = 0.
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Next lecture

F (k) (t,p, s1, . . . , sk) = E(t,p,−αs1) · · · E(t,p,−αsk) · 1.

In order to obtain the shifted symmetry property, we should
understand

[E(t,p, u), E(t,p, v)] ̸= 0.

Houcine Ben Dali Jack polynomials as map series 31 / 31


	Differential operators and construction of maps
	Tau function in two alphabets
	Vanishing condition

