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@ Lecture 1: Introduction and main result
@ Lecture 2: Integrality in Lassalle’s conjecture (Lukasiewicz paths)

@ Lectures 3-5: Positivity in Lassalle’s conjecture (maps)



Jack characters

Definition

Fix a partition p.

0 if [A] < ul
9("‘) A) = 7 = m @ i
i) { (MR [, s cw] Y, i JA] >l

mi(p)
where mq () is the number of parts of size 1 in p.

In particular,
T = 3" 09 Np,.
lul=IA]
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Goal
Theorem (BD-Dotega "23+)

p(M) (_a/\)\vé”(M)l
(0‘) — (— ‘l’«‘ 7
9# ()\) ( 1) Z 2|V.(M)|—cc(M)acc(M) H Z ()
MeM i>1 ve" (M)

)

MELOO) is the set of layered maps of face type p.
1 is a statistic on MELOO).

|Ve(M)| is the number of black vertices of M,
|Vc(,l)(M)| is the number of white vertices of M labelled by i,

cc(M) is the number of connected components of M.

For o = 1: Féray-Sniady formula for the characters of the symmetric
group.

For o = 2: Féray-Sniady formula for zonal characters.
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Plan

@ Rccall: Characterization of Jack characters as shifted symmetric
functions
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Characterization theorem

A function f(s1, $2,...) is a-shifted symmetric if it is symmetric in the
variables s1,s2 — 1/a, s3 — 2/ax. ...

f()\) = f()\l, .. .,)\g(A),O, ce )
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Characterization theorem

A function f(s1, $2,...) is a-shifted symmetric if it is symmetric in the
variables 1,82 — 1/, 83 —2/a. ...

f()\) = f()\l, e .7)\50\),0, ce )

This gives an identification between the space of shifted symmetric and a
subspace of functions on Young diagram.
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Characterization theorem

A function f(s1, $2,...) is a-shifted symmetric if it is symmetric in the
variables 1,82 — 1/, 83 —2/a. ...

f()\) = f()\l, e .7)\5()\),0, ce )

This gives an identification between the space of shifted symmetric and a
subspace of functions on Young diagram.

Theorem (Féray ’15)

Fiz a partition p. The Jack character Gﬁa) is the unique a-shifted symmetric

function of degree |u| with top homogeneous part a'”"e(“)/zﬂ - Py, such that
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Characterization theorem
Theorem (Féray ’15)

Fiz a partition p. The Jack character fo‘) is the unique a-shifted symmetric

function of degree |u| with top homogeneous part al*1=¢®) [z, . p,, such that

9,20‘)()\) = 0 for any partition |\ < |u|.

T DLV » i

i>1 i>1

Houcine Ben Dali Jack polynomials as maps series 6 /26



Characterization theorem
Theorem (Féray ’15)

Fiz a partition p. The Jack character 9&0‘) is the unique a-shifted symmetric

function of degree |u| with top homogeneous part al*1=¢®) [z, . p,, such that

9,20‘)()\) = 0 for any partition |\ < |u|.

T DLV » i

i>1 i>1

@ Shifted symmetry. Let s/ := \; — =21,

[0

)= @ i—1\? i—1
(@)= & - —d
[2] —2§< (a) 85+ a).
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Characterization theorem
Theorem (Féray ’15)

Fiz a partition p. The Jack character 9&0‘) is the unique a-shifted symmetric
function of degree |u| with top homogeneous part a""_e(“)/zu - Py, such that

gl(f‘>()\) =0 for any partition |\ < |y
E 1 a j
xample 9[(3)( ) = Z 5)\1,()\1, —-1) — Z(z — 1A

i>1 i>1

@ Shifted symmetry. Let s/ := \; — =21,

[0

)= @ i—1\? i—1
(@) ()) =& . —d
[2] —2§< <a> 85+ a).

® Vanishing condition. 05 (0) =0,  03([1]) =0.
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Characterization theorem
Theorem (Féray ’15)

Fiz a partition p. The Jack character 9&0‘) is the unique a-shifted symmetric
function of degree |u| with top homogeneous part a""_e(“)/zu - Py, such that

0,(f‘>()\) = 0 for any partition |\ < |u|.

Example 0{(;)( ) = Z %)\i(Ai —1) - Z(z — 1A

i>1 i>1

@ Shifted symmetry. Let s/ := \; — =21,

[0

)= @ i—1\? i—1
(@)= & _ —d
[2] —2§< <a> 85+ a).

® Vanishing condition. 05 (0) =0,  03([1]) =0.

@ Top homogeneous part

[9[(;;)} Zv —p2 (A Aas- o).
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Theorem (Knop-Sahi "96)

For any p there exists a unique a-shifted symmetric function J 1 such that
@ deg(J};) = |ul,
© J5(N) =0 if [N < |u| and A # |ul,

@ Ji(w) = a (I, I(V)a.
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Theorem (Knop-Sahi "96)

For any p there exists a unique a-shifted symmetric function Jj; such that
@ deg(Jy;) = |ul,
® J5(N) =0 if [A| < [l and [A] # [ul,

@ Ji(w) = a (I, I(V)a.

Moreover, the top homogeneous part of Jy, s J;(la).
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Theorem (Knop-Sahi "96)

For any p there exists a unique a-shifted symmetric function Jj; such that
@ deg(J;) = |ul,
® J5(N) =0 if [A| < [l and [A] # [ul,

@ Ji(w) = a (I, I(V)a.

Moreover, the top homogeneous part of Jy, s J;(la).

Theorem (Lassalle "98)

For any p and X, such that m := |\ — |u| > 0. Then,

wiyy _ /@ 9™ (e
JM(A)—<JM ,%JA >
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Theorem (Knop-Sahi "96)

For any p there exists a unique a-shifted symmetric function J 1 such that
@ deg(J) = |ul,
@ Ji(N) =01f [N < |ul and [N # |ul,

@ Ji(w) = a~lul(gi), gy,

Moreover, the top homogeneous part of J;‘ s J’(La).

W
Theorem (Lassalle '98)
For any p and X, such that m := |\| — |u| > 0. Then,
. Y om a
Ju(/\) = <J/,(L )7 w‘d )>'
v

Symmetric functions — Shifted symmetric functions

I s T
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Theorem (Knop-Sahi "96)

For any p there exists a unique a-shifted symmetric function Jj; such that
@ deg(J;) = |ul,
® J5(N) =0 if [A| < [l and [A] # [ul,

@ Ji(w) = a (I, I(V)a.

Moreover, the top homogeneous part of J; 8 J;(la).

Theorem (Lassalle "98)

For any p and X, such that m := |\ — |u| > 0. Then,

wiyy _ /@ 9™ (e
JM(A)—<JM ,%JA >

Symmetric functions — Shifted symmetric functions
(a)
Jyl—J ;:

alBI=EW) 1o s gff‘)
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Characterization theorem

From now on, we will think of Jack characters as shifted symmetric
functions rather than functions on Young diagram.
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Characterization theorem

From now on, we will think of Jack characters as shifted symmetric
functions rather than functions on Young diagram.

Theorem (BD-Dotega '23+)

9&0‘)(81, 59, ... )

n(M) e\ V()|
b (—asy)

— (—1)lul
= (=" Z 2|V.(M)|fcc(M)acc(M)H J

Z (1)
MEAME 21 S
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Characterization theorem

From now on, we will think of Jack characters as shifted symmetric
functions rather than functions on Young diagram.

Theorem (BD-Dotega '23+)

9&0‘)(81, 59, ... )

pn(M) (—as;) Ve (D)

— (1)l
o ( 1) : Z 2| Ve (M)|—cc(M) nycc(M) H Z

Z (i
Mem§ i>1 v (M)

We want to prove that the generating function satisfies the 3 properties of the
characterization theorem.

_ 1)l gn(aD) e\ V()]

(o) S (L™ (Fos)
Fp2 (s1,82...) ¢ Ve (M)|=ce(M) pyee(M) ’
MeMm izl

20 ()
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Plan

o Maps

polynomials



Connected Maps

@ A connected map is a cellular embedding of a connected graph
in a surface, orientable or not.

€3
A €2
_ U Y
ey er

Orientable connected maps
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Connected Maps

@ A connected map is a cellular embedding of a connected graph
in a surface, orientable or not.

A

A non orientable connected map
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Connected Maps

e A connected map is a cellular embedding of a connected graph
in a surface, orientable or not.

Such representation of a non-orientable map is not unique.

ey
€2
” - ’
e
er !

A non orientable connected map

l side 1

Figure 2: Two possible sides to represent a vertex.
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Maps

@ A map is a collection of connected maps. A map is orientable
if its all connected components are embedded into orientable
surfaces.

e

A non orientable map
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Maps

@ A map is a collection of connected maps. A map is orientable
if its all connected components are embedded into orientable
surfaces.

e All maps considered are bipartite.

ule

A non orientable bipartite map
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Maps

@ The size of a map is its number of edges.
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Maps

@ The size of a map is its number of edges.

@ The face type of a bipartite map M, denoted by v,(M), is the
partition given by the face degrees, divided by 2.

A map of size 5 and face type [2,2,1]. A map of size 5 and face type [5].
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Layered maps
Let k be a positive integer. A map M is k-layered if

@ cach black vertex has a label in 1,2,... k.

A 3-layered map
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Layered maps
Let k be a positive integer. A map M is k-layered if
@ cach black vertex has a label in 1,2,... k.

o cach white vertex is labelled by the maximal label among the
labels of its black neighbors.

A 3-layered map
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Layered maps

Let k be a positive integer. A map M is k-layered if

@ each black vertex has a label in 1,2,... k.
o each white vertex is labelled by the maximal label among the
labels of its black neighbors.

A map if layered if it is k-layered for some k > 0.
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Layered maps
A layered map is labelled if

@ cach black vertex has a marked oriented corner.

@ black vertices in the same layer 7 and with the same degree j
are numbered v{" o7 .

A labelled 3-layered map
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@ Statistics of non-orientability
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Recall: main result
Theorem (BD-Dotega '23+)

p(M) Ve @]

(@) — (1)~
9“ (51;827"') - ( 1)” Z ‘V.(M)| cc(M) aCC(M) H z () ’
MeM (M)

) /\/l,(fo) is the set of layered maps of face type p.

1 is a statistic of non-orientability on M,(fo)

[Ve(M)| is the number of black vertices of M,

|V(Z)( M)| is the number of white vertices of M labelled by i,

cc(M) is the number of connected components of M.
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Statistics of non-orientability

Definition (Goulden—Jackson "96)

A statistic of non-orientability (on layered maps) is a statistic which associates
to each layered map M a non-negative integer such that (M) = 0 if and only
if M is orientable.
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Statistics of non-orientability

Definition (Goulden—Jackson "96)

A statistic of non-orientability (on layered maps) is a statistic which associates
to each layered map M a non-negative integer such that (M) = 0 if and only
if M is orientable.

Let b be the shifted parameter b := o — 1.
Maps will be counted with a non-orientablity weight ().
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Statistics of non-orientability

Definition (Goulden—Jackson "96)

A statistic of non-orientability (on layered maps) is a statistic which associates
to each layered map M a non-negative integer such that (M) = 0 if and only
if M is orientable.

Let b be the shifted parameter b := o — 1.

Maps will be counted with a non-orientablity weight ().

When oo = 1: When o = 2:

(M) 1 if M is orientable p1M) — 1 for any M.
1 0 otherwise.
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b = 0 in the main theorem:

Theorem (Féray-Sniady '11)

|IJ| (i)
9;(41)(31,32,...): E (z 1) H — ) Ve ()]
orientable layered maps M o(M) i>1
of face type p

b =1 in the main theorem:

Theorem (Féray-Sniady '11)

_1)lul 3
(2) _ Z _ (= H _oy V()
9# (81,82,...) 2[(V<>(M))Zo( ) 121( 2)\z) .

layered maps M of face
type w, orientable or not
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How to construct statistics of non-orientability?

General method (La Croix '09, Dolega-Féray-Sniady ’14,
Chapuy—Dotega’22).

@ Fix a map M of size n. We choose a decomposition
algorithm, by fixing a total order on the edges of M:
€1,€2,...,e,. We denote M; := M\{ey,eq,...,€; 1}
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How to construct statistics of non-orientability?

General method (La Croix '09, Dolega-Féray-Sniady ’14,
Chapuy—Dotega’22).

@ Fix a map M of size n. We choose a decomposition
algorithm, by fixing a total order on the edges of M:
€1,€2,...,e,. We denote M; := M\{ey,eq,...,€; 1}

© For any map M and edge e, we choose

Y (M,e) € {0,1}.

We then set

n(M) =Y 9(M,e).

1<i<n
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How to obtain a map of size n 4+ 1 from a map of
size n

@ We add an isolated edge.

-

an isolated edge
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How to obtain a map of size n + 1 from a map of
size n

e We add an isolated edge.

o We add a black vertex on a white corner.

-

an isolated edge a black leaf
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How to obtain a map of size n + 1 from a map of
size n
e We add an isolated edge.

o We add a black vertex on a white corner.

@ We add a white vertex on a black corner.

-

an isolated edge a black leaf a white leaf

Houcine Ben Dali Jack polynomials as maps series 20 /26



How to obtain a map of size n + 1 from a map of
size n

@ We add an isolated edge.
@ We add a black vertex on a white corner.
@ We add a white vertex on a black corner.

@ We choose two corners of the map and we connect them by an
edge; we always have two possibilities.
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How to obtain a map of size n + 1 from a map of
size n

@ We add an isolated edge.
@ We add a black vertex on a white corner.
@ We add a white vertex on a black corner.

@ We choose two corners of the map and we connect them by an
edge; we always have two possibilities.

What about symmetries?

@]

Co
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How to obtain a map of size n + 1 from a map of
size n

@ We add an isolated edge.
@ We add a black vertex on a white corner.
@ We add a white vertex on a black corner.

@ We choose two corners of the map and we connect them by an
edge; we always have two possibilities.

What about symmetries?

C1
G e
e
Co
Co 7&
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Edge weights

Let M be a map. We fix two corners of M of different colors and
we connect them by an edge. We distinguish many cases.

© the added edge is connected to a new vertex

— I(M U {e}, e
an isolated edge a black leaf a white leaf
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Edge weights

Let M be a map. We fix two corners of M of different colors and
we connect them by an edge. We distinguish many cases.

© The two corners are in the same face of M

a border a twist
MU {e},e)=0 J(MU{e},e) =1
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Edge weights

Let M be a map. We fix two corners of M of different colors and
we connect them by an edge. We distinguish many cases.

© The two corners are in two different faces of the same
connected component.

a handle

» (M U{e},e) + (M U{e},e) =1.

» if M is orientable then exactly one of the maps (M U {e}, e) and
(M U {é}, e) is orientable, we associate to it the weight 0, and to the
other map the weight 1.
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Edge weights

© The two corners are in two different connected components.

a bridge
» (M U{e},e) = MU{e},e)=0.
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How to decompose a layered map?

A labelled 3-layered map
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How to decompose a layered map?

A labelled 3-layered map

Randomly (Dotega—Féray—Sniady ’14);
@ works for k = 1.

@ does not work for k > 3.

Houcine Ben Dali Jack polynomials as maps series 22 /26



Our decomposition algorithm

A labelled 3-layered map
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Our decomposition algorithm

A labelled 3-layered map
@ We decompose the map in an increasing order of the layers.
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Our decomposition algorithm

A labelled 3-layered map
@ We decompose the map in an increasing order of the layers.

o We start by decomposing the vertex of maximal degree and
maximal number.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

o We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

o We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

o We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

@ We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

e We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

e We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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Our decomposition algorithm

Decomposition of a 3-layered map

@ We decompose the map in an increasing order of the layers.

o We start by decomposing the vertex of maximal degree and
maximal number.

@ We delete black vertices in layer 1 with respect to this order,
and starting each time at the marked corner.
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° Condition 1: Top homogeneous part
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Condition 0: Stability property

1)lelpn(an) 5;)Vs” ()]

(00) . (-1

F27 (s1,800.0) = Z 2[Ve (M)|—ce(M) acc(M)H
MeME
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Condition 0: Stability property

1)lelpn(an) 5;)Vs” ()]
F/SOO)(Sl,SQ...):Z Z ( ) (M)H .

2| Ve (M)|=cc(M) pecc

MeMﬁf‘” ? (1)(M)
1) lslpn() —as )V ()
(k) ._ (1) (—asi)
Fu (81,82 ...,8k) == Z STVe (W] —ce(T) gyee(3T) — " .
Mem® 1<i<k ve’ (M)

F;Sk+1) (51,82...,5,0) = F;Sk) (81,82...,8k)

Proof:
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Condition 0: Stability property

1)lelpn(an) 5;)Vs” ()]
(00) ,_ (-1)
F>9 (s1,82...) = Z OIVe (M)[—co(M) gyoe(M) H Z0 :
MemM (D
— 1) ml (M) —as;) IV ()]
F(k) (81,82...,Sk) = Z ( ) _( QS) .
K Ve (M)|—ce(M) ee(M) L Z (i)
MeMP 1<i<k ve’ (M)

F;Sk+1) (51,82...,5,0) = F;Sk) (81,82...,8k)

Proof:

Left hand-side : k 4 1-layered maps with no white vertices in layer k + 1.
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Condition 0: Stability property

(b)
- (-1 \Mbn M) \V (M)
F/S )(31782...):2 Z H .

2|Ve (M)|—cc(M) qec(M)

MemM : (1)(M)
—1)lulpn(an) —asy) Vs ()
F) (51,850, 50) = Z (=1)™b L.
1% Ve (M)|—ce(M) ee(M) L Z (i)
MeMP 1<i<k ve’ (M)

F;Sk+1) (51,82...,5,0) = F}gk) (81,82...,8k)

Proof:

Left hand-side : k 4 1-layered maps with no white vertices in layer k + 1.

If v is a black vertex in layer k + 1, all its neighbours should be in layer k + 1.
— The layer k + 1 is empty.
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Condition 1: Top homogeneous part

)l —as )V @)
) _y LY (~as;)
FM (81752 .. .,Sk) 2| Ve (M)|—ce(M) ncc(M) ’

P
MemP) 1<i<k v (M)
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Condition 1: Top homogeneous part

_ 1)l () (—as;) Ve ()]
(k) = Y (-1) LI
FM (81752"'7Sk) 2| Ve (M)|—cc(M) ,cc(M) '
MemP lsisk

20 ()

The top homogeneous part corresponds to maps with maximal number of
white vertices.

The star map for p = [3,2,2]
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Condition 1: Top homogeneous part

—1)Iulpn(ar) —as; [V (M)
F(k)(81752...,8k): E (-1) —( 0s5:) .
H 2|Ve (M)|—cc(M) ncc(M) Z (i)
MemP 1<i<k ve' (M)

The top homogeneous part corresponds to maps with maximal number of
white vertices.

For such maps:

0 (M) =ve(M) = p. . (—1)lelpn (D) (1)l
° n(M) =0. 2[Ve (AD)[—ec(M) gee(M)
o [Vo(M

T H

The star map for p = [3,2,2]
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Condition 1: Top homogeneous part

_1)lelpnan) (—as;) Ve ()]

(k) _ (-1) (zas)¥> B
Fu (81,82...,8k) Z STV (M| —cc(M) gyec (31) o .
MemP 1<i<k ve

(M)

The top homogeneous part corresponds to maps with maximal number of

white vertices. -
(= 1)l (a) T
2‘V.(M)‘—CC(M)QCC(M) = (_1) « .

We choose independently a layer for each star; we multiply by
(—a)'”'pu(sl, ey SE)-

(—a)(st+ ... +s}) ()X (st+...+s}) (—a)X(st+...+5})
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Condition 1: Top homogeneous part

1) lulpn(an)

) B (-1)

Fy7 (s1,82...,8K) = Z Ve (M) —ce(M) ggec(M) H
MemP 1<i<k

(—as;)ve” (M)l

Z (i
vi (M)

The top homogeneous part corresponds to maps with maximal number of

white vertices. (—1)lmlpr (00

9IVa (M) —ce(M) qee(M)

(_1)\u\a4(u).
We choose independently a layer for each star; we multiply by
(—a)#lpy(s1, ..., sp).

We multiply by % IL <i<k 2 (ur) to obtain labelled layered map.

al”l_é(ﬂ)

- Flsk)(sl,...,sk)] = Z—pu(sl,...,sk).
m
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