

















































































































Symmetric Group Characters as Symmetric Functions

Rosa Orellana and Mike Zabroski

ABSTRACT Introduce non homogeneous bases of Symmetric Functions sit
They evaluate to characters of the symmetricgroup
Their structure coefficients correspond to the Kroneckerproduct
under regular product of polynomials

We will also give applications to finding special cases ofthese products

Assumption Familiarity with rep Theory of Sn

thanks Anna and Jim for organizing and inviting us

Lect SymmetricPolynomials as characters of Gln

Goalfortoday Motivation and Preliminaries

1 Classical Schur Weylduality
2 Kronecker t Reduced Kronecker
3 Partition Algebra

Gln GL V
nx n mat rises I dim n

PolynomialingTEII
GLN

homomorphism

or W vector space w an action of Gln




















































































































Example 1 f GL Gls

511 fZac adtbe 2bd
IN Sym E

2 Defining rep Y Gln Gln

Y A A
W G

A poly nom rep g is homog of degree m if all
entries in g A are hom of degree m

Prof f Gln t Glo hom poly of degree m
then there exist a multi set

Mg X X Xin ait a m

Containing exactly N monomials sit If A E Gln
w eigenvalues Oi On then f A haseigenvalues
O for all x e Ms
Examples 1 Sym E Me x X X X 3

2 Y E Mg x xn 3

chjgterj.to iGln Xs Gin a

X A trace SCA
sum of the diagonalentries in f A
Sum of the eigenvalues of SCA




















































































































Example 1 X A Of O O Oi
2 XO Al O Oz t On

In general
x XS I X homogeneouspolynomial

XeMg

Note To find the character value of A e Gln
you evaluate the polynomial x at the

eigenvalues of A

Tha 1 Every poly rep of Gln is the direct sum of
irreducible

2 Two poly reps ofGln are isom iff their
characters are the same

3 The inred.P ep of Gln are indexedby partitions
of length E n

A 4 The character of an irred polynomial repofGly
is X Sa Xi Xn

Howisthistheoremproved SW duality

et V G V0 k fold tensor product
1 Gln acts diagonally on V0

A V Q Uk Av o oxAve AE Gln




















































































































2 Sk acts on V0 by permuting factors
F V Q OUk Voy 0 O f ya JE Sic

key these two actions commute

Sk X Gln acts on V k

Criticalidea the actions centralize each other

Endou V0 set of tin transf f vote vote
that commute with the action diag

n 72k of Gln on VO k

I S where lintransf arisingfrom
perm action

Ends v0 generated by diagonal action
of Gln on VOK

We have V0 is an S X Gln rep

ok e Of ON
l In Tired reptirred poly reps deg is

of Gln
of Sa

computetg.gggifttn
tr r A trace of lin transf resulting from

the action of ox A on V ok

L X o trace FCA
At ie Sh
eaten

ICanbeshowa o has cycletype m




















































































































trace o A Pm treenamesofA
Example n K Z

112 18 fi E S X Ghz
V E and V0 span e oxen e oxen exes e a ez

O O XXz O

trace XP Xi Pix Xz

Pml ai on X o tracelfal
MN Rule

Paco On I o Satan
X tin independent from Rep Thi of Symmetric group

MAINFACTI Irred Characters of Gln are Schur polynom
evaluated at eigenvalues of AE Gln

TensorProducts N N are irred poly repsof Gln
N'ON w diagonal action

Character of this representation
Sa Oi On Sm 0 On

N'ON Out NY Cim
T Littlewood Richardson

µ
Coefficients




















































































































MainFaf Decomposing tensorsoftired reps of Gla
I corresp

products of Schur functions

KroneckerCoefficients for Sn
is f 709

X M V H N coefficients

Example ox
2 141 12121

X 22 O 1 2 0

x X L 4 0 1 4,07
L lil i t t I I 1 I l t

2 0 1 2 0

Murnagham Stability
G Hi Xz Ms Ma Vi Vi

9 att X2 Mitt Ma 7 Vitt 02

Eventually it becomes constant
y you














Example EBOR 151 IN that Mo

g p
stable limits of the sequences
Led stable Kronecker coefficients

The BOR balm

Gai IE i gyati I x2

U Mi na y
remove

Uti Mitt Ui it 1 ME Uit i

MainProblem Find a combinatorial formulation for
Gin or T p

IDEA Think Sn E Gln

tnx n permutation matrices
replicate what worked for Gln



RestrictionApproach
1 Restrict SW Duality Sn E Gln

Sn acts diagonally on VO k

of u ox Ox Un oh Q Or Un

What commutes with this action G e oe Eoe

Ends V0 E Pk n

Partition algebranz

If a n xn matrix A commutes with the
actionof Sn

A Air sit
a is

ji j
T it k

Lemmy Ae Ends Va AI Atif
T E Rin Riz I

exampf

fai
Ai Ai Ai

Ai

Ai Ai Ai Ai Ai Ai's etc
1,2 T I T I 2,2 IT 2 2

The set partitions of TK UTE index the lin ind
linear transf that commute w the diagonal action

of Sn



Pk n Acn span set partitionsof CHUTE

6 8 B f g
d If I I I connectivity

T T 5 I 5

IT 24,53 2,33 5,5313
n t

iii ftp.rioui f N Qu O V O uz o

o o o o f u Qu OV Q vz
Va O UyO VeQVd U O V OU OU

U O V Q V20Uz

Product oo doo o

d

n

Assoc dim Pian B 2k identity 8

E4 IIT.si
Actions commute 42217Pen x Sk acts on V k

Vo E to 11 ox
A th
Tat the s Kt rept Pken



Compute character d o ER n x Sn

char V0 I Xpia d X's.co
Sn E Gln

Char Va Pm xxx
evaluatingat
eigvalutigofpermutation
matrices

Cots PmCx xn 72Xp in d 55 Xi in

Ii xn are eigenvalues of GE Snf
Evaluates
to irreduciblecontrast

pm I x go s x xn of S

Furthermore SIS I 9 5

Fact
of poly


