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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

A=A, ), >0 > 0, 4+ X+ =n. [ for A= (4,2,1) 7.
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:
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for A= (4,2,1) F 7.

A=A, A2, ), > 2> 0, A+ X+ =0 [
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

A=A 2, ), At 2>2X0>--0, i+ A+

for A =(4,2,1) 7.
2] 1]2]
Standard Young Tableaux of shape X:

1] [113] [1]4]
3[4] [3]5] [2[5] [2]5]
5 3]

The irreducible representations of the symmetric group S,: the Specht modules Sy

Basis indexed by SYTs of shape )\, characters: x*(w) for w € S,,.
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

[1T]
AZ()\l,)\z,...), AM>X>0, M1 4+X+-=n. ﬁ_] for)\:(4,2,1)|—7.

[112] [112] [113] [1]3] [1]4]
Standard Young Tableaux of shape A: [314] [315] [2]4] [2]5] [2]5]
[5]

The irreducible representations of the symmetric group S,: the Specht modules Sy
Basis indexed by SYTs of shape )\, characters: x*(w) for w € S,,.

Irreducible (polynomial) representations of the General Linear group GLy(C):
Weyl modules V), indexed by highest weights A, £(A\) < N.
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

[1T]
AZ()\l,)\z,...), AM>X>0, M1 4+X+-=n. ﬁ_] for)\:(4,2,1)|—7

[112] [112] [113] [1]3] [1]4]
Standard Young Tableaux of shape A: [314] [315] [2]4] [2]5] [2]5]
[5]

The irreducible representations of the symmetric group S,: the Specht modules Sy
Basis indexed by SYTs of shape )\, characters: x*(w) for w € S,,.

Irreducible (polynomial) representations of the General Linear group GLy(C):
Weyl modules V), indexed by highest weights A, £(A\) < N.

Schur functions: characters of V)

s@2,2)(x1, %2, x3) = X253 4 xEx3 4 x2x3 4 xPxaxz + x1x3x3 + x1x0%3.

33 BB 23 B3I B
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Structure constants

VA ® vV, = Dv VV A
Littlewood-Richardson coefficients: C’A’“

sx(x)su(x) = Z cXpusv(x)
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Structure constants

GBCML

V)\®V —@V

Littlewood-Richardson coefficients: CKH

X)SH X) ZC)\NSV

Theorem (Littlewood-Richardson, stated 1934, proven 1970's)
The coefficient C;\/u is equal to the number of LR tableaux of shape v/u and type A.

%IE] (LR tableaux of shape (6,4,3)/(3,1) and
wibE BB e (4.3.2) Sy =2)
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Structure constants

Va® V= @ Vi
Littlewood-Richardson coefficients: CKL

X)SM X) ZC)\NSV

Kronecker coefficients: g(\, i1, v) — multiplicity of S, in Sy ® S,

S)\ ® SH = ®V'—nsj‘?g()\’“’p)

y) = Zg()V 122 V)SM(X)S/\(y)

g\ pmv) = Z X (w)xH (w)x” (w)

! weS,
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0000 0000

Structure constants

GBCML

V,\®V —@V

Littlewood-Richardson coefficients: CK“
X)SM X) Z C)\HSV

Kronecker coefficients: g(\, i1, v) — multiplicity of S, in Sy ® S,
S\ ® SH« — @V._nS?g(’\“””)
y) = Zg(A7 1, )5 (x)sx (y)
SV

g\ pmv) = Z X (w)xH (w)x” (w)

! weS,

[Murnaghan 1938] C;ux - g((N - |)‘|7)‘)7(N - ‘}L‘,M), (N - |V‘»l’)) for
IA| = |u| + |v| and N-large.
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A major problem in Algebraic Combinatorics
Problem (Murnaghan 1938, Lascoux, Garsia-Remmel, Stanley 2000)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ,,, s.t. g(A, p,v) = #Ox -
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A major problem in Algebraic Combinatorics

Problem (Murnaghan 1938, Lascoux, Garsia-Remmel, Stanley 2000)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ,,, s.t. g(A, p,v) = #Ox -

Combinatorial formulas for g(\, p1, v):

Two two-row partitions [Remmel-Whitehead, 1994; Blasiak—Mulmuley—Sohoni,2013] ;
One two-row and other restrctions [Ballantine-Orellana, 2006]

One hook v = (n — k, 1¥) [Blasiak 2012, Blasiak-Liu 2014, Liu 2015]

Other special cases [Bessenrodt-Bowman, Colmenarejo-Rosas,
Ikenmeyer-Mulmuley-Walter, Pak-Panova, Mishna-Rosas-Sundaram, Vallejo].
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A major problem in Algebraic Combinatorics

Problem (Murnaghan 1938, Lascoux, Garsia-Remmel, Stanley 2000)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ,,, s.t. g(A, p,v) = #Ox -

Combinatorial formulas for g(\, p1, v):

Two two-row partitions [Remmel-Whitehead, 1994; Blasiak—Mulmuley—Sohoni,2013] ;
One two-row and other restrctions [Ballantine-Orellana, 2006]

One hook v = (n — k, 1¥) [Blasiak 2012, Blasiak-Liu 2014, Liu 2015]

Other special cases [Bessenrodt-Bowman, Colmenarejo-Rosas,
Ikenmeyer-Mulmuley-Walter, Pak-Panova, Mishna-Rosas-Sundaram, Vallejo].

Positivity questions:

Tensor square conjecture Haide-Saxl|-Tiep-Zalesski (2012): For every n > 9 there is a
Ak n, such that g(X, A, u) > 0 for all - n.

Saxl conjecture (2012): g((k,k—1,...,1),(k,k—1,...,1),u) >0 for all u + (k;rl).

Various partial results: Bessenrodt-Behns (2004), Pak-Panova-Vallejo (2013),
lkenmeyer (2015), Bessenrodt (2017), Luo-Sellke (2016), Li (2020), Harman-Ryba
(2021), Zhao (2023+).

Geometric Complexity Theory: g(n?,n?, i) > 0 for certain p's. [Ikenmeyer-P’'2017]
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A major problem in Algebraic Combinatorics

Problem (Murnaghan 1938, Lascoux, Garsia-Remmel, Stanley 2000)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ,,, s.t. g(A, p,v) = #Ox -

Computational complexity:

Combinatorial interpretation of g(\, u,v) <= ComputeKron € #P?

Geometric complexity theory: find inequalities between certain multiplicities (close to
g(X\, n?, n?) and plethysms to show VP # VNP. (...long list of works...)
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A major problem in Algebraic Combinatorics

Problem (Murnaghan 1938, Lascoux, Garsia-Remmel, Stanley 2000)

Find a positive combinatorial interpretation for g(\, u,v), i.e. a family of
combinatorial objects Oy ,, ,,, s.t. g(A, p,v) = #Ox -

Computational complexity:

Combinatorial interpretation of g(\, u,v) <= ComputeKron € #P?

Geometric complexity theory: find inequalities between certain multiplicities (close to
g(X\, n?, n?) and plethysms to show VP # VNP. (...long list of works...)

Asymptotics:

g ulm (MY 7?7 as n grows for various regimes? (same for £A/#, cﬁy etc )
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The reduced Kronecker coefficients

E(awgy’ﬂ = nimoo g(a["]vﬂ[n]ﬂ’Y[n])v O‘[n] = (" - |O‘|ao‘17 g, .. -)’ n> |a| + ai,

g, 8,7) = ¢g, for |af = [B] + 1,
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The reduced Kronecker coefficients

E(O[,B,’Y) = nimoo g(a[”]vﬂ[”]ﬁ[”])v O‘[n] = (n - |Oé|,0¢1,042, .. ')7 n> |a| + ai,

g, 8,7) = cg, for |a| = [B] + |,
Kirillov: g are the “extended Littlewood-Richardson coefficients” .

Problem [Kirillov, 2004]: Find a combinatorial interpretation for the reduced
Kronecker coefficients.
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The reduced Kronecker coefficients

E(O[, 677) = nimoo g(a[n]7ﬂ[n]7’7[n])7 a[n] = (n - |OC|7061,(12, o ')7 n> |OZ| + azi,
g(a, B,7) = cg, for |a = (8] + 1l

Kirillov: g are the “extended Littlewood-Richardson coefficients” .

Problem [Kirillov, 2004]: Find a combinatorial interpretation for the reduced

Kronecker coefficients.

Some combinatorial interpretations: [Ballantine—Orellana], [Colmenarejo—Rosas]

Properties and computation: [Briand—Orellana—Rosas], [Murnaghan],[Kirilov],
[Klyachko]

Partition algebra: [Bowman—De Vischer—Orellana]

As structure constants: [Orellana—Zabrocki]
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@000

The reduced Kronecker coefficients

?(047/3:’7) = nimoo g(a[nlvﬁ[n]v’}/[n])’ a[n] = (n - ‘O‘|7O‘1»a27 .. ~)7 n> |a| + ou,
g, 8,7) = cg, for |af = [B] + 1,

Kirillov: g are the “extended Littlewood-Richardson coefficients”.

Problem [Kirillov, 2004]: Find a combinatorial interpretation for the reduced

Kronecker coefficients.

Some combinatorial interpretations: [Ballantine—Orellana], [Colmenarejo—Rosas]

Properties and computation: [Briand—Orellana—Rosas], [Murnaghan],[Kirilov],
[Klyachko]

Partition algebra: [Bowman—De Vischer—Orellana]

As structure constants: [Orellana—Zabrocki]

Relationships between g and g (from [BDO]):

Edm)= 3 D D lpaCapn o s8(mo)

h,b abr—h—h m,p,o-h
I=h+2h BFs—h—h ~kh

(m=r+sandletvbEm—1, Ar, pks)
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Saturation

O NA
Knutson-Tao: ¢}, > 0 <= ¢y, y, > 0.
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Saturation
Knutson-Tao: c;"l, >0 <= CH,L)L\,NV > 0.

Conjecture [Kirillov, Klyachko]: The reduced Kronecker coefficients satisfy the
saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Greta Panova
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Saturation .... fails

Knutson-Tao: c;"l, >0 <= CH,L)L\,NV > 0.
Conjecture [Kirillov, Klyachko]: The reduced Kronecker coefficients satisfy the
saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.

Theorem[Pak-Panova 2020] For all k > 3, the triple of partitions (1"2*17 1k2—17 k"*l)
is a counterexample to the Conjecture. For every partition «y s.t. 72 > 3, there are
infinitely many pairs (a, b) € N2 s.t. (ab,aP,~) is a counterexample.
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Reduced Kronecker coefficients
0e00

Saturation .... fails
Knutson-Tao: c;"l, >0 <= c,’\,VfL"NV > 0.

Conjecture [Kirillov, Klyachko]: The reduced Kronecker coefficients satisfy the
saturation property:

g(Na,NB,Nv) >0 forsome N>1 = g(a,8,7)>0.
Theorem[Pak-Panova 2020] For all k > 3, the triple of partitions (1/‘2*17 1k2—17 kkfl)

is a counterexample to the Conjecture. For every partition «y s.t. 72 > 3, there are
infinitely many pairs (a, b) € N2 s.t. (ab,aP,~) is a counterexample.

Proof sketch:
[Dvir]: If g(X\, p,v) > 0 then d(X) < 2d(u)d(v). (d— Durfee square size)

Let a, b be s.t. b > max{3¢(v)3/2, |v|/(3\/2d(v[n]) — 6)} and |~|/(6b) < a < /d(v[n])/2. By
[lkenmeyer-P'16] for N > 3¢2/a:

g(Na, Na,v) > g((Na)®*™, (Na)®™*, Ny[n]) > 0.
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Maximal multiplicities

Theorem [Stanley]

maxmaxmax g(\, u,v) = Vnle=OWVA) |

An pkn vikn

max maxmax max ¢, = 2n/2=0(Vm)
0<k<n AFn pkk vEn—k ’
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[e]e] o)

Maximal multiplicities

Theorem [Stanley]

maxmaxmax g(\, u,v) = Vnle=OWVA) |

An pkn vikn

max maxmax max c = 2M/2=0(/"n)

0<k<n A-n pkk vbn—k HY
Question: [Stanley] For which A, i, v are these maxima achieved?

Greta Panova
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Maximal multiplicities
Theorem [Stanley]
A - e~ 0(Vn)
Qe e 80 my) = Vil O,
A 9n/2—0(\/7).

max maxmax max CNV =
0<k<n AFn pkk vn—k ’

Question: [Stanley] For which A, i, v are these maxima achieved?

Theorem (Pak-Panova-Yeliussizov'18)
Let {0 = n}, {u™ + nY, {7  n} be three partition
sequences, such that

() g(AD, 1y, M) = ple=OW |

VKLS shape:

Then X", ,u("), v(n) are Vershik-Kerov-Logan-Shepp shape.
Conversely, for every two VKLS-shape sequences {)\(") F n}
and {u(" + n}, there exists a VKLS sequence {1\ + n},
s.t. (*) holds.

D(n) := maxy, f

Greta Panova
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Maximal multiplicities
Theorem [Stanley]
A - e~ 0(Vn)
Qe e 80 my) = Vil O,
A 9n/2—0(\/7).

max maxmax max CNV =
0<k<n AFn pkk vn—k ’

Question: [Stanley] For which A, i, v are these maxima achieved?

Theorem (Pak-Panova-Yeliussizov'18)
Let {0 = n}, {u™ + nY, {7  n} be three partition
sequences, such that

() g(AD, 1y, M) = ple=OW |

VKLS shape:

Then X", ,u("), v(n) are Vershik-Kerov-Logan-Shepp shape.
Conversely, for every two VKLS-shape sequences {)\(") F n}
and {u(" + n}, there exists a VKLS sequence {1\ + n},
s.t. (*) holds.

D(n) := maxy, f

Theorem (Pak-P'20)

max max max max g(a,S,y) = Vn! e
a+b+c<3n ata BFb ~tc

Greta Panova
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Computational Complexity

KronPos: ComputeKron:
Input: A\, u,v Input: A, pu,v
Output: Is g(\, p,v) > 07 Output: Value of g(A, p,v).
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Computational Complexity

KronPos: ComputeKron:
Input: A\, u,v Input: A, pu,v
Output: Is g(\, p,v) > 07 Output: Value of g(A, p,v).

[Ikenmeyer-Mulmuley-Walter'16]: KronPos is NP-hard, and ComputeKron is #P-hard.
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000

Computational Complexity

KronPos: ComputeKron:
Input: A\, u,v Input: A, pu,v
Output: Is g(\, p,v) > 07 Output: Value of g(A, p,v).

[Ikenmeyer-Mulmuley-Walter'16]: KronPos is NP-hard, and ComputeKron is #P-hard.

ComputeReducedKron:
Input: A, u,v (in unary)
Output: Value of g(\, u,v).

Greta Panova
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Problems in Algebraic Combinatorics
o 0o0e
Computational Complexity
KronPos: ComputeKron:
Input: A\, u,v Input: A, pu,v
Output: Is g(\, p,v) > 07 Output: Value of g(A, p,v).

[Ikenmeyer-Mulmuley-Walter'16]: KronPos is NP-hard, and ComputeKron is #P-hard.

ComputeReducedKron:
Input: A, u,v (in unary)
Output: Value of g(\, u,v).

[Pak-P'20] ComputeReducedKron is #P-hard.
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Walks like a duck, quacks like a duck....

Theorem (lkenmeyer-Panova, 2023)

For every \, u,v = n we have

g0 ) = B 4 A, 0 g V) )y

s(EHEET) -« | . D ﬁ
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Walks like a duck, quacks like a duck....

Theorem (lkenmeyer-Panova, 2023)

For every \, u,v = n we have

g0 ) = B 4 A, 0 g V) )y

s(FPHEET) -« | . [l &

Corollaries: Positivity is NP-hard, Computing is #P-hard.
Saturation fail, asymptotic bounds etc.
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Walks like a duck, quacks like a duck....

Theorem (lkenmeyer-Panova, 2023)

For every \, u,v = n we have

g0 ) = B 4 A, 0 g V) )y

s(FPHEET) -« | . [l &

Corollaries: Positivity is NP-hard, Computing is #P-hard.
Saturation fail, asymptotic bounds etc.

Greta Panova



Problems in Algebraic Combinatorics Reduced Kronecker coefficients
[e]e]e} 0000

Constructive identities

Lemma
Let \, u, v be partitions with £(X) < I, £(u) < m. Then

g pv) = g(m' + X0 1™+ p, 1™ 40).

[

|

FrE .

Greta Panova
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Constructive identities

Lemma
Let \, u, v be partitions with £(X) < I, £(u) < m. Then

gM\mv) = g(m' + X, 1" 4 p, U 4v).

s . e

Let =1/ 4+ v. Variables x1,...,x; and y1, ..., ym:

solx-y1 = g(2,0,7)s6(x)sr ().
0,1

sobcyl =sulbc vl [ [xivg = Gacoox)™ s ym)' D 8w, pm)sp(x)sn(y)
iJj PN

simyp (V15 ym) = (1o ym) su(y)s spipa (x5 x) = (. xi)Msa(x).

Greta Panova 10
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Constructive identities

Lemma
Let \, u, v be partitions with £(X) < I, £(u) < m. Then

g pv) = g(m' + X0 1™+ p, 1™ 40).

s . e

Lemma
Let A\, p, v be partitions of the same size, and let | > £(\), m > (u) and ¢ > v1. Let
d=(m+1)c, e=(I+1)c. Then

g\ mv) = g((d)U(c'+), (e)U(c™+p), T ur).

-

Greta Panova 10
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Constructive identities

Lemma
Let A, p1, v be partitions with £(X) < I, £(u) < m. Then

g pmv) = g(m' + X 1" +p, 1" +v).
Lemma

Let A\, p, v be partitions of the same size, and let | > £(\), m > {(u) and ¢ > v1. Let
d=(m+1)c, e=(I+1)c. Then

g\ nv) = g((d)U( +2), (e)U(c™+p), ™M uw).

-

Theorem (lkenmeyer-P)

Let A\, p, v be partitions of the same size, such that \1 > £(p) - v1 and p1 > €(\) - v1.
Then for every h > 0 we have

&N\, v) =g(X+h, p+h v+h)

Greta Panova 10
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3d binary contingency arrays
QCN3, Q:N3—{0,1}
2d marginals: Qjux :=3; , Qijjk = [Q N ({i} x N x N)|,
Quiv =205k Qiik = QO (N X {i} X N)|, Qusi := 355 4 Qi = [@N (N X N x {i})].

C(a,8,7) = {Q T N?| Qis = j, Quix = B, Qusi = ;i for every i}.

Lemma:

a, B,y — compositions with |a| = |3]| = |v|.
a > la), b > Lp), c+h > Ly) and
YiseYi <hoar > bec+h, f1 > ac+ h.

Then, for every Q € C(«a, 8,7) we have
{1} x [b] x [c] € Q,[a] x {1} x [c] € @,
{1} x {1} x [e+ h] C Q,
QN(NXNX[c+1, c+h]) = {1} x{1}x[c+1, c+h].

In particular, if C(«, 3,7) is non-empty, then
a={La), b=4p),yi=1forallc+1<
i <c+h, and a1 = bc+ h, f1 = ac + h,
ap < be, and 7 < ac.

Greta Panova
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Kronecker coefficients via 3d binary contingency arrays

> gle. B )sa(x)ss()s, (2) = [T (@ + 20,

B,y ik

glon B,7) = > sgn(o) sgn(r) sgn(p) C(a+o—id, B+m—id, v'+p—id).
TESe(a) TES(B) PES| 7|

Greta Panova
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[e]e]e} 0000

Kronecker coefficients via 3d binary contingency arrays

> gle. B )sa(x)ss()s, (2) = [T (@ + 20,

a,B,y ik

glon B,7) = > sgn(o) sgn(r) sgn(p) C(a+o—id, B+m—id, v'+p—id).
TESe(a) TES(B) PES| 7|

Claim (Theorem 2): if Ay > £(u) - vy and py > £(X\) - v1. Then for every h > 0 we have

g pv)=g(A+h p+h v+h).

Greta Panova
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0O00e000

Kronecker coefficients via 3d binary contingency arrays

> gle. B )sa(x)ss()s, (2) = [T (@ + 20,

By ijsk
glon B,7) = > sgn(o) sgn(r) sgn(p) C(a+o—id, B+m—id, v'+p—id).
TESe(a) TES(B) PES| 7|

Claim (Theorem 2): if Ay > £(u) - vy and py > £(X\) - v1. Then for every h > 0 we have

g pv)=g(A+h p+h v+h).

Quux = ZQl_j,kZ)\lJrUl*leCJrh,
7k

Qi = Y Qui=m+m—1>ac+h
ik

Quak = D Qijk=1+pc—k fork=c+1,....,c+h
i
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[e]e]e} 0000 0O00e000

Kronecker coefficients via 3d binary contingency arrays

> gle. B )sa(x)ss()s, (2) = [T (@ + 20,

B,y ik
glon B,7) = > sgn(o) sgn(r) sgn(p) C(a+o—id, B+m—id, ' +p—id).
TESe(a) TES(B) PES| 7|
Claim (Theorem 2): if Ay > £(u) - vy and py > £(X\) - v1. Then for every h > 0 we have

g pv)=g(A+h p+h v+h).

Qus = D Quk=M+o1—1>bc+h,
ik
Quis = ZQ’WU‘ =pm+m—1>ac+h,
ik
Quuk = ZQIJ,I(ZI‘F/J}(*I(, fork=c+1,...,c+h.
i
c+h c+h ct+h
D Quk = h+ D> = Y k<h
k=c+1 k=c+1 k=c+1
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[e]e]e} 0000 0O00e000

Kronecker coefficients via 3d binary contingency arrays

> gle. B )sa(x)ss()s, (2) = [T (@ + 20,

a,B,y ik
glon B,7) = > sgn(o) sgn(r) sgn(p) C(a+o—id, B+m—id, ' +p—id).
TESy(a) TESYB)PES v, |
Claim (Theorem 2): if Ay > £(u) - vy and py > £(X\) - v1. Then for every h > 0 we have

g pv)=g(A+h p+h v+h).

Qus = D Quk=M+o1—1>bc+h,
ik
Quis = ZQ’WU‘ =pm+m—1>ac+h,
ik
Quuk = ZQIJ,I(ZI‘F/J}(*I(, fork=c+1,...,c+h.
i
c+h c+h ct+h
D Quk = h+ D> = Y k<h
k=c+1 k=c+1 k=c+1

Lemma = Qisx = bc+h, Quixs —=ac+h,o1 =7 =1,
(et pern) = {e+ Lo e+ b} ke et L+ hl Q= 1iff (i) = (L.1),
p=p,(c+1),...,(c+h)for peSc
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[e]e]e} 0000 0O00e000

Kronecker coefficients via 3d binary contingency arrays

> gle. B )sa(x)ss()s, (2) = [T (@ + 20,
a,B,y ik

gla, B,7) = sgn(o) sgn(n) sgn(p) C(a+o—id, B+m—id, 5 +p—id).
TESe(a) TES(B) PES| 7|
Claim (Theorem 2): if Ay > £(u) - vy and py > £(X\) - v1. Then for every h > 0 we have

g pv)=g(A+h p+h v+h).

Qus = D Quk=M+o1—1>bc+h,
ik
Quis = Z Qink=p1+m—1>ac+h,
ik
Quuk = ZQIJ,I(ZI‘F/J}(*I(, fork=c+1,...,c+h.
i
c+h c+h ct+h
D Quk = h+ D> = Y k<h
k=c+1 k=c+1 k=c+1

Lemma = Qisx = bc+h, Quixs —=ac+h,o1 =7 =1,
(et pern) = {e+ Lo e+ b} ke et L+ hl Q= 1iff (i) = (L.1),
p=p,(c+1),...,(c+h)for peSc
gQA+hp+hv+h) =3 cs res,pes.,, en(o)sen(m)sgn(p) Cla+o—id,f+m—id,y+p—id)
@ B v

=Y ocs,nesymes.  sen(o)sgn(m)sgn(n) C(A+ o —id, p+ 7 —id, ' +n — id) = g(A, p,v),
2, ESp,NESe
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[e]e]e} 0000

Using Littlewood-Richardson coefficients
Seti=p+h A=XNU@A"=O\+h) and D =1/ U1")(v + h)

g+ hu+hvth)= > sgn(o) D el

TEScih albDi—ito;
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Equivalence

0000 0O000@00

Using Littlewood-Richardson coefficients

Seti=p+h A=XNU@A"=O\+h) and D =2/ U(1")(v + h)

gt huthvih= 3 sgo) S o,

o
TEScih altDj—ito;
Multi-LR coefficients = # certain SSYTs of type (el Ua?U...UacU...), shape X:
I[ITI]1]4]4]6] IT1]1]1]4]4]6]
2[2]2]4]5]7] and 2[2[2]4]6(6]
3[5[5]6]6 3[5]5]5
multi-LR tableaux of shape A = (7,6,5) and types o! = (4,3,1), o® = (3,3),

a®=(3,1).
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0000 0O000@00

Using Littlewood-Richardson coefficients
Seti=p+h A=XNU@A"=O\+h) and D =2/ U(1")(v + h)

gt huthvih= 3 sg(0) S o

TEScih albDi—ito;
Multi-LR coefficients = # certain SSYTs of type (el Ua?U...UacU...), shape X:
I[ITI]1]4]4]6] IT1]1]1]4]4]6]
2[2]2]4]5]7] and 2[2[2]4]6(6]
3[5[5]6]6 3[5]5]5
multi-LR tableaux of shape A = (7,6,5) and types o! = (4,3,1), o® = (3,3),
a®=(3,1).

:>afC,&,a’Cj\,soZ(a")Sé(u):b,ai33\1:3.

Greta Panova



Problems in Algebraic Combinatorics Reduced Kronecker coefficients Equivalence
[e]e]e} 0000 0O000@00

Using Littlewood-Richardson coefficients
Seti=p+h A=XNU@A"=O\+h) and D =2/ U(1")(v + h)

gt huthvih= 3 sg(0) S o

TEScih albDi—ito;
Multi-LR coefficients = # certain SSYTs of type (el Ua?U...UacU...), shape X:
I[ITI]1]4]4]6] IT1]1]1]4]4]6]
2[2]2]4]5]7] and 2[2[2]4]6(6]
3[5[5]6]6 3[5]5]5
multi-LR tableaux of shape A\ = (7,6,5) and types a' = (4,3,1), o® = (3,3),
a®=(3,1).
= ad C i, of X, soZ(o/)SZ(u)zb, ag <Al =a
c+h
hS[(aC+1)+~~-+e(ac+h)§ ‘ac+1‘+”.+|ac+h|: Z 1—i+o;<h,
i=c+1
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[e]e]e} 0000 0O000@00

Using Littlewood-Richardson coefficients

Seti=p+h A=XNU@A"=O\+h) and D =2/ U(1")(v + h)

gA+hp+hv+h)= Z sgn(o) Z c5‘1 2. g

ala?. Cala?
0EScyh altDj—ito;
Multi-LR coefficients = # certain SSYTs of type (ol Ua?U...UacU...), shape A
I[ITI]1]4]4]6] IT1]1]1]4]4]6]
2[2]2]4]5]7] and 2[2[2]4]6(6]
3[5]5]6]6 3[5]5]5
multi-LR tableaux of shape A = (7,6,5) and types o! = (4,3,1), o® = (3,3),
a®=(3,1).
= a Cp ol CX sol(al)<é(p)=b,al <A =a
c+h
h< o)+ L) <Ja 4 o) = Y 1—itoi<h,
i=c+1

a4+ 2| = hyt(a’) = |of],

so a' are single column partitions, possibly empty.
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[e]e]e} 0000

Using Littlewood-Richardson coefficients
Seti=p+h A=XNU@A"=O\+h) and D =2/ U(1")(v + h)

gr+hputhvth)= 3 sg(o) > o,

GEScih altDj—ito;

a4 ot = b, l(a) = o],

so o are single column partitions, possibly empty.
ol <a, & C i Multi-LR of type (ol Ua?---) shape fi, so

c+h

ac+h7u1<2al<za+ Z al.

i=c+1

Thus af™ ...+ af™h > h. = of = (1) for all i > ¢ and o; = i for
i=c+1,...,c+h.
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0000 0O000@00

Using Littlewood-Richardson coefficients

Set f=p+h A=XNU@"N=(A+h) and D =2'U1")(v+ h)

gA+hp+hv+h) = Z sgn(o) Z C;‘laz__ cﬁlaz___

TES i p alb-vj—ito;

a4 4 [ = b l(a) = |a],
so a' are single column partitions, possibly empty.

ol < a, &' C fi. Multi-LR of type (el Ua?---) shape fi, so

c+h

ac+h—,u1<Za1<Za+ Z al.

i=c+1

Thus ot 4. +afth > h. = o/ = (1) for all i > c and o; = i for
i=c+1,...,c+ h.
cj‘1

— N I3 _n
S a2...qcth = Co1..qc and Cala2..qcth = Coliqer

gNthpthvth= > sg(o) > chanch,

TEScih alkDj—ito;

,
= sen(0) D> et =8N, ) =80\ ),
oES: altv!—ito;

Greta Panova 13
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[e]e]e} 0000 0000000

Via the General Linear group

GL, X GLp x GL.'s irreducible representations are Vo, ® V3 ® V5

D
g(a7ﬂzfyl) = dlm (HWVa,B,'y/\ (Ca ® Cb ® Cc)) ,
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000 0000 0000080

Via the General Linear group

GL, X GLp x GL.'s irreducible representations are Vo, ® V3 ® V5
D
g(avﬂz'yl) = dlm (HWVa,ﬂ,'y/\ (Ca ® Cb ® cc)> ,

Raising operators (E;_1,i,0,0), (0, Ei_1,;,0) and (0,0,E;_1;), e.g.
(Ei,j,0,0)er,1,1 = €,1,1 iff r = j and O otherwise.

A highest weight vector (HWV) of weight («, 3,7) is a nonzero weight vector of
weight (a, 8,) that is mapped to zero by all raising operators.

Greta Panova



Equivalence

luced Kronecker coefficients
o) 0000000

Problems in Algebraic Combinatorics

Via the General Linear group

GL, X GLp x GL.'s irreducible representations are Vo, ® V3 ® V5
D
g(avﬁz'yl) = dlm (HWVa,ﬂ,'y/\ (Ca ® Cb ® Cc)> ,

Raising operators (E;_1,i,0,0), (0, Ei_1,;,0) and (0,0,E;_1;), e.g.
(Ei,j,0,0)er,1,1 = €,1,1 iff r = j and O otherwise.

A highest weight vector (HWV) of weight («, 3,7) is a nonzero weight vector of
weight (a, 8,) that is mapped to zero by all raising operators.
€ j k=€ 24 €j R ek

t:=e11ANe11Nep2t+e11Ne21Ne12+e11Ne12N€021

is a HWV of weight ((2,1),(2,1),(2,1)) in A3(C? ® C? @ C?):

(E12,0,0)t =ejn1ANep1ANerio+eriiANeri2ANerp1 =0,
(0, E1p,0)t=e1n1Ae11 e 10+e11 e 120Ae11 =0,
(0,0, E1p)t=er11Ae11 €121 +e11Ae21Ae11=0.
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ed Kronecker coefficients Equivalence
o) 0000000

Via the General Linear group

GL, X GLp x GL.'s irreducible representations are Vo, ® V3 ® V5
D
g(avﬁz'yl) = dlm (HWVa,ﬂ,'y/\ (Ca ® Cb ® Cc)> ,

Raising operators (E;_1,i,0,0), (0, Ei_1,;,0) and (0,0,E;_1;), e.g.
(Ei,j,0,0)er,1,1 = €,1,1 iff r = j and O otherwise.

A highest weight vector (HWV) of weight («, 3,7) is a nonzero weight vector of
weight (a, 8,) that is mapped to zero by all raising operators.

D D+h
o: N\ (CCactecy) — A T(CPectecth)

v = VvAelrlctiNerlcr2 N - ANe11crh

Claim: ¢ is an isomorphism HWV , <> HWV iA
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0000000

Via the General Linear group

GL, X GLp x GL.'s irreducible representations are Vo, ® V3 ® V5

D
g(OéHB:’Y') = dlm (HWVa,ﬂ,'y/\ (Ca ® Cb ® Cc)> ,

Raising operators (E;_1,i,0,0), (0, Ei_1,;,0) and (0,0,E;_1;), e.g.
(Ei,j,0,0)er,1,1 = €,1,1 iff r = j and O otherwise.

A highest weight vector (HWV) of weight («, 3,7) is a nonzero weight vector of
weight (a, 8,) that is mapped to zero by all raising operators.

D D+h
e: N (CCectlec) — A (CT®cClecTth
v = VvAelrlctiNerlcr2 N - ANe11crh

Claim: ¢ is an isomorphism HWV , <> HWV iA

—: check that Rp(v) = 0 for every raising operator R.
i Ifu=3"0 aqvg € HWVS =, where thg = eq; A eg, A+« for
Q ={q1,q2,...} C N3, then each Q' has marginals (\, i, 7).

3d binary CTs Lemma: {1} x {1} X [c+1,c+ h] C Q and
QN(NxNx{i})=A{(1,1,/)} forallc+1<i<c+h,so
Yo =vYpANer1ci1 N ANellcrh
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Problems in Algebraic Combinatorics
[e]e]e}

Greta Panova

Reduced Kronecker coefficients
0000

Thank you!

Equivalence
000000e



	Problems in Algebraic Combinatorics
	Reduced Kronecker coefficients
	Equivalence

