
" α - chromati2 symmetricfunctions
" ⑦

* overview

There are tho families of symmetrpolynomialsindexed
by Dyck paths :

조 . The chromaticquassymmetn function
⑤

4 X
π
(× , ε) = Ʃ qmVπ

('
yw

당일정절
-

WEa? .
proper

. The unicellular LLT polynomtal

보 ((
T

π( X :8 ) = Ʃ
☆( '×∞

,

3

∞ ⑤ WER.
s 4

β ⑨ 3

2 where
Λ

1
.

-

MVπ(ω) = I 3 li , 3 ) : IN ,s) ε Area (π) , wi <ω, 31 .

∞ 2

1

4

q 위 "기고기 ," 기 4715

Thm
. [ Carlsson - Mellit , 1018]

substitutionXπ ( X ; q) = LLT π [ㆍ해없)
,디기더에다

Det
.
(α- chromati 2symmetnzfunctons )

X πα ' ( × :q )
=나T π[-"

= Xπ [ *× , a ].
For α IM , = Λ+ qt … + ε서

EX
. X밝

, 3 , ](
X: 1 )= ( α 3 -2 α수 α )ms t ( 3 α :242)may +

623mill
≈

NOT

mononsial
← ( [a]↓ s+ [α] ↓= ) m, + ( 3 [a]↓, ㅋ tα] ↓ it [ ×] ↓ n ) 내러

posteive + ( 6 ta] ↓ , + 18 (×]dat 6 ca ] dy ) mi 에

수4 [승] + c [생]) m3 ← (5 []+ 2[설]+ [ α장] ] m리
+ ( 6 [;]+ 24 [설]+ 6 [장] ) m 에



Observation
.

②
⑦EachGett.

i

3 a polynomial in a of degreen
whose onstant term in Zevo

.

② Gettrients are in

Span 3 [a]
g ,
[aJg
?

,
…

. taJgiy
= Span ? [ :]

a ,

[α점]
, …
[+:]

a
3

= span 3 TaJgty , [aJg ↓2 . . , [aJatnJ .

where la] gtk = []q α
-1],

…
[ a-ke1 ]

g .

* Motivation

. Macdonald polynomials
Thm

.
[Macdonald , 11988 ]

Given a partition i λ ,thereexipts auniquesymmetu

polynomial PyLX ; q ,
t) charactevized by

(a) (triangularity)

P× ( X :9 .
t) = ma ( × ) +Ʃ

ncx

Sλul9 (t) mu ( ×)

( b) corthogonality)
< Pa

. PuDait = o 4 λFM ,

where < P× , Pu>ait =
8 M1포"

NOTE
.

. q = t : P× ( X ; t . t) = s.

. t = Λ : P. ( X : 8 ,
1) = mx

. E = t : Pa ( X ; 1 ,
t) = ex '

. (1 " ): P (
in ) ( × , 9 . t)= en( ×)= Sin (×)

. q= 0 : Palx , , t ) = Pylx ;t)

; the Hall -littleod polynomial



Macdonald also detmed the ntegral form ③

Tu ( × : 9 it ) = n ( 1 - qac
"tlca" ) β

u
( X , 9 .
t)

.

Macdonald showed that the mtegral formMacdonald poly
. Iu

uasthe tollowingexpansion interms fs ,[ X( U-t ) ]

Ju (X : 9 .
t) =*

u (
Ku (9 ,
t) s.[× (1 - t」]

.

x

q .
t - ostka poly . εIM[ 9t]

The moditiedMacdonaldpoly.i 3 detimed by

H배 ( × : 9 .
t) = Ju [*← , 8 ,

t]

=

*

u
,
Kanl 9 , it) sy .

Macdonald '
spositivitythm( Haiman, 102)

KxM (ait) ε IN [ 9 ,
t]

.

* Haglund conjecture

For any a EIN ,

< Jnq). s
λ( X)) ε IN[ 9].

In fact
, we onjecture

δ π ( 1 - tlst |
qatat (C,π) )

qh(←) )s .

Iu ( α ; q .
t) =차 .(S (TI Λ,

µ' )
CEM

Recall . Carlsson - Mellit relaton :
= 배디r- 9)

v)
나Tㆍ디

"

= Xr (×;q)
n

* parallel univere ?

u [습 : 9 , t] = 배 (× ; 9 ,
t )

( 1-q)nXr [*1 : 9] = (LTr (× ; ε)



* Haglund- Wison onjecture ④

For any a EIN
,

< Ju (. ; s× (×)) ε IN [9]

atter
some

8 eatrtaken care of
.δ

Jaeseonglsonjeture ;
iM .Jugn '3e

- posteive .q i

Remark
.

We have a ombinatoral tomulator the e - expansion
when M i3 a hook shape :

Thm
.
( Haglund - Kim- oh

-Y
.

'
25+)

nir 71 , 57 ,10 .
rts = n

For any λ t n
,

[. ]Jirus )( X : 8 . t←+ ) =
← -쁠
* wt ( r. ng (

a )
,

where wterns)
(a) = π wta lc)

,

( ε ( r
,
7 s)

'

Wtal 6) = t
'
;
- qls

fa
i 3 the tistcellof ai

lta' ld qeas- 1 therwne
.

t거

↓
Example .
[e 32러] 551 ε-1

→
← q르거

= t
-

/ ( ε-← )(q=) (t-+ )(t () (t-93) (t르 ε4) t-q
3
π

it 떠

+ (q르) (%=) (←+
)
(←= ε) (←르 94)

+=
체↑ 더

↓ t의

.어 ← (1)( 941 )( ←+)( +르)( +-92
)

( t3- 93) ← q-

→

사
t르 94 t- 1

+ 19르194)(←
-

)'( t= ☆
)t」

9

)"
q .더

t- 1 →

(

=. π
t9 s
PP,

4-+

*
try
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* symmety ⑧
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